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Introduction 


The consideration of the distribution of income, wealth and consumption 
within countries around the globe reveals one basic and consistent pic- 
ture: inequality in the allocation of resources is a prevailing global phe- 
nomenon and subject to an ongoing negative trend since, at least, the last 
three decades. Although economic inequality may be inevitable to some 
extent, the observed levels and trends in the distribution of resources have 
provoked a widespread debate and the call for policy makers to tackle ris- 
ing inequality. In general, governments are equipped with a range of in- 
struments and tools to influence distribution, with redistributive tax sys- 
tems being considered the most direct, powerful and popular instrument 
in this context. Besides its influence on resource allocation, however, tax 
and transfer policies also possess substantial effects on many economic 
areas, for example, economic growth, financial markets and individual as 


well as aggregate welfare. 


Undoubtedly, the knowledge about the true relationships of all these as- 
pects and the understanding of the underlying causes is decisive for any 
policy maker. In particular, being aware of the interdependencies is crucial 
when designing public policy instruments, like redistributive tax systems, 


2 1 Introduction 


with the aim to affect macroeconomic growth, distribution of resources, 
and the formation of asset prices. Nevertheless, although widely discussed, 
the effects of taxation and redistribution as well as the underlying causes 
are not yet fully understood (see Fischer and Jensen (2015) and Pastor and 
Veronesi (2016)). This is the fundamental motivation of the present work, 
which aims to help fill this gap in order to provide a better understanding 
of the described relations. In particular, the objective is to simultaneously 
study the impact of redistributive taxation on the behavior of a heteroge- 
neous population, macroeconomic development, welfare and asset prices. 


The present thesis addresses this task quantitatively by the means of eco- 
nomic equilibrium models. In order to be of use in this context, these 
models need to capture several real-life properties that will be identified in 
the course of Chapter 2. Notably in this respect are the two dimensions 
of heterogeneity across individuals focused on in the present work: First 
of all, differences in the attitude concerning the intertemporal allocation 
of consumption, i.e., time preferences, are found to be of major impor- 
tance in the context of inequality and redistribution. Beyond that, in order 
to capture the natural source of heterogeneity across individuals that is 
induced by differences in age, life-cycle characteristics are captured as a 
second important source of heterogeneity. 


The thesis provides the following main contributions to the existing lit- 
erature: First, in the course of the thesis two related models of different 
complexity are proposed that allow to study the simultaneous impact of re- 
distributive taxation and heterogeneous time preferences in dynamic gen- 
eral equilibrium. Second, tractable solution methods are established to 
solve these frameworks. In this vein, analytical and partly closed-form so- 
lutions are obtained that facilitate the analysis of the model results and 
help to derive key relations. Third, the present work is the first to investi- 
gate the meaning of heterogeneity in time preferences across individuals’ 
life-cycle within a dynamic general equilibrium framework. The resulting 
consumption function allows to reproduce and, thereby, helps to explain 


the empirically well-established hump-shaped pattern of consumption in 
the absence of any borrowing or short-sales constraint. Fourth, individ- 
ual and aggregate welfare measures are derived that allow to distinguish 
between the short- and long-run effects of redistributive taxation on indi- 
vidual and aggregate well-being. To this end, this thesis is structured as 
follows: 


Chapter 2 starts out by amplifying the motivation of the present work. Build- 
ing on recent statistics the global phenomena of inequality and redistribu- 
tive taxation are characterized, while the meaning of individual heterogene- 
ity within this context is emphasized. Then, to be in accordance with these 

observations, the required model dimensions, i.e., real-life properties to be 

captured by an analytical approach to the above problem, are identified. Af- 
terwards, the theoretical foundations needed to study the research objec- 
tive within a consistent analytical equilibrium framework are outlined. 

Finally, the chapter concludes with reviewing the relevant literature and 

presenting a brief overview of the survey approach that will be followed in 

the subsequent chapters. 


Chapter 3 abstracts some of the dimensions and presents a simplified mod- 
eling approach. To be precise, the proposed framework builds on an ex- 
change economy with classical demographic structure populated by differ- 
ent agent types heterogeneous with respect to their time preferences and 
initial financial endowment. Beyond that, the approach concentrates on 
taxation of capital income and ignores labor income taxation. The chap- 
ter is meant to provide first insights with regard to the complex equilib- 
rium impact of a tax-based reallocation mechanism and agent heterogene- 
ity on households’ consumption and investment behavior as well as on 


Despite this review of relevant theories from finance and economics, the reader should 
be familiar with basic principles of these fields - especially in the area of asset pricing. Use- 
ful textbook treatments with a focus on finance (or asset pricing) are Cochrane (2005), Back 
(2010), Munk (2013) and Danthine and Donaldson (2015), whereas Ljungqvist and Sargent 
(2004), Lengwiler (2006) and Miao (2014) serve as references with a stronger focus on eco- 
nomics. Finally, some basic knowledge of mathematics, especially in the filed of optimization 
and probability theory, is required. 


4 1 Introduction 


asset prices. Furthermore, the approach is used to further motivate the 
concentration on differences in time preferences as source of preference 
heterogeneity within the present thesis. As production output is exoge- 
nous in this setting, the framework is apparently unsuitable to investigate 
the effect of redistributive taxation on economic growth and any related 
feedback mechanism. The solution method in this chapter builds on the 
assumption of complete markets. Although a closed-form solution is not 
available in the context of heterogeneous time preferences, a tractable an- 
alytical solution is derived, where all equilibrium processes are given as 
functions of the initial distribution of consumption shares. Due to the 
time-dependent but deterministic nature of this function, a particularly 
simple deterministic equilibrium condition is determined that can read- 
ily be solved for by using numerical methods. Quantitative implications 
of redistributive taxation along with agent heterogeneity are provided by 


means of numerical examples. 


Chapter 4 builds on the model of Chapter 3 but adds the missing dimen- 
sions. In particular, the framework is based on an economy with endoge- 
nous linear production technology populated by a finite number of over- 
lapping generations, where every cohort is composed of different types 
of agents that are heterogeneous with respect to their stream of perma- 
nent life-cycle labor income and time preferences. Beyond that, and in 
line with the empirical evidence, time preferences are explicitly assumed 
to vary over the individual’s life-cycle. Lastly, the approach considers both 
capital and labor income taxation. Due to the endogenous production de- 
cision, agents’ individual investment and consumption behavior becomes 
decisive in determining aggregate production output. Consequently, there 
will be real effects on economic growth by redistributive taxation. The solu- 
tion method in this chapter builds on a “guess and verify” approach, while 
the derivation of a stationary equilibrium solution is facilitated by the re- 
striction on independent and identically distributed (i.i.d.) aggregate pro- 
duction risk. Age-dependent but again deterministic consumption shares 
are the result. In this vein, agents strive for a linear sharing rule, align 


their marginal rates of substitution in equilibrium and every equilibrium 
process can again be derived as a function ofthe consumption distribution, 
i.e., one endogenous parameter. Along the lines of Chapter 3, the result is 
a deterministic equilibrium condition that can be solved numerically. In 
order to study the quantitative implications of redistributive taxation and 
agent heterogeneity on macroeconomic and individual behavior as well as 
its welfare effects, numerical examples are used. For this analysis, an em- 
pirically plausible parameterization is chosen that is calibrated to match 
macroeconomic moments, tax revenues and life-cycle earnings profiles, 


while allowing for a hump-shaped life-cycle pattern of consumption. 


Both Chapters 3 and 4 concentrate on heterogeneity in time preferences. 
They do, however, differ to some extent in where they locate their respec- 
tive origins of heterogeneity due to the described differences in the model 
frameworks. To be precise, in the course of Chapter 3, heterogeneity em- 
anates per assumption by supposing different time preferences across all 
individuals that simultaneously live through the finite lifespan of the econ- 
omy. In contrast, in the framework considered in Chapter 4 individuals 
may also hold identical preferences across their finite life-cycles, but agent 
heterogeneity would still arise due to the fact that various age groups coex- 


ist in every time step throughout the infinite lifespan of the economy. 


Chapter 5 summarizes the ideas and findings of the preceding chapters 
and deduces several key issues important for policy makers. Finally, an 
outlook on future research is provided by addressing various ways in which 


to extended and enrich the present work. 


Empirical and Theoretical 


Background 


Over the last thirty years the distribution ofincome, wealth and consump- 
tion has become increasingly unequal across many countries around the 
world. This trend has provoked a widespread debate and the call for policy 
makers to tackle rising inequality. In general, governments are equipped 
with a range of instruments and tools to influence distribution, where re- 
distributive tax systems are to be considered the most direct, powerful 
and popular instrument in this context. Besides a large body of studies 
within this area, the actual (simultaneous) effects of redistributive taxation 
systems on individual behavior, macroeconomic development and asset 


prices are still largely unclear. 


Economic equilibrium models can help to better understand these rela- 
tionships by addressing the task quantitatively. In order to be of use in this 
context, these models have to capture several real-life properties (model di- 
mensions). To this end, established theories from finance and economics 
have to be combined to obtain a solid theoretical foundation. Past research 
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has been fruitful in producing an enormous body of literature and has 
achieved a profound understanding with respect to many economic phe- 
nomena. Nevertheless, for several important financial and economic ques- 
tions - like the one above - no or no satisfying answer has been found yet. 


These considerations form the basis of the present work and will be fur- 
ther elaborated within this chapter. The remainder is organized as follows: 
Section 2.1 is used to motivate the present work. It starts by giving detailed 
information about the global phenomena of inequality and tax-based redis- 
tribution systems. Subsequently, it highlights the meaning of individual 
heterogeneity within this context. It closes by summarizing these observa- 
tions and deriving the present research objective. Next, Section 2.2 estab- 
lishes the theoretical requirements needed to study this objective within 
an analytical model framework. This methodical foundation deals with 
the concepts of neoclassical theory, asset pricing and overlapping genera- 
tions. Section 2.3 starts out by reviewing the relevant literature and, finally, 
concludes the present chapter with a brief overview of the theoretical sur- 
vey approach followed in Chapters 3 and 4. 


2.1 Motivation 


2.1.1 Income, Wealth and Consumption Disparity 


Considering the distribution of income, wealth and consumption within 
countries around the globe reveals the basic and consistent picture that in- 
equality in the allocation of resources is a prevailing global phenomenon. 
While economic inequality is inevitable to some extent, excessive inequal- 
ity may be harmful for a sound economic development. In many coun- 
tries and regions of the world such a degree of inequality may have been 
reached, as indicated by the increasing attention to and awareness of this 
subject that manifests itself in the enormous amount of recent reports 
and articles in this area. In this regard, reports have been published by 
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numerous global organization, like for example the Organisation for Eco- 
nomic Co-operation and Development (OECD), the International Mone- 
tary Fund (IMF) and most recently the World Inequality Lab (WIL).? These 
reports take global and multi-country perspectives and document a high 
level of inequality that is accompanied by an increasing trend. In contrast 
to these reports, most academic research in this area has its main focus on 
the developments in the United States (U.S.).? Exceptions include Fuchs- 
Schiindeln et al. (2010), Atkinson et al. (2011) and Alvaredo et al. (2013). 
Besides these geographical differences the findings, however, are basically 


identical. 


When looking at distributional differences, income inequality is typically 
the first reference point and, hence, certainly the one that is best docu- 
mented. In this context, the left panel of Figure 2.1 gives an overview of 
the distribution of income in some developed countries. In particular, it 
depicts the income shares of the top 10% (white bars) and top 1% (gray 
bars) of the pre-tax national income distribution in selected OECD coun- 
tries, using the latest data from the World and Income Database. While 
inequality does vary by this measure between the different countries, it is 
at a remarkably high level in all developed countries considered. The low- 
est degree of income inequality is documented for Denmark, where the 
top one and ten percent of the population receive about 6.4% and 26.9% 
of the total pre-tax national income, respectively. The United States are lo- 
cated on the other side of this spectrum, where the top one and ten percent 
own a share of about 20.2% and 47.0% of the total pre-tax national income, 


respectively. 


As pointed out by Krueger and Perri (2006), however, studying (exclusively) 
the distribution of current income may not be sufficient, especially if one 
aims to study welfare aspects. One way to expand this view is to addition- 


See OECD (2015), IMF (2017) and Alvaredo et al. (2017). 


3See Krueger and Perri (2006), Heathcote et al. (2010), Favilukis (2013), Attanasio and 
Pistaferri (2016), Krueger et al. (2017), Wolff (2017) and Fisher et al. (2018). 
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Figure 2.1 — This figure shows the income (left panel) and wealth (right panel) shares 
of the top 10% and top 1% of the respective income and net wealth distribution in 
selected OECD countries. (Source: World and Income Database (income data), OECD 
Income Distribution Database (wealth data)) 


ally consider inequality in wealth across the population. In these terms in- 
equality tends to be even more pronounced than in income terms. One rea- 
son for this is that wealth can itself generate income and, thereby, widen in- 
come inequalities, which in return widens wealth inequalities again (Kee- 
ley (2015)). According to the OECD (2015), half of total wealth is held by 
the wealthiest top 10%, nearly the other half is owned by the next 50%, 
while solely about 3% is held by the remaining bottom 40%. The right 
panel of Figure 2.1 confirms this picture for various selected OECD coun- 
tries by depicting the wealth shares of the top 10% (white bars) and top 1% 
(gray bars) of the total net wealth distribution, using the latest data from 
the OECD Income Distribution Database. Compared to the documented 
income inequality, illustrated in the left panel of Figure 2.1, wealth is con- 
siderably more concentrated in all of these countries. Again, figures vary 
across countries, but are at high levels throughout. Wealth inequality is 
tremendously pronounced in the United States, where the top one and ten 
percent of the population hold about 42.5% and 79.5% of total net wealth. 
In Japan, where the top one and ten percent own about 10.8% and 41.0% 
of total net wealth, the distribution is more moderate. 
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Large parts ofthe inequality debate are actually based on the distribution 
ofincome and wealth. Nevertheless, in order to study welfare implications, 
inequality in individual consumption levels seems to be a more direct and 
suitable measure of well-being, as pointed out by Heathcote et al. (2010). 
This becomes apparent when considering the classical approach taken in 
most theoretical economic models, where individual behavior is assumed 
to be exclusively driven by the households’ ultimate goal to optimize life- 
time well-being over consumption (Attanasio and Pistaferri (2016)). In this 
context, income and wealth are just means to an end, while only consump- 


tion is associated with utility. 


One reason for the concentration on income and wealth within the ongo- 
ing discussion is the fact that appropriate and consistent data on household 
consumption is usually rare, especially compared to income data (Attana- 
sio and Pistaferri (2016)). As is often the case, most data in this regard 
exists for the United States and, therefore, large parts of the academic re- 
search is limited to this region. One exemption is the experimental statis- 
tics on the distribution of consumption in selected European countries 
provided by Eurostat. Building on this data, Table 2.1 gives an overview of 
the consumption distribution in various European countries as well as the 
United States and compares these figures to the distribution of national 
income and wealth. In particular, it reports the consumption, income and 
wealth distributions of these countries as measured by their Gini coefh- 
cient.* The general picture is as follows: inequality in consumption is 
basically a little less pronounced compared to income inequality and con- 
siderably lower than wealth disparity. A considerable level of inequality, 
however, is also prevailing in the consumption distributions of these de- 


veloped countries. 


Beyond that, distributional inequality is not an exclusive phenomenon in 
western countries but widespread and can be observed in a more or less 


4The Gini coefficient is a common measure of inequality. Its range is between zero and 
one, where zero expresses perfect equality (all households of a population hold the same 
share) and one corresponds to maximal inequality (only one household owns all). 
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Table 2.1 - This table reports the consumption, income and wealth distributions for 
various European countries (2010) and the USA (2006) as measured by their Gini co- 
efficient. (Source: Eurostat, “Gini coefficient on household population - experimental 
statistics”, 2010; U.S. data is for 2006 and taken from Krueger et al. (2017) based on 
data from the Panel Study of Income Dynamics) 


Gini coefficients (2010) 


Country Consumption Income Net Wealth 
Denmark 0.30 0.37 n/a 
Germany 0.33 0.37 0.75 
Ireland 0.33 0.35 n/a 
Spain 0.35 0.38 0.58 
France 0.34 0.36 0.68 
Italy 0.37 0.37 0.61 
Finland 0.36 0.35 0.65 
UK 0.36 0.39 n/a. 
USA (2006) 0.40 0.42 0.77 


pronounced manner in any major geographical region as well as from 
an aggregate global perspective. Moreover, it is not a static phenomenon. 
Quiet the contrary, an ongoing negative trend in the allocation of resources 
within countries can be documented for, at least, the last three decades (see, 
for example, OECD (2015), Alvaredo et al. (2017), IMF (2017)). Figure 2.2 
illustrates this development. In particular, the left panel depicts the per- 
sistent increase of the shares in national income received by the top 10% 
in India, USA and Canada, Russia, China as well as Europe from 1980 
to 2016. During this period, income inequality rose in all of these world 
regions, although at a different pace. While Europe experienced only a 
moderate increase, the development in the other regions has been much 
more pronounced, especially in India and Russia. Moreover, in almost all 
world regions income inequality has reached its highest value since the 
last thirty years. 
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Figure 2.2 — This figure shows the evolution of the top 10% income shares for ma- 
jor geographic regions across the world (left panel) as well as the evolution of the top 
1% and the bottom 75% global (represented by China, Europe and the United States) 
wealth shares (right panel). (Source: adapted from Alvaredo et al. (2017, Figures E2a 
and 4.1.1) based on data from the World and Income Database) 


This trend also carries over to the distribution of wealth from a global per- 
spective, as shown in the right panel of Figure 2.2. It illustrates the evolu- 
tion ofthe wealth shares held by the top 1% and the bottom 75% in total 
global wealth from 1980 to 2016.° While the share in global wealth of the 
wealthiest top 1% was at about 28% in 1980, it went up to about 33% in 
2016. In contrast, the share in global wealth owned by the bottom 75% of 
the population oscillates around 10% at the same time. 


Finally, aggregate global statistics for the development of the distribution 
of consumption shares are not available. Data for the United States, how- 
ever, indicate a similar trend, although consumption inequality seems to 


grow ata more moderate speed (see Krueger and Perri (2006)). 


2.1.2 Redistributive Taxation and Transfers 


Although economic inequality may be inevitable to some extent, the doc- 
umented levels and observed trends in the distribution of resources have 
provoked a widespread debate and the call for policy makers to tackle ris- 
ing inequality (see Bloch et al. (2013), Piketty and Goldhammer (2014), 
OECD (2015), IMF (2017) and OECD (2017a)). National policies and insti- 


>Following Alvaredo et al. (2017), the global level is represented by China, Europe and the 
United States. 
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tutions are actually decisive in this context, as evidenced by the differences 
in inequality levels across countries of the same development state and 
over time (Alvaredo et al. (2017)). In general, governments are equipped 
with a range of instruments and tools to influence the distribution of (es- 
pecially) income and wealth across households. In this regard, a tax-based 
redistribution system constitutes a direct, powerful and popular instru- 
ment to tackle inequality. As pointed out by Fischer and Jensen (2014, 
2015), in large parts of the industrialized world individual income taxa- 
tion along with social insurance and income support programs were intro- 
duced within the last century. Transfer payments to households by means 
of a redistributive taxation system is, therefore, found to be a globally ob- 


served phenomenon. 


Besides being widespread, income taxation and transfer payments account 
for a considerable share in the national accounts of most developed coun- 
tries, as illustrated by the left panel of Figure 2.3. It shows the total tax 
revenues raised (white bars) from households and the total public cash 
benefits paid to households (gray bars) for selected OECD countries in 
percent ofthe country’s gross domestic product (GDP) in 2013. On OECD 
average, total tax revenues raised from households constitute 24.1%, while 
public spending on cash benefits aggregate to 12.4% of GDP. The size of 
tax revenues and cash transfers, however, varies significantly across coun- 
tries. Inthe United States, for example, tax revenues amountto 20.1% and 
cash benefits to only 9.3% ofthe GDP in 2013, whereas in Denmark these 
instruments measure 41.6% and 13.8% in the same period, respectively. 


The right panel of Figure 2.3 highlights the implied redistribution effect 
due to taxes and transfers for the selected OECD countries in 2010 (gray 
rectangles) and 2013 (white bars). In particular, redistribution is mea- 
sured as the difference between market income and disposable income 
inequality (Gini coefficient), expressed as a percentage of market income 
inequality. In 2013 (2010), redistribution by means of taxation and trans- 
fers reduced income inequality by about 26.2% (27.7%) on OECD average. 
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Figure 2.3 - This figure plots tax revenues from and cash benefits to households as well 
as redistribution effects due to taxes and transfers for selected OECD countries. The left 
panel shows total tax revenues raised from households and total public cash benefits 
paid to households in percent of the country’s GDP in 2013. Total tax revenues raised 
from households comprise taxes on income, profits and capital gains of individuals, 
taxes on property, taxes on goods and services as well as employees’ social security 
contributions (Source: OECD Tax Statistics Database). Public cash benefits refer to old 
age and survivor pensions, incapacity benefits, family cash benefits, unemployment 
and other social policy areas categories (Source: OECD Social Expenditure Database). 
The right panel presents the income redistribution effect due to taxes and transfers 
for 2010 and 2013. Redistribution is defined as the difference between market income 
and disposable income inequality (measured by the Gini coefficient), expressed as a 
percentage of market income inequality (Source: adapted from OECD (2016, Figure 5) 
based on data from the OECD Income Distribution Database). 


Again, country specific figures differ significantly. Taking the same exam- 
ple as above, income inequality in the United States is reduced by about 
18.0% (21.8%), whereas it is decreased by about 36.5% (36.7%) in Den- 
mark due to taxes and cash benefits in 2013 (2010). 


While the observed effects are considerable throughout, redistribution 
weakened on average between 2010 and 2013. Furthermore, inequality 
figures rose at the same time, which fueled the public debate about more 
equality and the call for more redistribution. With regards to the instru- 
ment of redistributive taxation, more redistribution would apparently im- 
ply increasing transfers by raising tax rates. Nevertheless, and unfortu- 
nately, the effects of tax and transfer policies do not exclusively affect equal- 
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ity measures but have substantial effects on many economic areas, espe- 
cially on growth. Both in the public as well as in the academic debate there 
is no consensus about the macroeconomic effects of taxes and transfers 
(Cloyne (2013)). The arguments range from the conviction that increases 
in tax rates may support growth, and the conviction that they do not nec- 
essarily harm growth, to the insistence that they hinder economic growth. 
Most academic evidence seems to support the latter argument, as, for ex- 
ample, documented in Blanchard and Perotti (2002), Romer and Romer 
(2010), Barro and Redlick (2011) and Cloyne (2013). However, as argued 
in IMF (2017), there is no systematic adverse trade-off between increasing 
growth and decreasing inequality, for instance, due to increased taxes and 
transfers. To the contrary, excessive inequality, i.e., not redistributing, is 
associated with lower economic growth. This view finds (at least) some 
support in the results by Romer and Romer (2016), who report an increase 
in aggregate consumer spending following a permanent increase in social 


security benefits. 


In this context, one may clearly ask for the meaning of economic growth 
for a society. There appears to be, at least in this regard, a broader consen- 
sus in that growth (at least to some extent) is an elementary aspect for a 
positive development of social well-being. Nevertheless, as often argued, 
it may not be equated with social well-being, which might be higher con- 
sidering lower growth and greater equality in the distribution of income, 
wealth and/or consumption. If redistribution, however, is associated with 
negative effects on growth, income, wealth and consumption levels will be 
affected negatively at the aggregate level, too. In this vein, redistributive 
taxation might lead to a higher degree of equality but lower economic wel- 
fare and, moreover, even reduce individual welfare levels of net recipients 
of the transfer system (see Fischer and Jensen (2014)). Hence, not only the 
direction but also the size of the effects might be important. 


Besides the effect on economic growth, the empirically observed influ- 
ence of tax changes on asset prices should be pointed out (see Dai et al. 
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(2008) and Sialm (2009)). Well operating capital markets are the backbone 
of modern economies and considered a key factor of economic growth. 
Moreover, they are important from a household perspective, as they pro- 
vide them with a broad asset universe and the possibility to participate in 
the economic development. Hence, the effects of taxes and transfers on 
investment possibilities, i.e., asset prices, might play a decisive role in the 
context of economic equality and welfare. Unfortunately (from an equality 
perspective), however, stock market participation rates are low, especially 
within low income households. While the participation rate (considering 
direct or indirect stock holdings) of the top 10% of households with highest 
income lies around 90.6%, it is only about 12.5% for the bottom 20% (Fis- 
cher and Jensen (2015), based on data from the 2010 Survey of Consumer 
Finances).° Herein lies an additional fact that might foster distributional 
inequality. 


The knowledge about the true relationships of all of these aspects and the 
understanding of the underlying causes is clearly decisive for any policy 
maker. In particular, being aware of the interdependencies is crucial when 
designing public policy instruments, like redistributive tax systems, with 
the aim to influence macroeconomic growth, distributional effects, and 
the formation of asset prices. 


2.1.3 Individual Heterogeneity 


One aspect in the context of inequality and redistribution has not been 
considered yet: the fact that individuals are not all identical. On the con- 
trary, real-life economies are characterized by a large amount of individ- 


uals that are heterogeneous with respect to a number of different char- 


6There is a large body of literature studying stock market participation rates. See, for ex- 
ample, Mankiw and Zeldes (1991), Campbell (2006), Calvet et al. (2007), Christiansen et al. 
(2008), Calvet et al. (2009a), Calvet et al. (2009b) and Giannetti and Koskinen (2010). The im- 
pact of participation rates on asset prices is studied by, for instance, Brav et al. (2002), Gomes 
and Michaelides (2008), Favilukis (2013),Gomes et al. (2013), Fischer and Jensen (2015) and 
Pastor and Veronesi (2016). 
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acteristics. From an economist’s point of view, differences in households’ 
preferences, especially over consumption as well as the distribution of con- 
sumption across time and economic states, are most important. These 
preferences determine households’ consumption-saving as well as invest- 
ment decisions and, thereby, link individual behavior to individual welfare 
and, on an aggregate level, to the distribution of income, wealth and wel- 
fare as well as to macroeconomic development. In the light of heterogene- 
ityand different tastes, atotal equalization through redistribution may not 
only be economically harmful, but also counterproductive in the attempt 
to achieve higher levels of welfare (equality). When studying inequality 
and the effects of redistributive taxation, it is most important to capture 
and model the different preferences of individuals as well as the hetero- 
geneous behavior that results from them. To that end, an overview of the 
most important preference characteristics and the empirically observed so- 
cioeconomic and age-related differences is needed.” 


The existence of preference heterogeneity is supported by numerous stud- 
ies, which mostly rely on household survey data. The results indicate het- 
erogeneity in time preferences (or patience), risk aversion and the elastic- 
ity of intertemporal substitution (EIS) in consumption (Hendricks (2007)). 
Although there is a broad consensus about the existence of differences 
across household preferences, the concrete results are often inconsistent. 
To maintain clarity, the present overview will, therefore, concentrate on 
the relationship between preference heterogeneity and the key household 


characteristics income and age.’ 


7It is important to note that in the present work it is assumed that (age-unrelated) prefer- 
ence heterogeneity arises from the socioeconomic characteristics individuals are born into, 
and not the other way around. In particular, this implies that preferences of households re- 
main unchanged regardless of any policy instrument that may influence their actual situation. 
Undoubtedly, this is the prevailing approach also chosen in many other studies. Nevertheless, 
the direction of the causality between heterogeneous behavior and socioeconomic factors is 
generally unclear (Lawrance (1987)). 


8It is noteworthy that in many studies income is used as proxy for wealth. 
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Starting with the differences in households’ risk aversion, i.e., the attitude 
towards atemporal risks, it is important to stress that it expresses an in- 
dividual’s aversion to a consumption stream that varies across different 
states of nature. In this sense, higher levels of risk aversion imply that 
agents tend to increasingly prefer certain claims to future consumption 
to uncertain claims. When inspecting the existing evidence of the link 
between risk aversion and household income, the direction of causality 
remains uncertain. Guiso and Paiella (2008) find a negative relation by 
empirically documenting that richer agents exhibit smaller levels of risk 
aversion than poorer households. In sharp contrast, the studies by Booij 
and van Praag (2009) and Bosch-Doménech and Silvestre (1999) estimate 
higher degrees of relative risk aversion with increasing income. This im- 
plies that gambles proportional to wealth become less attractive with in- 
creasing levels of wealth. As pointed out by Booij and van Praag (2009), 
however, there seems to be no a priori reason for neither direction of 
causality. In support of this view, and one possible reason for the con- 
tradictory findings, is a parabolic relationship between risk aversion and 
wealth, as found by Halek and Eisenhauer (2001). Nevertheless, the true 
relationship remains vague. With regard to the link between age and risk 
aversion the documented relationship is clearer. In general, the empir- 
ical evidence finds the degree of risk aversion to be either increasing or 
U-shaped in age (see Palsson (1996), Donkers and van Soest (1999), Halek 
and Eisenhauer (2001), Hartog et al. (2002)). Yet the findings in Booij and 
van Praag (2009) indicate a negative correlation with age, although the ef- 


fect is not significant.? 


The elasticity of intertemporal substitution in consumption describes the 


attitude towards consumption shifts over time.!? Intuitively, it measures 


°With regard to other socioeconomic factors there exists conformity that males are less 
risk-averse than females (see Booij and van Praag (2009)). Considering education, results are 
ambiguous. Alan and Browning (2010), for instance, find that less educated households are 
less risk averse, whereas Outreville (2015) documents a negative correlation. 


10In economic models with preferences defined by standard power utility risk aversion 
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the individual’s willingness to pre- or postpone consumption across time 
in response to changes in the expected real interest rate. Consumers with 
a high EIS, for example, save more if interest rates are high. Despite a 
large body of literature trying to determine the size of the EIS, there is no 
consensus about its real value (see, for example, the discussions in Vissing- 
Jorgensen (2002), Havranek et al. (2015) and Thimme (2017)). Fortunately, 
the evidence regarding the link between EIS and income is more definite. 
In particular, several studies directly deduce a positive correlation between 
the level of income and the individuals’ willingness to shift consumption 
intertemporally (see Lawrance (1991), Blundell et al. (1994) and Guvenen 
(2006)). This finding is supported indirectly by anumber of related studies. 
Attanasio and Browning (1995), for example, find a positive link between 
the EIS and household consumption, which can be interpreted as a proxy 
for income. Furthermore, parts of the relevant literature concentrate on 
the differences in the EIS between asset holders and non-asset holders. 
In this regard, Attanasio et al. (2002) and Vissing-Jorgensen (2002) find 
higher EIS for asset holders than for non-asset holders. As the former are 
on average wealthier than the latter, this also supports the view that the 
EIS may be increasing in income (Guvenen (2006)). Finally, Havranek 
et al. (2015) compare the elasticity of intertemporal substitution across 
countries and find the EIS to be higher for households in rich countries."" 
Unfortunately, there are no studies that document the impact of age on 


the elasticity intertemporal substitution. 


Time preferences characterize the attitude concerning the intertemporal 
allocation of consumption. There is unambiguous evidence that patience 


alters with age and across income levels. In the latter’s case, there also ex- 


and EIS are not independent but directly linked. In particular, the elasticity of intertemporal 
substitution is given as just the inverse of the risk aversion coefficient, in this case. Since 
some of the studies mentioned here rely on this type of preference specification, results found 
for EIS partly carry over to results found for risk aversion, and vice versa. 


‘Besides these relationships, Alan and Browning (2010) find a negative correlation be- 
tween the EIS and the level of household education. That is, the more educated are found to 
be less willing to shift consumption intertemporally than the less educated. 
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ists a high level of conformity within the empirical literature regarding the 
relationship. To be precise, patience is consistently found to be higher for 
high income households than for low income households across several 
studies (see Samwick (1998), Lawrance (1991) and Booij and van Praag 
(2009)). With regard to the former, however, the documented relation- 
ship remains ambiguous. Although some studies document an opposite 
relation (see Rogers (1994) and Samwick (1998)), most studies find that 
patience is higher for young adults than for elderly individuals. This re- 
lationship is explained by declining mental and physical abilities, decreas- 
ing fertility and increasing mortality or generally shortened remaining life- 
time with age. Nevertheless, there exists inconsistency regarding the rela- 
tion between discounting of middle-aged individuals and discounting of 
young adults. On the one hand, relying on the above mentioned factors, a 
number of studies predict that discounting is a monotonic function of age, 
implying patience to be highest for young adults and constantly declining 
over the life-cycle (see Trostel and Taylor (2001) and Booij and van Praag 
(2009)). On the other hand, numerous studies find a hump-shaped pat- 
tern of subjective time discount rates over the life-cycle. That is, patience 
increases until middle age and declines afterwards, so that elderly individu- 
als display the highest degree of impatience, whereas middle-aged individ- 
uals are the most patient (see Harrison et al. (2002), Sozou and Seymour 
(2003), Read and Read (2004), Chu et al. (2010) and Kageyama (2013))."? 


Finally, although the described evidence is often vague, allowing for prefer- 
ence heterogeneity is essential in order to rationalize and replicate several 
observed properties of the wealth and consumption distribution. With re- 
spect to the inequality patterns documented above, and as pointed out by 
Alan and Browning (2010), the most important of these properties is pro- 
vided by the observed heterogeneity in households’ lifetime wealth accu- 


12 Again, other socioeconomic characteristics have equally been studied. For example, 
Coller and Williams (1999), Donkers and van Soest (1999), Read and Read (2004) as well 
as Booij and van Praag (2009) find women to be more patient than men. Furthermore, Har- 
rison et al. (2002) as well as Kapteyn and Teppa (2003) report a positive correlation between 
education and patience. 
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mulation (even when earnings profiles are identical). In order to capture 
this fact within an economic model, heterogeneity in time preferences is 
required to be included in the analysis (see Samwick (1998), Krusell and 
Smith (1998), Hendricks (2007) and Gomes et al. (2013)). Motivated by 
this fact, and the presumably clearest evidence on the income- and age- 
related relationship, the present work will focus on this type of preference 
heterogeneity. 


2.1.4 Conclusion and Objective 


The preceding exposition documented the basic and consistent picture that 
inequality in the allocation of resources is a prevailing global phenomenon. 
Moreover, an ongoing negative trend in the distribution of income, wealth 
and consumption within countries can been found for, at least, the last 
three decades. Although economic inequality may be inevitable to some 
extent, the observed levels and trends in the distribution of resources have 
provoked a widespread debate and the call for policy makers to tackle rising 
inequality. In general, governments are equipped with a range of instru- 
ments and tools to influence distribution, where redistributive tax systems 
are to be considered the most direct, powerful and popular instrument in 
this context. Besides its influence on resource allocation, tax and transfer 
policies also possess substantial effects on many economic areas (for ex- 
ample growth, asset prices and welfare). Both in the public as well as the 
academic debate, however, there is no consensus about the actual macroe- 
conomic effects of these policies. 


Knowing about the true relationships of all of these aspects and under- 
standing the underlying causes is undoubtedly decisive for any policy 
maker. In particular, being aware of the interdependencies is crucial when 
designing public policy instruments, like redistributive tax systems, with 
the aim to influence macroeconomic growth, distributional effects, and 
the formation of asset prices. Economic equilibrium models address this 
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task quantitatively and can help to understand these relationships as well 
as the impact on individual consumption and investment behavior. In 
this context, it is, however, essential to capture the fact that populations 
are not uniform but composed of a large number of individuals that, de- 
pending on their diverse characteristics (income and age), differ in their 
preferences. With respect to the reported inequality patterns, heterogene- 
ity in individual time preferences is found to be most important. 


Although well documented empirically, the effects of taxation and redis- 
tribution in general equilibrium as well as the underlying causes are not 
yet fully understood (Fischer and Jensen (2015) and Pastor and Veronesi 
(2016)). Herein lies the fundamental motivation of the present work, that 
aims to help fill this gap in order to gain a better understanding of the 
described relations. In particular, the objective is to simultaneously study 
the impact ofredistributive taxation on the behavior (consumption-savings 
and portfolio decision) of a heterogeneous population, macroeconomic de- 
velopment, welfare and asset prices. 


To that end, and to be in line with the documented facts, the study ap- 
proach ought to comprise six dimensions: Obviously, a suitable economic 
model must allow for the reallocation of resources through a taxation sys- 
tem. Hence, redistributive taxation is assumed to be the first dimension. 
Next, as explained above, reallocation is assumed to be necessary because 
of the documented inequalities in the distribution of resources. In or- 
der to account for this property within an economic model, it requires 
heterogeneity in income, preferences and age. The first two aspects are 
taken together into the second dimension - agent heterogeneity. The lat- 
ter aspect is considered separately and forms the third dimension - life- 
cycle characteristics. Beyond that, in order to investigate the influence on 
individual consumption-saving and portfolio decisions, the objective re- 
quires a household behavior that follows endogenously from the model. 
Endogenous individual behavior is, therefore, the fourth dimension. Finally, 
taxation and transfer systems possess substantial macroeconomic effects. 
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Most important are the impacts on macroeconomic growth and the for- 
mation of asset prices. In order to capture the feedback effects between 
growth and redistributive taxation, macroeconomic development must fol- 
low endogenously from the individual behavior of the model’s agents. This 
requires the fifth dimension of an endogenous (macroeconomic) production 
decision. Lastly, the feedback mechanism between redistribution and cap- 
ital markets is captured by the asset pricing dimension. 


The remainder of this chapter is structured as follows: Section 2.2 estab- 
lishes the theoretical requirements by presenting the methodical founda- 
tion for the analytical model framework. The first part of Section 2.3 then 
gives a comprehensive review of the relevant literature, while the second 
part closes the present chapter by presenting a brief overview of the theo- 


retical survey approach followed in Chapters 3 and 4. 


2.2 Methodical Foundation 


In order to address the research objective described above, a theoretical 
foundation is needed that formalizes the problem and allows to treat it 
mathematically. In particular, it must allow to address all six dimensions of 
the problem described above and, in this sense, settle it within a consistent 


economic framework. 


The fundamental theoretical approach that allows to establish the formal 
basis can be found by the assumptions underlying what is called “neoclas- 
sical economics”. A metatheory or set of rules that has become the cen- 
ter piece of mainstream finance and economic theories developed over the 
past century. Its fundamental assumptions help to capture the dimensions 
endogenous individual behavior, agent heterogeneity, endogenous production as 


well as partly life-cycle characteristics and are outlined in Section 2.2.1. 


The term “neoclassic” in the context of economics seems to be mainly due to Veblen 
(1900), who is considered to be the first to have used the expression “neoclassical economics”. 
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Although neoclassical theory provides a consistent formal framework, it 
needs some more concretization in order to address the present research 
question. This specific model framework is provided by general asset pric- 
ing theory and its stochastic discount factor or “SDF”-concept that devel- 
oped from the assumptions of neoclassical economics. In the context of 
the present work, this theory establishes the structure for the dimensions 
of redistributive taxation as well as asset pricing. The relevant aspects are 
described in Section 2.2.2. 


Finally, in order to capture the natural source of heterogeneity across indi- 
viduals that is mainly due to differences in age and to complete the dimen- 
sion of life-cycle characteristics, the concept of an overlapping generations 
or “OLG”-framework is introduced in Section 2.2.3. It implies a nontrivial 
population structure that is not accounted for in the standard asset pricing 


framework. 


2.2.1 Neoclassical Foundation 


The neoclassical paradigm provides a consistent mathematization of eco- 
nomic theory and, hence, represents a methodical framework suitable to 
formally address the problem outlined above. Although there is not one 
general definition of neoclassical economics, especially because it is sub- 
ject to ongoing development itself, there are some assumptions that can 
be considered fundamental in neoclassical theory. In this regard, for in- 
stance, Jäkel (2006) presents a comprehensive overview of neoclassical the- 
ory, while Aspromourgos (1986) and Colander et al. (2004) as well as the 
textbook treatments of Henry (2012) provide detailed examinations of its 
historical development. In line with these authors, the present exposi- 
tion gives an overview of the relevant building blocks of the neoclassical 
paradigm and, thereby, establishes the methodical foundation required for 
the analytical assessment of the economic problem outlined above.'* 


14Since this implies that the present section does not give an extensive treatment of the 
history of neoclassical economics, the interested reader shall be referred to the references 
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In the sense of Colander et al. (2004), the corner stones of neoclassical 
economics can be summarized by the “holy trinity” - rationality, selfishness, 
and equilibrium - which will be outlined in the following. 


The first neoclassical pillar, rationality, proposes that all relevant economic 
agents follow a certain kind of behavior. In particular, they are considered 
to possess equal access to identical and full information and they use this 
information to form rational expectations about the future, which is sup- 


posed to culminate in independent and rational decisions. 


Related to this is the second pillar, selfishness, that establishes the objectives 
driving rational decision making and the way they are pursued. Thereby, 
the neoclassical approach distinguishes two types of agents, households 
and firms, that follow selfish interest. On the one hand, buyers or house- 
holds seek to obtain goods in order to maximize the gains obtained from 
consuming them. This gain is measured by expected utility, a concept 
which builds on the axiomatization of preferences established by Bernoulli 
(1738) and was further developed by von Neumann and Morgenstern 
(1944). On the other hand, producers or firms generate the consumption 
goods by implementing productive factors like labor and capital into a neo- 
classical production technology that, like utility, builds on the axiomatiza- 
tion of Bernoulli (1738) and was extended to the production side by Walras 
(1874) and Marshall (1890). The selfish objective followed by firms is the 
maximization of profits obtained by minimizing costs and selling the out- 
put to households. In this very context, the center piece of neoclassical 
economic behavior dates back to the marginalist revolution that was devel- 
oped independently by Jevons (1871) in England, Menger (1871) in Austria 
and Walras (1874) in Switzerland (Clarke (1991)). It implies that both util- 
ity and production technology are characterized by marginal diminishing 
utility or productivity. 


Closely connected to this marginalism is the last neoclassical pillar, the 


concept of equilibrium. It implies that all relevant prices and quantities are 


mentioned in the text above. 
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eventually found through the supply and demand forces ofthe market. In 
particular, it is the desire of households to maximize utility and the associ- 
ated insatiable appetite for consuming goods that constitute the demand 
force in the economic market. Households, however, are constrained in 
the sense that the amount of goods available or affordable to them is lim- 
ited. The limitations result from the firms’ ultimate goal to maximize 
profits and the constraints they face, which are mainly due to scarcity of 
resources or production factors. Firms decide upon production quantities 
in order to achieve their objective. In this vein, goods become costly and 
its supply is restricted. Referring to marginalism and equilibrium, on the 
demand side, the concepts imply that households will adapt their demand 
for goods until the marginal gain corresponds to the marginal costs asso- 
ciated with an extra unit ofthe good. Similarly, on the supply side, firms 
will adapt their supply until the cost of producing a marginal unit of the 
good is just balanced by the revenue it generates. Following this adjust- 
ment process, an equilibrium is finally achieved in which supply equals 
demand and market prices result accordingly. In other words, an econ- 
omy is in equilibrium if, given preferences, technologies and limitations, 
each agent buys or sells the optimal quantities of goods at a certain price, 


for which aggregate supply equals aggregate demand. 


These ideas of neoclassical theory can be clarified using the seminal model 
developed by Fisher (1930). This will be done in the subsequent Section 
2.2.1.1. After that, Sections 2.2.1.2 and 2.2.1.3 will deepen the understand- 
ing of the demand and supply side of the economy by formalizing them. 
To this end, the concepts of neoclassical utility and production will be in- 


troduced. 


2.2.1.1 Fisher Separation 


The model introduced by Fisher (1930) is one of the most important contri- 


butions that builds on the neoclassical rationale. It develops a consistent 
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economic framework that combines the independent production and con- 
sumption decisions of firms and households mentioned above in a gen- 
eral equilibrium model with a perfect capital market. It is thought to be 
the foundation of modern financial economics and asset pricing theory.’ 


In a stylized deterministic two-period world, rational households maxi- 
mize their utility from consumption by trading off the distribution of an 
initial endowment between present and future consumption. In order to 
substitute consumption units between today and tomorrow, households 
possess two investment opportunities. On the one hand, they can buy 
equity shares (or stocks) of a firm and, thereby, invest into the produc- 
tion technology of the economy. According to neoclassical marginalism, 
this technology is characterized by marginal productivity, which implies 
that the marginal rate of return earned by the households falls as invest- 
ments rise. On the other hand, they have access to a perfect capital market 
that provides them with the possibility to intertemporally exchange con- 
sumption units with each other at a fixed interest rate. Finally, the firm’s 
manager (installed by the households) maximizes profits by adjusting the 


demand for investment inputs. 


Figure 2.4 illustrates the elements of the model graphically. The firm’s 
investment opportunity set is characterized by a concave production (or 
intertemporal transformation) technology. The slope of this curve in one 
point reflects the marginal rate of transformation (or return) for a certain 
investment, and its general shape, just in line with neoclassical marginal- 
ism, reflects that marginal productivity is diminishing. Households’ utility 
maximizing behavior is characterized by convex indifference curves that 
display different consumption plans which provide them with the same 
amount of utility. Its slope corresponds to an individual’s marginal rate 
of substitution of consumption, i.e., it displays his willingness to shift con- 
sumption between the two time steps. The shape of the indifference curves 


See, for example, Copeland et al. (2014) for a textbook treatment of the Fisher (1930) 
model and the “Fisher Separation Theorem’. 
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--- Firm: Production technology 


— Capital Market 


-- Households: Indifference Curves 


Figure 2.4 — This figure illustrates the neoclassical general equilibrium model featuring 
firm’s production, households’ utility maximizing consumption and a perfect capital 
market. 


follows directly from the assumptions about the individuals’ intertemporal 
preferences over consumption and, hence, reflects the property of dimin- 
ishing marginal utility indirectly. Finally, the capital market is depicted 
by the straight line that is tangent to the firm’s production technology and 
the households’ indifference curves in equilibrium. Its slope represents 


the return on the capital market. 


The existence of a perfect capital market implies that the investment deci- 
sion of households will consist of two steps. First, all rational households, 
independent of their preferences, will want the firm’s manager to invest 
into the production technology until the marginal rate of return earned 
from this investment opportunity equals the fixed interest rate paid on the 
capital market. In this point, all investments that provide a higher return 
than what is earned on the capital market are realized. In other words, 
the manager is forced to implement the profit-maximizing strategy by the 
firm’s rational shareholders. This solution constitutes the firm’s point of 
optimal production and, thereby, determines the available amount of ag- 
gregate consumption in the economy. From this point on, in a second 


step, households choose to borrow or lend on the capital market in order to 
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maximize utility from consumption according to their intertemporal pref- 
erences over consumption. Their preference-dependent individual point 
of optimal consumption, therefore, lies on the capital market line and is 
ultimately achieved when the individual’s marginal rate of substitution of 
consumption equals the interest rate. Note, however, that since aggregate 
consumption is specified by optimal production, capital market activities 
require market participants that take complementary positions. 


The fundamental results of this model are known as the “Fisher Separation 
Theorem”: First, the existence of a perfect capital market implies that the 
equilibrium investment into the production technology and, hence, firm’s 
profit maximization is independent of the preferences of its owners. And 
second, households achieve their individual utility maximizing consump- 
tion plan independent of this investment decision by borrowing or lending 
on the capital market. 


The Fisher Separation Theorem and its neoclassical general equilibrium 
model are the origin of the development of many modern finance and 
economic theories. In particular, it constitutes the starting point of the 
split into the two sub-categories of general equilibrium modeling known 
as the consumption-based and production-based approach. As indicated by its 
name, the former focuses mainly on the consumption side of the economy. 
It links the utility maximizing consumption decision of the rational house- 
holds, more precisely their marginal rates of substitution, to the evolution 
of asset prices and returns. In contrast, the latter approach concentrates 
on the production side of the economy and substitutes firms and produc- 
tion technologies with consumers and utility functions. In this vein, asset 
prices and returns are linked to the firm’s marginal rate of transforma- 


tion. 16 


Since the objective of the present work is to study the general equilib- 


rium effect of a tax-based mechanism of redistribution between house- 


16This interpretation, i.e., the separation of general equilibrium theory into two sub- 
categories, builds on Cochrane (2005) and Jäkel (2006). 
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holds, in particular its impact on the consumption-savings and portfolio 
decision of heterogeneous individuals as well as the associated macroeco- 
nomic, welfare and asset pricing implications, it necessarily focuses on 
the consumption-based approach. To be more precise, the consumption- 
based asset pricing model will serve as concrete theoretical foundation. De- 
tails about the relevant aspects of modern consumption-based asset pric- 
ing theory will be presented in Section 2.2.2. Leading up to it, the follow- 
ing sections will concentrate on the formal specification ofthe neoclassical 
consumption and production decision and, thereby, relax some of the ma- 
jor simplifications of the model presented above. 


2.2.1.2 Expected Utility and Life-cycle Consumption 


To formalize the demand side of the economy, the decision problem faced 
by households has to be further specified. For that purpose, it is important 
to note that neoclassical consumption theory has developed compared to 
the model of Fisher (1930). On the one hand, modern economic models, 
without exception, allow for uncertainty in the consumption process. The 
foundations for this were laid by the advancement of the axiomatization of 
preferences established by Bernoulli (1738) to expected utility by von Neu- 
mann and Morgenstern (1944). On the other hand, economic research has 
removed the limitation of the intertemporal consumption problem to only 
two periods and replaced it by multidate or life-cycle consumption and in- 
come theories. In this context, the models developed by Friedman (1957) 
and Modigliani (1966) are considered to be the seminal contributions. In 
order to capture all the dimensions of the research question brought up 
above, this progress is crucial. In particular, expected utility and life-cycle 
consumption theory especially provide the basis for the dimensions endoge- 
nous individual behavior, agent heterogeneity and partly life-cycle characteris- 


tics.17 


17The exposition in the present section is mainly inspired by Jäkel (2006) and Munk (2013). 
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Consider individuals that care for the consumption of goods only, where 
the number of different goods shall be restricted to one in the following.'® 
In that sense, individuals possess preferences over consumption and need 
to decide between different (uncertain) consumption plans that represent 
distinct consumption distributions over time and states of the world. This 
means that individual consumption takes place at different points in time 
over the individual life-cycle and that, although a certain consumption plan 
is chosen, the realization of future consumption remains uncertain due to 
some sources of risk that influence the availability and/or affordability of 


the consumption good. 


As outlined above, the neoclassical objective followed by the households 
is to maximize the (expected) gains obtained from consumption. In order 
to find the optimal consumption plan that maximizes lifetime well-being, 
preferences are formalized by a von Neumann-Morgenstern expected util- 
ity function over consumption (von Neumann and Morgenstern (1944)). 
Formally, at a certain point in time t a distinct individual maximizes his 
expected lifetime utility given by the following time-separable additive util- 
ity function 


N 
U, =) HE: [u(crrn)] ; (2.1) 
n=0 


where u(-) is the time- and state-independent, instantaneous utility func- 
tion common to all individuals of the economy. It is assumed to be mono- 
tonic increasing and concave in individual consumption cı4„. That means 
that a higher level of consumption is always considered with a higher level 
of utility, but that, in line with neoclassical marginalism, the utility gain 
from consuming an additional unit of the consumption good decreases in 
the level of individual consumption. The fact that expected utility is time- 


separable implies that the utility obtained from consumption in a certain 


18 This rules out the existence of any bequest motive and abstracts from any labor-leisure 
decision faced by households. 
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period is not directly dependent on the consumption in other periods. For- 
mally, this is modeled in (2.1) by considering that lifetime utility is given by 
the sum of expected instantaneous utilities from consumption at different 


points in time.!? 


The parameter ô is the subjective time discount factor. It weights the in- 
stantaneous utility from consumption at different points in time, i.e., the 
summands of lifetime utility. In this way, differences in preferences for 
consumption at different dates are formalized. Put differently, the param- 
eter ô reflects the time preferences or patience of an individual. As in 
the above Equation (2.1), the subjective time discount factor is typically 
assumed to be constant and the same for all economic agents. Moreover, 
individuals are usually considered to be impatient, i.e., to prefer early con- 
sumption to late consumption, which implies 0 < ô < 1. Since the above 
motivation (see Section 2.1.3) has shown that agent heterogeneity and life- 
cycle characteristics, especially in terms of differences in time preferences, 
should be dimensions to consider when studying the impact of redistri- 
bution systems, the present work will deviate from this common practice 
and allow for heterogeneity in subjective time discount factors. Neverthe- 
less, in order to ease the representation of the methodical foundation, the 
common simplification will be maintained within this chapter. 


Beyond that, E,|-] is the conditional expectation operator. It says that agents 
form their expectations about the future outcome of any random event 
conditional on the set of information currently available to them at date t. 
According to neoclassical theory, agents possess full and identical access 
to this set of information and the expectations resulting from them are 


rational. 


The individual's maximization of expected lifetime utility (2.1) is con- 
strained by the availability and/or affordability of the consumption good. 
On the one hand, individuals are subject to endowment streams that equip 


19For a more detailed exposition of utility theory in the context of economics and asset 
pricing see the excellent textbook treatment in Munk (2013). 
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them with a certain or uncertain quantity of the consumption good at dif- 
ferent time steps. Common examples are the permanent streams of labor 
or retirement income. On the other hand, in order to allow the individ- 
ual consumption decision to deviate from the distribution of endowments 
over time and across states, households need to be able to reallocate con- 
sumption over these two dimensions. A financial market that allows for 
the exchange of different financial assets constitutes such a trading place.”° 
Current endowment l; and the income from past financial market activi- 
ties a, in conjunction with the current investment on financial markets 
gı constitute the constraint of the maximization of Equation (2.1) that is 
formalized by the individual’s consumption budget constraint 


Ce =U +h — qt 


=Ut — 4; (2.2) 


where v; = a; + |; is wealth currently available to him. It can alternatively 
be stated in wealth-return form, which highlights the dynamic evolution 
of wealth over time, 


vr = (Ve — Ce) Rosi + liga, (2.3) 


where Re 141 is the one-period return on financial savings. According to 
constraint (2.3), wealth is the link between consumption and any source 
of income. Moreover, it implies that individual’s consumption at a certain 
date is not just determined by current income but also dependent on future 
wealth and, thus, future income. This is the essence of Friedman’s (1957) 


“Permanent Income Hypothesis”. 


20Especially when the consumption good is perishable in the sense that it cannot be stored 
by individuals across periods, financial assets are the only vehicle for the reallocation of con- 
sumption. In this vein, the demand for securities becomes interconnected with the individual 
consumption decision. This is the basis of the consumption-based asset pricing theory that 
will be addressed below. 
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Beyond that, the constraint maximization given by Equations (2.1)-(2.3) 
allows to capture the changing consumption behavior of individuals over 
their lifespan. First, agents’ lifetime is finite and will end at some terminal 
date. Objective (2.1) reflects this property when considering a finite num- 
ber of future consumption periods N. Second, the stream of permanent 
income l; considered in constraints (2.2)-(2.3) may end or change before 
the terminal date, for example, at some retirement age, representing differ- 
ences in labor and retirement income. In the sense of Modigliani’ (1966) 
“Life-cycle Hypothesis”, these aspects influence individual consumption 
and lead to a certain life-cycle behavior, in which agents will save during 
their working years and spend these savings during retirement to finance 


consumption. 


Finally, note that when there is more than one asset traded on the financial 
market, the outcome of a, in constraint (2.2), or alternatively of R, 441 in 
(2.3), is not just dependent on the evolution of asset prices or returns but 
also on the portfolio decision made by the individual in the past, i.e., the 
allocation of the unconsumed part of wealth between the different tradable 
assets. In this sense, the optimization of expected lifetime utility (2.1) sub- 
ject to constraint (2.2) or (2.3) comprises two dimensions of decision tak- 
ing faced by each household in each time step: the consumption-savings 


decision and the portfolio choice. 


2.2.1.3 Neoclassical Production and Growth Theory 


Like the demand side, the supply side of the economy can be formalized 
by specifying the investment decision faced by firms. This constitutes the 
basis of the dimension of endogenous production. Again, and in contrast to 
Fisher (1930), the following considerations are not limited to a determin- 


istic and two period decision problem.”! 


*1The present exposition is based on Miao (2014), Barro and Sala-i Martin (2004), and 
Sardadvar (2011). 
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Neoclassical production theory is closely connected to growth theory, which, 
from a chronological viewpoint, dates back to the seminal contribution 
of Ramsey (1928) and was independently developed by Solow (1956) and 
Swan (1956). While accounting for production, capital accumulation, pop- 
ulation growth, as well as technological progress, its main focus is to ex- 
plain long-run economic growth. Integrating Ramsey’s analysis of con- 
sumer optimization, Cass (1965) and Koopmans (1965) advanced the neo- 
classical growth model of Solow (1956) and Swan (1956) by specifying the 
saving rate endogenously. Kydland and Prescott (1982) as well as Long and 
Plosser (1983) introduced uncertainty in terms of technology shocks into 
the deterministic growth model and, thereby, pioneered what is known 
as real business cycle (RBC) theory. It basically considers technological 
shocks to be the main source driving the evolution of business cycles. 


Neoclassical Production 


The key aspect of growth and RBC theory is the neoclassical production 
technology F;(-) that combines the input factors capital Ay, labor L; and 
technology (or knowledge) A; to produce aggregate consumable output 


according to 
Y; =F; (Ki, Li, At), (2.4) 


at date t. Equation (2.4) constitutes the most general form of a produc- 
tion function that incorporates technological progress besides the other 
two input factors (Barro and Sala-i Martin (2004)). In particular, there are 
three distinct ways of introducing exogenous technological progress into 
the model. First, technological progress may be labor-augmenting, i.e., 
Yı = F; (Kı, AL), implying that it magnifies the effective amount of 
labor. Second, technological progress may be capital-augmenting, Y; = 
F; (A,K,,L:), implying that it increases the effective amount of capital. 
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Third, it may enter as neutral scale factor Y, = A;F; (K+, L+). For neo- 
classical growth models, technological progress A; is deterministic, while 
it is subject to exogenous random shocks in the case of RBC theory. 


Following Barro and Sala-i Martin (2004), the production technology (2.4) 
is considered to be “neoclassical” if it holds the following three properties. 
First, the production function F;(-) must be homogeneous of degree one 
in the two rival inputs K; and L,. That is, scaling capital and labor input 
by the positive factor X, output is scaled by the same factor: 


AY, =F; (AKy, ALi, At). (2.5) 


Production functions that exhibit this property are also said to have con- 
stant return to scales. Second, and once more in line with marginalism, 
neoclassical production technology is characterized by positive and dimin- 
ishing marginal products with respect to the two rival inputs K, and L; 
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<0, (2.6) 


for all t. That is, holding all other input factors constant, each additional 
unit of capital or labor employed in production is always associated with 
an increase in the level of output. As in the case of utility, however, 
the increase in output from using an additional unit of the input factor 
decreases in its level of input. Third, and finally, neoclassical production 


must exhibit the “Inada conditions”, named after Inada (1963). 


*2The assumption of labor-augmenting technological progress is prevailing in neoclassical 
growth theory, since it is the only form that is consistent with balanced growth when consid- 
ering general production functions (see, for example, Solow (1999), Barro and Sala-i Martin 
(2004) or Miao (2014). 
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It implies that the marginal product of the rival inputs approaches infin- 
ity as its input level goes to 0 and approaches 0 as its input level goes to 
infinity: 


im OB lim Os 
K 00K. Dad 
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lim = 


Ran (2a) 


In addition to these three properties of neoclassical production, it must 
hold that each input factor is also an essential ingredient in production. 
This assumption is called essentiality and means that a positive amount 
of each input is needed in order to generate a positive aggregate output. 
However, as shown by Barro and Sala-i Martin (2004), this characteristic 
is already implied by the three neoclassical properties given in Equations 
(2.5)-(2.7). 


One simple production function that fulfills all of these neoclassical prop- 
erties is the famous Cobb-Douglas function (Cobb and Douglas (1928)). It 
is named after the labor economist Paul H. Douglas and the mathemati- 
cian Charles W. Cobb. It has become famous and frequently used, since it 
provides a reasonable but simple description of actual economies. Its key 
characteristic is that, in a competitive economy, capital and labor are both 


paid their marginal products. 


Given the basic structure of neoclassical production technology as in Equa- 
tion (2.4), and abstracting from growth in the technological level, the only 
forces that can drive economic growth are changes in labor or capital input. 
The former may vary, for instance, because of changes in the population 
size, participation rates, average working hours or improvements in the 
skill of workers.” The latter is subject to variations due to changes in the 
stock of capital through time that depends on aggregate economic invest- 


ment and the depreciation of capital. 


23The present work, however, generally abstracts from such explicit modeling approaches 
of labor dynamics and will rely on a simplified implicit approach when necessary. 
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Formally, the evolution of capital through time is typically assumed to fol- 
low a process like 


Kırı =h + (1- dk) Ki, (2.8) 


where J; represents aggregate gross investment and dẹ is the depreciation 
rate of capital. When dp = 1, there is full capital depreciation in every 
period and the future capital stock will just depend on the current gross 
investment. Furthermore, considering a closed economy with no net gov- 
ernment purchases or spending, production Y; will be composed of aggre- 
gate private consumption C; and aggregate gross investment J; only. In 
such an economy, aggregate output equals aggregate private income and, 
thus, private savings will correspond to gross investment. In that case, the 
evolution of the capital stock and, hence, the development of economic 
growth will depend on the fraction of aggregate output reinvested into pro- 
duction, which is given by the aggregate saving rate of private households. 
The endogenous determination of this saving rate is generally non-trivial, 
which is why Solow (1956) and Swan (1956) assumed it to be constant and 
given exogenously. One of the major tasks in Chapter 4 will be to specify 
this aggregate saving rate in the context of heterogeneous agents as result 
of their endogenous individual behavior arising from the fundamental as- 


sumptions on expected utility and life-cycle consumption defined above. 


The Firm's Optimization Problem 


The economy’s firms that make up the supply force are assumed to be 
identical and in perfect competition. As defined above, they use capital 
and labor inputs to produce consumption output according to a neoclas- 
sical production technology. Following Miao (2014), the assumption of 
constant returns to scale implies that it is sufficient to consider only a sin- 
gle aggregate firm that combines capital and labor to generate aggregate 
output according to Equation (2.4). In line with the neoclassical rationale, 


40 2 Empirical and Theoretical Background 


the selfish objective followed by the representative firm is the maximiza- 
tion of its profits II;. For that very purpose, the firm hires labor at the wage 
rate w and rents capital at the rental rate Rx, from the households.”* The 
firm takes these factor prices as given. Since the firm does not face any ad- 
justment costs, there are no intertemporal elements and the optimization 


problem it solves is given by the following static maximization: 


max Thy = Y; — wel — Ree eK, (2.9) 
for every time step t. Put differently, Equation (2.9) states the classical 
relationship that profits are given by revenues (output) minus costs (labor 
and capital input). The identity of revenues and aggregate output implies 
that the price for the consumption good is normalized to one. This is 
without loss of generality, since the consumption good serves as numeraire 


in the economy. 


The first-order conditions to this optimization problem with respect to cap- 


ital and labor are given by 


OF; 
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respectively. According to neoclassical marginalism, optimization implies 
that the amount of each input factor used in production should be in- 


creased until the marginal product of the last unit equals its factor price. 


24Tn this setting, households are assumed to own the entire capital of the economy. 
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2.2.2 Consumption-based Asset Pricing 


The theoretical foundation presented so far has mainly focused on the link 
between agents’ (firms and households) optimal rational behavior and the 
determination of aggregate economic quantities as well as their evolution. 
An equilibrium, in this context, was characterized by the fundamental 
property that demand needs to equal supply. The asset prices or returns 
that resulted from or supported this equilibrium, however, are either as- 
sumed as given or, at least, mainly neglected within the area of research 
considered so far. This missing dimension and apparent gap is filled by as- 
set pricing theory. Unlike the previous theories, its major task is to explain 
the prices of claims to uncertain payments and the implied asset returns. 
The starting point of modern asset pricing theory is certainly the develop- 
ment of the famous capital asset pricing model (CAPM) by Sharpe (1964), 
Lintner (1965), and Mossin (1966). Asset pricing models, since then, have 
become one of the major tools used in theoretical and empirical finance 
research. In this context, the concept of the stochastic discount factor and 
the related simple representation of the basic asset pricing equation is the 
fundamental building block of asset pricing models, which led to an enor- 
mous body of literature. A comprehensive overview of the asset pricing 
field is provided by Campbell (2000) as well as by the textbook treatments 
in Cochrane (2005), Back (2010) and Munk (2013). The present section 


draws heavily on these contributions. 


According to Cochrane (2005, Preface), the whole field of asset pricing the- 
ory can be broken down to the simple concept that “price equals expected 
discounted payoff”, where it is the so-called stochastic discount factor that is 
used to discount future (uncertain) payoffs, i.e., to price an asset. In fact, 
once determined, the SDF relates (uncertain) payoffs to market prices for 
all assets in an economy. The SDF-based asset pricing representation is, 
therefore, both simple and universal. It generalizes the standard discount 
factor idea to a world of uncertainty. Its roots are presumed to lie in the 
famous Arrow-Debreu general equilibrium model (Arrow (1951), Debreu 
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(1951) and Arrow and Debreu (1954)) and its applications by Cox and Ross 
(1976) and Ross (1978) to option pricing as well as in the Arbitrage Pric- 
ing Theory of Ross (1976). The representation in continuous time was re- 
fined by Harrison and Kreps (1979), while Rubinstein (1976), Lucas (1978), 
Grossman and Shiller (1981), Hansen and Richard (1987) and Hansen and 
Jagannathan (1991) have further developed the SDF-approach in discrete 


time. 


In line with the separation mentioned in the context of the Fisher Separa- 
tion Theorem, general equilibrium asset pricing theory can be subdivided 
into the field of consumption-based and production-based asset pricing. 
The latter links asset prices and returns to firms’ profit maximizing invest- 
ment decisions and, thereby, identifies the marginal rate oftransformation 
as the relevant stochastic discount factor. In contrast to its consumption- 
based counterpart, however, production-based models are to be considered 
an exception within the field of asset pricing research. Important contri- 
butions are, for instance, the seminal works of Cochrane (1991, 1996) and 
the more recent article by Croce (2014) featuring long-run productivity risk. 
The major number of asset pricing models that have been developed so far 
build on the consumption-based approach. It uses the utility maximizing 
consumption behavior of rational households to explain the evolution of 
asset prices and returns. Core to this approach, therefore, is the defini- 
tion of the stochastic discount factor as the households’ marginal rates of 
substitution of consumption. In discrete time, consumption-based asset 
pricing was mainly pioneered by Rubinstein (1976) and Lucas (1978), while 
its continuous time counterpart is due to Breeden (1979).”° 


In line with the general trend, and as explained above, the present work 
focuses on the consumption-based approach. Formally, the basic pricing 
equation results from the utility maximizing rationale given in Equation 


(2.1) subject to constraint (2.2). Suppose an agent that pursues this objec- 


Reviews of the consumption-based asset pricing theory are provided by, for instance, 
Campbell (2003) and Mehra (2012) as well as the textbook treatments in Cochrane (2005), 
Constantinides (2005), Back (2010), Munk (2013) and Danthine and Donaldson (2015). 
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tive and that this agent can freely trade his wealth by buying or selling a 
financial asset with future gross payoff X;41 and current market price P;. 
Denote by a; the units of the asset the agent chooses to hold from period 
ttot+1. Then, the optimization problem faced by this agent at date t = 0 


can be redefined to: 


N 
eh 223 u [u(ce)] , (2.12) 
s.t. 
Ct =4_1X + lit — a Pr, and (2.13) 
co =lo, (2.14) 


where (2.12) is denoted the agent’s indirect utility, which is the maximum 
expected lifetime utility of current and future consumption (Munk (2013)), 
and Equations (2.13)-(2.14) are the agent’s budget constraint as well as his 
initial endowment. The first order condition of this intertemporal opti- 


mization problem with respect to a; reads 


dulc) 2 = 
t m 


Be Xi] (2.15) 


or, alternatively, 


P, = E; [SS Xia |. (2.16) 


Equation (2.15) represents a stochastic version of the famous consump- 
tion Euler equation, which equates the marginal costs associated with the 
purchase ofan extra unit of the asset today, P,(Ou(c;) /Oc;), to the expected 
marginal benefit of the additional payoff received tomorrow, 
Ut [ó (Ou(ct+1)/3ct+1)Xt+1]. That is, the agent adjusts his asset holdings 
until the marginal loss equals the marginal gain. 
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Equation (2.16) is the basic equation of asset pricing.”° As indicated above, 
this representation simply states that the market price of the asset is given 
by its expected discounted payoff. The factor used for discounting is a 
stochastic discount factor, which is based on the agent’s optimal consump- 
tion plan. In the present consumption-based approach, it is specified by 
the agent’s intertemporal marginal rate of substitution of consumption: 


Pu lera) 
Mı+1 = (2.17) 
Oct 


This is the rate at which the agent is willing to forgo current (at date t) 
consumption in exchange for extra consumption tomorrow (at date t + 1). 
The existence of a positive stochastic discount factor, as defined by Equa- 
tion (2.17), is guaranteed if asset prices do not admit arbitrage (see, for 
example, Munk (2013, Theorem 4.5)).2” Beyond that, the stochastic dis- 
count factor is uniquely determined for the sole case the market is com- 
plete (see, for example, Munk (2013, Theorem 4.6)).°® If the market is 
incomplete, however, multiple stochastic discount factors exist. In the 
present context, for instance, there might be a number of different agents 
with various marginal utilities and, hence, different SDF processes. Nev- 
ertheless, and most importantly, each of these stochastic discount factors 
must satisfy Equation (2.16). The fact that there might be multiple agents 
in the economy considered, however, does not necessarily imply that the 
market is incomplete. This is just a matter of the number of different non- 


26]f there is more than one asset traded, the utility maximizing individual will have to 
decide about what amount to buy or sell of all of these assets, while satisfying his budget 
constraint. In this case, there will be pricing relations, similar to (2.16), for each of these 
assets. 


27 According to Mehra (2012, Footnote 5), “A securities market is arbitrage free if no security 
is a free lottery and any portfolio of securities with a zero payoff has a zero price.” 


28. very informal definition of market completeness is given by Munk (2013, Chapter 3), 
who also provides a formal definition for the discrete as well as the continuous time case. 
According to him, a market is said to be complete, if all dividends (net payoffs) one can think 
of are spanned by traded assets (i.e., can be created by trading the basic assets). 
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redundant assets traded and the possible realizations of future economic 
states (see, for instance, Munk (2013, Theorem 3.3)). In complete mar- 
kets with multiple individuals, the SDF is unique because agents have the 
possibility to align their marginal rates of substitution in equilibrium. Put 
differently, the market structure allows agents to trade with each other in 
order to eliminate any idiosyncratic component in their marginal utilities 
(Campbell (2003)). 


As indicated above, the representation given by the basic pricing Equation 
(2.16) is very general. To be more precise, and as pointed out by Cochrane 
(2005), Equation (2.16) is not yet a complete solution to the model, where 
exogenous inputs on the right hand side are used to explain the endoge- 
nous results on the left hand side. It, apparently, needs some more con- 
cretization to gain usefulness. For the present purpose, specifications with 
respect to two fundamental aspects of the economy are necessary in order 


to further complete the model. 


First, itrequires a characterization ofthe nature ofthe consumers for a def- 
inite representation of the stochastic discount factor. Real-life economies 
are populated by a large number of agents heterogeneous with respect to 
various characteristics (see Section 2.1.3). To capture all facets of agent het- 
erogeneity, however, is almost impossible and complicates the analytical 
problem substantially. For modeling reasons it is, therefore, inevitable to 
group agents according to their individual behavior and, in so doing, to 
focus only on a limited number of characteristics of heterogeneity. One 
extreme variant of a simplification in this respect is the concept of a rep- 
resentative agent (RA). The idea is to use one single individual with one 
representative utility function who holds all the wealth of the economy and 
consumes aggregate consumption. Such an individual is said to be a rep- 
resentative agent of the economy, if the equilibrium asset prices in the 
stylized one-agent-economy are identical to the equilibrium asset prices 
of the represented economy with many different agents. If the aggregate 
behavior of the different individuals of an economy can be represented 
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by a representative agent in this way, then the SDF can be defined by us- 
ing the utility function of this representative agent. Hence, the SDF will 
be related to the marginal utility of aggregate consumption. Although the 
RA-concept has its advantages, especially since it is much easier to analyze, 
it is hardly useful for addressing the present research problem, as will be 
further pointed out in Section 2.2.2.3. 


Second, the origin of the aggregate amount of consumption goods avail- 
able at a certain date, i.e., the assumption regarding the underlying con- 
sumption good producing technology of the economy, has to be deter- 
mined. In the context of consumption-based asset pricing, the explicit 
modeling of a neoclassical production technology with diminishing 
marginal productivity, as in the Fisher Separation, however, is not very 
common. Quiet the contrary, by taking the stream of consumption goods 
as exogenously given the prevalent approach generally abstracts from spec- 
ifying a certain production technology. This extreme concept of an “ex- 
change economy” will be outlined in Section 2.2.2.1. Beyond that, a sim- 
plified approach featuring a genuine production side, based on a linear 
production technology, has gained some importance within the asset pric- 


ing literature. This concept will be treated in Section 2.2.2.2. 


2.2.2.1 Consumption-based Asset Pricing in an Exchange Economy 


The concept of an exchange economy is certainly the most reduced possi- 
bility of modeling the production technology of an economy. Perishable 
consumption is assumed to just appear in every period. That is, produc- 
tion is characterized by an exogenously specified stream of random aggre- 
gate and nondurable consumption. In this vein, there exists no possibility 
for agents to transform consumption goods from one period to another 
by, for example, saving, storing or investing. Graphically the production 
opportunity set implied by such an exchange economy is depicted by the 
central point in Figure 2.4. For an equilibrium, asset returns, or equiv- 
alently prices, need to adjust until the utility maximizing individuals are 
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just happy consuming the aggregate endowment (or consumption) stream. 
This approach was developed by Lucas (1978) and is also referred to as the 
“Lucas fruit-tree model”, since the exogenous aggregate endowment can 
be interpreted as the perishable fruits produced periodically by a tree. In 


this analogy the tree represents the production means of an economy. 


Following this approach, an enormous bunch of literature emerged that 
abstracted from the explicit modeling of a production side. Like Lucas 
(1978) himself, most of these studies also rely on the assumption that the 
economy can be described by a representative agent, with standard power 
or constant relative risk aversion (CRRA) utility function, who consumes 
the exogenous aggregate endowment distributed to him as the dividend of 
the aggregate stock market. That way, exogenous aggregate consumption 
data is linked to asset prices, reflecting the market portfolio of all wealth 


in an economy. 


By empirically testing standard asset pricing models of this kind, however, 
it has been shown that some severe discrepancies between model predic- 
tions and empirical data exist. The three most important of these empiri- 
cal challenges are known as asset pricing puzzles. First of all, it has been 
shown by Mehra and Prescott (1985) that, for reasonable parameter values, 
the model implied risk premium, i.e., the excess return on equity over the 
risk-free return, is much smaller (more than an order of magnitude) than 
the empirically observed historical average. Although originally derived 
using data for the United States, this so-called “equity premium puzzle” 
has proven to be a robust phenomenon using data for other countries with 
well-developed capital markets and for other data periods (see, for instance, 
Mehra (2012)). Second, due to the low consumption volatility that drives 
the volatility of stock returns within the standard model, the model implied 
variation in returns is significantly smaller than its empirical counterpart. 
According to Campbell (1999, 2000), this is referred to as the “stock market 
volatility puzzle”. Third, for reasonable parameter values, the model im- 
plied risk-free interest rate is counterfactually high. This is the “risk-free 
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rate puzzle” found by Weil (1989a). In order to address these misspecifi- 
cations of the consumption-based asset pricing model, the last decades 
have produced various alternative specifications of the standard model. 
These alternative approaches, for example, consider different utility specifi- 
cations, alternative aggregate consumption dynamics, and/or abandon the 
RA-concept and assume heterogeneous agents. Important contributions 
are, for instance, the habit formation model by Campbell and Cochrane 
(1999), the overlapping generations model by Constantinides et al. (2002), 
the long-run consumption risk model by Bansal and Yaron (2004), and the 


heterogeneous agent model by Gârleanu and Panageas (2015). 


Finally, considering an exchange economy clearly eliminates any feedback 
effect between the households’ consumption-savings decision and aggre- 
gate production output. That is, it ignores the dimension of endogenous 
production. As a result, this model approach is unsuitable for considering 
the equilibrium impact of a redistributive taxation system on macroeco- 
nomic development and is of limited use with respect to welfare consid- 
erations. When abstracting from a representative agent, however, such a 
model can provide first insights with regard to the equilibrium impact ofa 
tax-based reallocation mechanism and agent heterogeneity on households’ 
consumption and investment behavior as well as on asset prices. This is 
the modeling approach followed in Fischer and Jensen (2015) and the basis 
of the equilibrium model developed in Chapter 3. 


2.2.2.2 Consumption-based Asset Pricing with Linear Production 
Technology 


As pointed out above, the exchange economy approach is of little use when 
studying the impact ofa redistributive taxation system on macroeconomic 
development and social welfare. To capture the feedback effects between 


2 Although the explanation of these puzzles is a very interesting subject on its own, it 
clearly exceeds the scope of the models considered in the present work, which are designed 
to address the objective outlined above. 
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resource allocation, consumption-savings decision and macroeconomic 
production, it rather requires a truly explicit modeling of the production 
side. Abstracting from the neoclassical rationale of diminishing marginal 
productivity, in the context of asset pricing models, a simplified approach, 
based on a linear production technology, has garnered some importance 
within the asset pricing literature. These models have been pioneered by 
Sundaresan (1984), Cox et al. (1985a,b), and Constantinides (1992). 


When considering linearity of the production technology, the marginal 
rate of return on physical capital (i.e., the marginal rate of transforma- 
tion) becomes constant and will, thus, be unaffected by the amount that 
is invested. Graphically the production opportunity set implied by such a 
production economy coincides with the straight line of the capital market 
depicted in Figure 2.4. Since the physical rate of return is fixed by the as- 
sumption regarding the linear production technology, consumption has to 
adjust to this given rate. Beyond that, however, the production output and, 
therefore, aggregate consumption possibilities will depend on the amount 
invested. In this sense, the approach captures the dimension of endogenous 


production. 


The advantage of a linear production technology lies in the simplification 
of the analytical complexity of the general equilibrium model due to the 
technologically given physical return, while allowing for the described feed- 
back mechanism. For that reason, Fischer and Jensen (2014, 2017) applied 
this approach to discrete time consumption-based asset pricing and used it 
to study the equilibrium impact of redistributive taxation in the context ofa 
simple dynamic general equilibrium model. The linear production model 
developed in Chapter 4 builds on this approach and these contributions. 
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2.2.2.3 Asset Pricing with Heterogeneous Agents 


When considering asset pricing models, the use of a single representa- 
tive individual is certainly the prevailing modeling approach to specify the 
consumption side. This is because of the apparent advantages of the RA- 
concept in the context of classical asset pricing. First, it is easier to ana- 
lyze a single-agent-economy than a model with numerous heterogeneous 
agents. Second, it is favorable from an empirical point of view, since ag- 
gregate consumption is an observable quantity for which sufficient and 
appropriate data is available. Nevertheless, there are also some severe dis- 
advantages of the RA-concept to be considered. 


First, and in most cases, the aggregation from many agents to a repre- 
sentative of an entire economy is non-trivial. In general, the preferences 
of a RA are given by a complex average of the preferences of all agents 
of the economy, where the weights are dependent on the wealth distribu- 
tion across them. Simple preferences of a representative agent, i.e., prefer- 
ences independent of the wealth distribution, require strong assumptions 
on individual preferences (Munk (2013)). As pointed out by Danthine and 
Donaldson (2015), the easiest way of constructing a RA exists, when agents 
are perfectly homogeneous, i.e., identical with respect to their preferences, 
endowments and future income. Apart from this very simplistic approach, 
some less restrictive assumptions under which a representative agent can 
be constructed have been developed by Wilson (1968), Rubinstein (1974) 
and Constantinides (1982). 


Second, and more importantly in the context of the present work, the “loss 
of distributional information” implied by the application of the RA-concept 
needs to be considered (Lengwiler (2006, Box 2.10)). That is, when assum- 
ing that the economy can be described by a representative agent, all infor- 
mation regarding the equilibrium distribution of consumption and wealth 
holdings is lost. In the present work that studies the equilibrium impact of 
tax-based consumption reallocation, however, it will be elementary to cap- 
ture this distributional information on individual consumption and wealth. 
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Moreover, in order to draw a more realistic picture of a real-life economy 
(see Section 2.1.3), it will be essential that the models developed in Chap- 
ters 3 and 4 take some characteristics of agent heterogeneity explicitly into 
account. The RA-concept, thus, is not suitable for the present purpose. 


Since real-life economies are characterized by many different individu- 
als, there are various different ways to capture agent heterogeneity within 

an asset pricing model. The most important approaches consider het- 
erogeneous constraints (see, for example, Campbell and Mankiw (1989), 
Mankiw and Zeldes (1991), Brav et al. (2002), Heaton and Lucas (1999), 
Vissing-Jorgensen and Attanasio (2003), Constantinides et al. (2002), 
Gomes and Michaelides (2008) and Gomes et al. (2013)), heterogeneous (ir- 
rational) information (see, for instance, Wang (1993), Wang (1994), Hong 

and Stein (1999), Chen et al. (2012), Branger et al. (2013), Piatti (2014) and 

Chabakauri (2015)), heterogeneous uninsurable (idiosyncratic) income pro- 
cesses (see, for example, Zeldes (1989), Krusell and Smith (1998), Brav 

et al. (2002), Constantinides and Duffie (1996) and Athanasoulis (2005)) 

and heterogeneity regarding the specification of agents’ preferences. While 
Campbell (2000) as well as the textbook treatment in Guvenen (2011) pro- 
vide a comprehensive overview of this subject, the present work will focus 

on heterogeneity regarding preferences and, moreover, assume heteroge- 
neous income without idiosyncratic risk throughout. Beyond that, life- 
cycle effects that provide a natural source of heterogeneity across individ- 
uals will be considered exclusively in the overlapping generations model 

of Chapter 4. Since the OLG-framework implies a nontrivial population 

structure that is typically not accounted for in heterogeneous asset pricing 

models, its concept will be presented in Section 2.2.3. 


A large fraction of asset pricing studies featuring heterogeneous agents 
considers differences in individual preferences as source of heterogene- 
ity. In line with the empirical observations presented in Section 2.1.3 and 
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depending on the precise form of the instantaneous utility function, sev- 
eral distinct dimensions of preference heterogeneity might exist. The most 
important types of utility functions used in the context of asset pricing 
are certainly the famous standard power or CRRA preferences and the so- 
called recursive or Epstein-Zin (EZ) preferences, which are getting increas- 
ingly popular. The major difference between both specifications is that in 
the former case the coefficient of relative risk aversion, i.e., the attitude 
towards atemporal risks, is directly linked to the elasticity of intertemporal 
substitution (EIS) in consumption, i.e., the attitude towards consumption 
shifts over time, while in the latter the coefficient of relative risk aversion 
is separated from the EIS (Munk (2013)).?° 


As an immediate consequence, studies featuring heterogeneous CRRA 
preferences (mainly) focus on the differences in risk aversion across in- 
dividuals. Compared to the results derived in the standard homogeneous 
agents equilibrium, individual consumption shares as well as the market 
price of risk are not constant but may become state-dependent in the pres- 
ence of multiple CRRA individuals with heterogeneous risk aversion. The 
intuition works as follows. Since agents with a higher risk-tolerance hold 
more risky assets, they control a greater fraction of wealth in good states 
than in bad states. As a result, the risk aversion of the economy falls 
in good states and rises in bad states, implying a state-dependent aggre- 
gate risk aversion. This dependency incorporates additional time-variety 
into the model (Campbell (2000)). Within this area of research, the con- 
tribution by Dumas (1989) is to be considered a seminal work. It pro- 
vides the foundation for a number of subsequent papers, like for exam- 
ple Wang (1996), Dieckmann and Gallmeyer (2005), Vasicek (2005), Cvi- 
tani¢ and Malamud (2010), Longstaff and Wang (2012), Chabakauri (2013) 


and Bhamra and Uppal (2014), of which not all concentrate exclusively on 


30 As pointed out by Campbell (2000), the Epstein-Zin utility model is situated outside the 
classical von Neumann-Morgenstern framework of expected utility. It builds on the work of 
Kreps and Porteus (1978) and was proposed by Epstein and Zin (1989, 1991) as well as Weil 
(1989a). 
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heterogeneity in individual risk aversion. Moreover, Fischer and Jensen 
(2015) assume two agents with CRRA preferences heterogeneous with re- 
spect to their coefficient of risk aversion in order to study the impact of 
redistributive taxation in the context of agent heterogeneity. 


In contrast, studies using EZ preferences are often concerned with both 
sources of heterogeneity risk aversion and EIS. The reason for this is that 
considering agents with different EIS but identical coefficients of risk aver- 
sion does not affect the risk premium (see Gärleanu and Panageas (2015) 
and Chabakauri (2015)). When agents are heterogeneous with respect to 
both characteristics, however, it may help to replicate important empiri- 
cal asset pricing properties. In this vein, Gomes and Michaelides (2008) 
consider two types of Epstein-Zin investors settled within a general equi- 
librium life-cycle model featuring an endogenous neoclassical production 
technology. Agent heterogeneity in conjunction with idiosyncratic labor in- 
come shocks and borrowing constraints generates a large equity premium 
while matching individual asset holdings and stock market participation 
rates. Chabakauri (2015) combines heterogeneity in risk aversion and EIS 
with rare disaster risk in order to explain excess stock return volatility, pro- 
cyclical price-dividend ratios and interest rates, as well as counter-cyclical 
market prices of risk. Garleanu and Panageas (2015) use an overlapping 
generations model with two types of Epstein-Zin investors to explain the 
risk premium, interest rates, and the volatility of stock returns. 


Beyond that, and independent of the choice of the instantaneous utility 
function, individual preferences also depend on the weight individuals 
put on the instantaneous utility from consumption at different points in 
time, i.e., patience.*! As pointed out by Lengwiler (2005, p. 890), “There 
is no reason to believe that all members of an economy have the same 
preferences with respect to the timing of consumption. After all, some 
people seem to be more patient than others.” In this sense, preference 


31This has been shown in the context of the neoclassical utility maximizing rational in 
Equation (2.1). 
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heterogeneity may also be characterized by differences in subjective time 
discount factors. As explained above, this is the approach taken in the 


present work. 


In contrast to heterogeneity in risk aversion, where individual consump- 
tion shares become time- and state-dependent in equilibrium, differences 
in the patience of agents lead to time-dependency only.* In this sense, 
it does not add additional time-variability to the model and, hence, is less 
suitable to explain the high variations in, for example, returns and asset 
prices. Nevertheless, and as pointed out above, this is not the focus of the 
present study. More importantly, a simple and tractable analytical solution 
can be found under the assumption of heterogeneous levels of patience. In 
addition, Chapter 3 shows that, when setting up the model along the lines 
of Fischer and Jensen (2015) while allowing for heterogeneous patience 
instead of risk aversion, both sources of heterogeneity actually have the 


same effects with regards to the impact of a redistributive taxation system. 


Finally, equilibrium models featuring heterogeneous subjective time dis- 
count factors are rare, especially in the context of asset pricing. Exemp- 
tions are Lengwiler et al. (2005), Beaumont et al. (2013) and Gomes et al. 
(2013). Other studies featuring heterogeneous patience are presented by 
Becker (1980), Lawrance (1987), Gollier and Zeckhauser (2005), Lengwiler 
(2005) and Vasicek (2005). A more detailed review of the relevant literature 
will be provided in Section 2.3. 


2.2.3 Overlapping Generations Model 


As pointed out earlier, real-life economies are populated by a large number 
of agents that are heterogeneous with respect to various characteristics. Be- 


sides the (more or less) artificial approaches discussed above, another way 


32This holds for classical asset pricing models with standard population structure. In the 
context of an overlapping generations structure, dependencies may be different, as shown in 
Chapter 4. 
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of adding heterogeneity to the model is to use a population structure that 
induces heterogeneity across individuals by considering the natural differ- 
ences caused by the distinct phases of agents’ life-cycle. An equilibrium 
model that provides such a life-cycle perspective and, thereby, contributes 
to the dimension of life-cycle characteristics is provided by the overlapping 
generations model. While the origins of this approach are found in Al- 
lais (1947), the development ofthe model is often attributed to the famous 
contributions of Samuelson (1958) and Diamond (1965), which made this 
approach extremely popular (Malinvaud (1987)). Because of its properties, 
the framework has become a workhorse in the area of public finance. Com- 
prehensive treatments of the classical OLG models are, for instance, pre- 
sented by La Croix, David de and Michel (2002), Ljungqvist and Sargent 
(2004), Weil (2008) and Miao (2014). 


In contrast to the OLG approach, the standard population structure mainly 
used in economic as well as asset pricing models assumes that multiple 
agents (or one single individual in the case of a RA model) enter the econ- 
omy at just the same point in time and, from then on, simultaneously pop- 
ulate the economy until its very end. That is, they live for exact the same 
time span, where their existence also determines the lifespan of the econ- 
omy. This implies that, when agents are considered to face a realistic and, 
thus, finite horizon, the existence of the economy is limited to an (from a 
macroeconomic point of view) extremely short time span. In comparison, 
the overlapping generations framework constitutes a type of model with a 
typically infinite economic horizon in which agents live for a finite length 
of time. In each time step a new generation enters (is born) while an old 
generation (dies) leaves the economy. In this vein, at any point in time 
different generations (cohorts), i.e., individuals of different age, coexist si- 
multaneously. This structure produces a natural heterogeneity within the 
current population as well as nontrivial life-cycle effects for each individual 
over his lifespan. 
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Figure 2.5 — This figure illustrates the demographic structure implied by a classical 
overlapping generations model with three generations (Source: adapted from Jäkel 
(2006, Fig. 3.1.)). 


Figure 2.5 depicts the demographic structure implied by the classical over- 
lapping generations model with three cohorts in discrete time, as in Samuel- 
son (1958).*? That is, every agent in the economy is assumed to live for just 
three periods, while facing a very artificial life-cycle: individuals enter the 
economy at date i = t (age t — i = 0) as part of the generation of young 
workers (“y”); in the following period t + 1 (at age 1), they constitute the 
cohort of middle-aged (“m”) workers, and retire in the subsequent period 
t + 2 (at age 2), where they form the generation of the old (“o”); finally, 
they vanish from the economy. The fact that new generations are always 
coming along implies that there will be three generations, one from each 
kind (young, middle-aged and old), alive and overlapping in every time 
step t. This is why the demographic structure is called overlapping gener- 
ations. In this classical version of the OLG model life expectancy is certain 
and all individuals live through the designated phases of their life-cycle. 
Moreover, all members of a given generation are assumed to be perfectly 


identical (or homogeneous). 


One disadvantage of the classical overlapping generations framework is its 
analytical intractability. Compared to the standard population structure, 


33The most basic form of an OLG model requires only two generations, as used in Dia- 
mond (1965). 
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an aggregate consumption function in an economy populated by overlap- 
ping and finitely lived individuals is hard to derive. As pointed out by Blan- 
chard (1985), the reason for this can be found in two sources of agent het- 
erogeneity introduced bythe OLG structure. First, differences in age cause 
the level as well as composition of wealth to vary across individuals. Sec- 
ond, and more importantly, facing a different remaining life expectancy, 
agents hold different consumption-wealth ratios. To overcome this aggre- 
gation problem, Blanchard (1985) proposed a different modeling approach. 
He assumed that all individuals, starting from birth, face a constant and 
age-independent survival probability. As an immediate consequence, life 
expectancies become constant and, therefore, identical across individuals 
of all generations. Since all agents face the same horizon in this setting, 
they also have identical consumption-wealth ratios. This solves the aggre- 
gation problem and has become known as the “perpetual youth” model.’* 
Although it considers the aspect of finite lives, it does not capture life-cycle 
effects, i.e., the changes in individual behavior over the lifespan. In this 
respect, it is closer to the infinite horizon representative agent model and, 
hence, less suitable for the present purpose. 


Although it has generally become very popular in the area of public finance 
(see, for example, Atkinson and Sandmo (1980) and Auerbach and Kot- 
likoff (1983)), the OLG approach was mainly ignored in the context of finan- 
cial economics for quiet a long time. Constantinides et al. (2002) were the 
first to use the classical demographic structure of overlapping generations, 
as depicted in Figure 2.5, to address asset pricing issues. Other impor- 
tant contributions in this filed are, for instance, Gomes and Michaelides 
(2008) and Gomes et al. (2013). Considerable asset pricing models that are 
based on the perpetual youth approach have been developed by Athana- 
soulis (2006), Campbell and Nosbusch (2007), Farmer et al. (2011) and 
Garleanu and Panageas (2015). 


34Weil (1989b) proposed a similar approach. While classical OLG models typically assume 
a discrete time framework, the models developed by Blanchard (1985) and Weil (1989b) are 
in continuous time. 
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The life-cycle model studied in Chapter 4 builds on the classical overlap- 
ping generations approach in combination with preference heterogeneity. 
In this vein, a framework is set up that allows to mutually capture inter- 
and intra-generational distributional as well as life-cycle effects. 


2.3 Literature Review and Conclusion 


2.3.1 Literature Review 


So far, the present chapter has developed the motivation and given an 
overview ofthe methodical basis ofthe research question raised above. Be- 
fore turning to the development and analysis of the economic models in 
Chapters 3 and 4, the present section provides an overview of the most rel- 
evant theoretical contributions. According to the six dimensions identified 
earlier, these studies deal with redistributive taxation, agent heterogeneity (es- 
pecially heterogeneous patience), life-cycle characteristics (especially OLG), 
endogenous production and/or asset pricing, while allowing for endogenous 
individual behavior. In order to structure the survey, the relevant theoreti- 
cal literature is subdivided into three strands: first, theoretical studies that 
focus on the equilibrium impact of heterogeneous patience; second, contri- 
butions that explicitly study the equilibrium impact of taxation on welfare, 
individual behavior and/or asset prices; and third, contributions that focus 
on asset pricing and overlapping generations but (mostly) ignore or only 
supplementally consider heterogeneous patience or taxation. 


Starting with the first strand, it is worth reiterating that in the context of 
asset pricing there exists only a small number of contributions that is con- 
cerned with heterogeneous patience. The few exemptions can be found 
in Lengwiler et al. (2005), Beaumont et al. (2013) and Gomes et al. (2013). 
However, only the first two of these studies explicitly focus on the equilib- 
rium impact of heterogeneity in agents’ subjective time discount factors. 
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Lengwiler et al. (2005) concentrate on the asset pricing puzzles and ex- 
tend the classical Lucas (1978) exchange economy by multiple agents with 
standard preferences heterogeneous in endowment risk, the coefficient of 
risk aversion and patience. Their main finding is that the joint hetero- 
geneity in risk aversion and patience increases the equity premium, while 
it decreases the risk-free return. In contrast, Beaumont et al. (2013) in- 
vestigate the market dynamics of asset holdings and the pricing function 
over time in a standard Lucas (1978) economy, in which individuals have 
heterogeneous subjective time discount factors. They show that only the 
most patient agent remains in equilibrium, and that the resulting pricing 
function is identical to the one obtained in a homogeneous agent economy 
populated exclusively by the most patient individual. The topic of the as- 
set pricing field aside, a similar result has previously been documented by 
Becker (1980). 


Other notable studies considering differences in patience are the contribu- 
tions by Lawrance (1987), Lengwiler (2005), Gollier and Zeckhauser (2005) 
and Vasicek (2005). While Lengwiler (2005) and Vasicek (2005) build eco- 
nomic models with heterogeneous agents to study the term structure of 
interest, Gollier and Zeckhauser (2005) examine the aggregation of het- 
erogeneous time preferences considering multiple agents with different 
discount factors for utility, possibly not exponential. In the context of this 
strand of literature, the study that is closest to the focus of the present work, 
however, is Lawrance (1987). Using a deterministic and neoclassical pro- 
duction economy, she examines the impact of different rates of time pref- 
erences on long-run savings of two types of consumers, patient rich and 
impatient poor, as well as the associated equilibrium effect of transfers 
from rich to poor. Her results indicate that the long-run capital accumu- 
lation of individuals is rather insensitive to lump sum transfers. Finally, 
neither of these contributions investigates the meaning of heterogeneous 
patience in the context of redistributive taxation or within an overlapping 


generations framework. 
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The second strand ofliterature considers contributions that explicitly study 
the equilibrium impact of taxation on welfare, individual behavior and/or 
asset prices. This research field originated with Ramsey (1927) and the 
early macroeconomic studies of the 1960s until 1980s that were mainly 
concerned with an optimal, i.e., welfare maximizing, tax analysis and the 
transition path between steady states. Prominent representatives are the 
perfect foresight equilibrium models building on the overlapping genera- 
tions approach of Diamond (1965): while Diamond (1973), Pestieau (1974), 
Auerbach (1979) as well as Atkinson and Sandmo (1980) rely on the orig- 
inal framework with only two coexisting cohorts, Auerbach and Kotlikoff 
(1983) consider a larger number of overlapping generations. Modern 
macroeconomic studies in this field have further developed this approach 
and mostly feature large scale overlapping generations models and various 
sources of uncertainty, such as Conesa et al. (2009) and Benhabib et al. 
(2011). However, these contributions typically lack the asset pricing di- 
mension. In general, as noted by Fischer and Jensen (2015), dynamic 
general equilibrium models that study the impact of redistributive taxa- 
tion on individual welfare, asset prices, and/or optimal investment strate- 
gies are surprisingly rare. However, there are some notable exemptions. 
Sialm (2006) analyzes the general equilibrium effects of stochastic tax rates 
on asset prices in a Lucas (1978) exchange economy with a representative 
agent. He finds that the risk introduced by tax changes increases the term 
and equity premia. Campbell and Nosbusch (2007) construct a perpetual 
youth overlapping generations model with two Lucas trees to study the 
impact of a tax-based social security system on both asset prices and inter- 
generational risk sharing. They conclude that a social security system that 
optimally shares risks between cohorts counterintuitively requires a net 
transfer of physical capital from the old to the young, while human capital 
risk is already shared optimally in the absence of transfers. Furthermore, 
they show that such a system increases the risk-free rate but lowers the risk 
premium. The articles that are closest to the present study in the field of 
asset pricing and taxation, however, are Fischer and Jensen (2014, 2015). 
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Fischer and Jensen (2015) investigate the impact of redistributive taxation 
in a standard exchange economy assuming agents heterogeneous with re- 
spect to their initial endowment and/or degree of risk aversion. In their 
article, they mainly focus on the explanation of stock market participation 
rates. They show that the reallocation system, besides redistributing con- 
sumption, also reallocates market risk. As a result, poorer agents, which 
are net recipients ofthe system, lower their equity and increase their bond 
holdings. The study abstracts from an endogenous production technology 
as well as a life-cycle perspective. It is used as the basis of the simplified 
model developed in Chapter 3. In a related article, the authors slightly 
modify this framework (see Fischer and Jensen (2014)). With the objective 
to examine the impact of a redistributive taxation system on individual 
and macroeconomic welfare, they add an endogenous linear production 
technology but abstain from including elements of heterogeneity except 
individual initial endowment. In this setting, they show that redistribu- 
tion from rich to poor individuals may result in Pareto inefficient produc- 
tion and, as a result, even net recipients of the reallocation system can be 
better off in the absence of transfers. Although the approach ignores pref- 
erence heterogeneity and life-cycle considerations, the focus on welfare 
and endogenous production provides the basis of the model developed in 
Chapter 4. 


Finally, the last strand of literature to be considered are articles that con- 
centrate on asset pricing and overlapping generations, but (mostly) ignore 
or only supplementally consider heterogeneous patience or taxation. As 
described above, Constantinides et al. (2002) were the first to use the classi- 
cal demographic structure of overlapping generations to explicitly address 
the asset pricing puzzles. They construct an OLG model with three gen- 
erations and exogenous production in which the members of the young 
generation face high future labor income risk but are excluded from trad- 
ing in the stock due to borrowing constraints. As a result, equity is ex- 
clusively priced by the members of the middle-aged generation. This in- 
creases the equity premium and lowers the risk-free rate. Athanasoulis 
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(2006) and Gärleanu and Panageas (2015) use the perpetual youth over- 
lapping generations structure in combination with an exchange economy 
to study asset prices. Following Constantinides et al. (2002), Athanasoulis 
(2006) restricts young workers from trading in the equity market and exam- 
ines the equilibrium impact of demographic parameters, like the age indi- 
viduals begin to work, retirement age and survival probability. According 
to his findings, notable effects on asset prices result only from changing 
parameters that have a large impact on the percentage of the constrained 
young population. Gärleanu and Panageas (2015) assume two types of 
Epstein-Zin investors heterogeneous in their risk aversion and EIS to study 
the implications of preference heterogeneity for asset pricing. Because of 
the overlapping generations structure, both types of agents exist in the 
long run, where the process of optimal consumption-allocation derived in 
the stationary equilibrium causes persistence in individual consumption 
growth, even though aggregate consumption growth is independent and 
identically distributed. Agents, hence, demand a higher compensation for 
risk, which results in a large equity premium. 


With respect to the life-cycle framework studied in Chapter 4, Gomes and 
Michaelides (2008) as well as Gomes et al. (2013) are to be considered 
the most relevant contributions, since they capture all the essential di- 
mensions identified above (incl. agents heterogeneous in patience in the 
case of the latter). Besides these similarities, however, the specific frame- 
work as well as the scope of theses studies differ considerably from the 
present work. In particular, the authors assume a neoclassical production 
economy populated by households with heterogeneous Epstein-Zin prefer- 
ences, uninsurable labor income shocks as well as borrowing constraints. 
Gomes and Michaelides (2008) apply their model to simultaneously match 
asset pricing moments, stock market participation rates and individual as- 
set holdings, whereas Gomes et al. (2013) focus on the impact of fiscal pol- 
icy decisions on behavior of macroeconomic quantities and asset prices, 


2.3 Literature Review and Conclusion 63 


while capturing wealth and consumption distributions.*? The impact of 
tax-based reallocation effects or transfers on individual behavior and wel- 
fare, however, is not studied. Moreover, because of the model complexity, 
numerical solution techniques with large scale simulations are required. 


Analytical solutions do not exist. 


2.3.2 Conclusion and Survey Approach 


Motivated by the explanations in Section 2.1, the objective of the present 
work is to study the impact of a redistributive taxation system, particularly 
on the consumption-savings and portfolio behavior of a heterogeneous 
population, macroeconomic development, welfare and asset prices. In this 
context, six dimensions have been identified that should be captured (ide- 
ally simultaneously) by economic models developed to address this prob- 
lem: redistributive taxation, endogenous individual behavior, agent heterogene- 
ity, life-cycle characteristics, endogenous production and asset pricing. Look- 
ing at the relevant literature, however, the comprehensive overview given 
above has shown that at least one of the dimensions is disregarded or at 
least not explicitly taken into account by existing research - although the 
economic and finance theories which the mentioned literature developed 
and applied are capable to do so. These theories have been reviewed in Sec- 
tion 2.2 and establish the methodical foundation to address the research 
objective within the present work. In order to enhance comprehensibility 
and to further motivate the concentration on heterogeneous patience, a 
two step approach based on the successive development of two economic 
models is taken: 


First, Chapter 3 will abstract from some of the dimensions and present a 
simplified approach. By assuming an exchange economy with classical de- 
mographic structure populated by agents heterogeneous in their patience 


35 Among other things, Gomes et al. (2013) also examine the equilibrium impact of changes 
in the capital income tax rate. Hence, the study may equally be considered within the second 
strand of literature classified here. 
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and endowments, a dynamic general equilibrium asset pricing model is de- 
veloped that captures the dimensions of redistributive taxation, endogenous 
individual behavior, agent heterogeneity and asset pricing but ignores the as- 
pects of endogenous production and partly life-cycle characteristics (especially 
OLG). This approach helps to clarify the equilibrium impact of redistribu- 
tive taxation on asset prices, individual consumption and investment be- 
havior as well as the implied complex relationships within a simplified 
model setting. Beyond that, the meaning of heterogeneous patience for 
the relevant model results is shown to be identical to the results that are 
derived from considering heterogeneous risk aversion, as given in Fischer 
and Jensen (2015). 


Second, Chapter 4 will add the two missing dimensions - endogenous pro- 
duction and (partly) life-cycle characteristics - to the model developed in the 
preceding chapter. Considering an endogenous linear production tech- 
nology agents’ individual investment and consumption behavior will be- 
come decisive in determining aggregate production output. A redistribu- 
tion mechanism that influences agents’ decisions will then have real ef- 
fects on economic development. Assuming overlapping generations ex- 
plicitly takes into account the finiteness of human life and the individual 
behavior over the life cycle, while allowing for a long-lived nature of the 
economy. On the one hand, this also influences production output itself. 
On the other hand, redistribution between different classes within a gen- 
eration (intra-generational) might be considered as well as a reallocation 
of resources across generations (inter-generational), which are features of 
redistribution systems that can be observed throughout many countries in 
the world. 


Redistributive Taxation in an 


Exchange Economy 


Elaborating on the previous considerations, this chapter develops and an- 
alyzes a dynamic general equilibrium asset pricing model featuring the 
dimensions of redistributive taxation, endogenous individual behavior, agent 
heterogeneity and asset pricing. In the context of the above mentioned re- 
quired properties, it represents a simplified approach, since it abstracts 
from the identified dimensions of endogenous production and partly life- 
cycle characteristics (especially OLG). As explained above, however, such 
an approach can be useful in providing a first insight with regard to the 
equilibrium impact of a tax-based reallocation mechanism and agent het- 
erogeneity on households’ consumption and investment behavior as well 
as on asset prices. Beyond that, the model can be used to further moti- 
vate the concentration on differences in time preferences as a source of 


preference heterogeneity. 


The present chapter builds upon the dynamic general equilibrium asset 
pricing model by Fischer and Jensen (2015). They consider an exchange 
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economy with classical demographic structure populated by agents hetero- 
geneous with respect to their preferences and initial financial endowment. 
Motivated by the discussion on inequality and individual heterogeneity in 
Section 2.1, the present model specification deviates from this approach 
in one important respect. While the referred article investigates the im- 
pact of heterogeneity in agents’ risk aversion, the present chapter will con- 
centrate on the implications of heterogeneous time preferences.’ The 
general model specification is as follows: time is assumed to evolve in dis- 
crete steps towards a finite economic horizon. The population structure is 
standard, which means that agents enter the economy at the same point 
in time and, from then on, simultaneously populate the economy until its 
very end. Moreover, the economy provides a financial market in which two 
types of non-redundant assets are traded, a risky stock and risk-free bonds. 
For the sake of a simple model solution, two restrictions apply. First, fi- 
nancial markets are complete given the two non-redundant assets. And 
second, the number of heterogeneous households is restricted to two in- 
dividuals, which may differ in their initial financial endowment and their 
attitude concerning the intertemporal allocation of consumption possibil- 


ities.” 


The contribution of this chapter is threefold: First, it presents the first 
study to investigate the simultaneous impact of heterogeneous time prefer- 
ences and redistributive taxation on households’ consumption and invest- 


ment decision and on asset prices within a dynamic general equilibrium 


36]n the expositions in Section 2.1 it was shown that both time preferences as well as risk 
aversion coefficients vary across households with different income levels. Nevertheless, het- 
erogeneous patience was found to be of special importance in order to capture certain prop- 
erties of the observed wealth and consumption distribution. Beyond that, the evidence on 
the relationship between time preferences and income as well as age is presumably clearer 
than for risk aversion. 


37The assumption of complete markets and the limitation to two individuals is not neces- 
sary but simplifies the model solution. A more general solution would require a more ex- 
tensive approach, following an equivalent solution method as presented in Chapter 4. Since 
the results are qualitatively robust with respect to these assumptions, the procedure seems 
reasonable. 
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model. Second, and in contrast to large parts of the related literature, it 
establishes a tractable framework and solution method in the context of 
asset pricing with heterogeneous agents, for which analytical results are 
obtained. This provides the possibility to examine the underlying relation- 
ships and, thereby, to enhance the understanding ofthe derived model re- 
sults. Third, by comparing the results to the findings in Fischer and Jensen 
(2015), the effects of heterogeneous patience and risk aversion are found to 
be comparable in the context of redistributive taxation. While the general 
effects of both sources of preference heterogeneity are comparable, a sim- 
ple and tractable analytical solution is not available under heterogeneous 
risk aversion.*® This motivates the focus on heterogeneous subjective time 


preferences in the context of a tax-based reallocation mechanism. 


The solution method presented in this chapter builds on the aforemen- 
tioned assumption of complete markets. It is a well known fact that, when 
markets are complete, agents align their marginal rates of substitution, 
strive for a linear sharing rule and the stochastic discount factor underlying 
the economy is unique (see, for example, Munk (2013)). The present analy- 
sis shows that, when individuals are heterogeneous regarding their subjec- 
tive time discount factors (time preferences), the share of individual con- 
sumption in aggregate consumption is not constant but time-dependent, 
unlike in the case of homogeneous preferences. Contrary to the setting 
with heterogeneous risk aversion, however, the share of individual con- 
sumption in aggregate consumption will be state-independent. This is 
decisive with respect to the model solution, as the analytical results will 
depend on the households’ consumption shares, which are to be deter- 
mined endogenously within the model. Given the deterministic nature 
of the recursive consumption share function in the presence of heteroge- 
neous time preferences, it follows that once the consumption distribution 
at one point in time is found, the consumption distribution for any other 


period is determined as well. In order to solve for equilibrium the analyti- 


38A closed-form solution exists for the case of homogeneous preferences, as shown by 
Fischer and Jensen (2015). It is given as special case in the present setting. 
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cal solutions regarding individual consumption behavior and asset prices 
can be used to derive anonlinear deterministic equation in the initial distri- 
bution of consumption. It constitutes a single equilibrium condition that 
can be solved for the initial consumption shares using numerical methods. 


The chapter is arranged as follows: Section 3.1 introduces the detailed 
model specification defining the economic setup, the redistributive tax 
system, the individuals’ optimization problem and conditions for market 
clearing. Section 3.2 derives the general equilibrium model solution and 
presents the analytical results. In Section 3.3, the quantitative implications 
of redistributive taxation along with agent heterogeneity on individual con- 
sumption and investment behavior are illustrated. Section 3.4 concludes 


the present chapter. 


3.1 The Model 


In the present section, the stylized model setup is specified. The represen- 
tation follows Fischer and Jensen (2015), but deviates especially with re- 
spect to the assumption of heterogeneity in agents’ patience. The section 
starts by developing the economic framework before presenting the redis- 
tributive tax system. Subsequently, the agents’ optimization problem is 
described. The section is closes by formally defining market equilibrium. 


3.1.1 Economic Setup 


Within the stylized model economy considered in the present chapter, time 
is discrete, starts at date 0, faces a finite horizon T, and is denoted by 
t = 0,1,...,T. The economy is populated by two heterogeneous and 
finitely lived agents, whose lifespan coincides with the existence of the 
economy. That is, they are born at date t = 0 and dissolve economically at 
the horizon T. These individuals are indexed by m = 1,2 and are heteroge- 
neous with respect to two important characteristics. First, and in line with 
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Fischer and Jensen (2015), agents may differ in their initial financial en- 
dowment, which generates persistent heterogeneity in consumption and 
wealth levels across agents. Second, and closely connected, individuals’ 
attitude concerning the intertemporal allocation of consumption possibil- 
ities may also alter across income levels, which constitutes heterogeneity 
in preferences. Particularly, patience is found to be higher for relatively 
rich households than for relatively poor households (see the discussion 
in Section 2.1.3). In the present setting, this is captured by considering 
heterogeneity within the agents’ subjective time discount factors as, for 


instance, in Lawrance (1987). 


For clarity, the following notational convention shall apply. Lowercase let- 
ters denote per capita and capital letters aggregate variables. The current 
period t is denoted by a subscript, whereas the agent type m is denoted by 
a superscript. Then, for instance, the date t consumption of agent type m 


is given by c/*, whereas aggregate consumption is C;. 


Economic production is exogenous to the model and generates an uncer- 
tain but positive output (or dividend) D; of a single non-storable consump- 
tion good in every time step. This implies that economic development is 
independent of both the agents’ behavior as well as any government policy. 
As outlined in Section 2.2.2.1, this concept is called an exchange economy, 
where production output is often interpreted as the perishable fruit from 
a so-called “Lucas tree” (see Lucas (1978)). Since the fruits (consumption 
goods) cannot be stored, output is not only exogenous but will also be con- 


sistent with aggregate consumption C; in equilibrium. 


The exogenous and stochastic process of production output D;eo,1,...,r} 
is specified by determining an initial value as well as the properties of the 
random per period growth rate in production. Without loss of generality, 
the former is achieved by normalizing production output at date t = 0 
to Do = 1. For tractability, the latter is specified by assuming that gross 
production growth G;41 = Di+1/D: from period t to t + 1 is given by an 
independent and identically distributed (i.i.d.) binomial random variable 
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with possible growth rates denoted by G,, where z = 1,2 are the two 
possible realizations. Each realization occurs with equal probability 1/2.°? 


The economy provides two non-redundant assets that are traded in a fi- 
nancial market. First, agents can trade a single stock, which is the claim 
to the exogenous stream of the consumption good (or dividends) D; pro- 
duced by the Lucas tree. Since the realization of the growth rates and, with 
it, production output are uncertain, the development of the stock value 
and the resulting asset return are considered risky. The ex-dividend stock 
price (value of production means) at time t is denoted by P;.. The ini- 
tial holdings of the agents in this risky security are denoted by a”, > 0, 
for m = 1,2, and its net supply is normalized to one, which implies 
at, +a? = 1. Furthermore, in the following agent type 1 is assumed to 
be endowed with a smaller fraction of initial wealth than agent type 2; that 
is, for the agents’ initial stock holdings it holds that a! , < a2. 


Second, agents can trade a risk-free one-period bond. The payout of such 
a security is said to be certain, as it is known by the agents one period in 
advance. The gross return on the risk-free asset before tax between time t 
and t+1is denoted by Rẹ +. The subscript displays the period at which the 
return is known to the individuals, not at which it is realized. There is no 
technology that generates the risk-free payout and, hence, the net supply 
is zero. In other words, trading in the risk-free bond requires a market 
equilibrium that yields a risk-free rate at which agents are willing to take 


complementary positions in such an asset. 


Finally, assets can be traded without transaction costs, do not admit ar- 
bitrage and agents do not face any borrowing or short-sales constraints. 
Since in every time step the number of possible subsequent economic 
states is equal to the number of traded non-redundant assets, the finan- 
cial market is complete (see, for example, Munk (2013, pp. 91-92)). 


39Binomial or multinomial processes for consumption and asset prices are widely used 
within the discrete-time asset pricing literature (see, for example, Mehra and Prescott (1985), 
Rietz (1988), He (1991), Dumas and Lyasoff (2012), and Chabakauri (2015)). 
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3.1.2 Tax System and Redistribution Mechanism 


The assumptions regarding the stylized redistributive tax system follow 
the specifications of Fischer and Jensen (2015). These postulate that there 
exists a government that pursues the objective to reduce the disparity in 
consumption opportunities across agents. In order to achieve its objec- 
tive, government taxes the agents’ income and redistributes the collected 
revenues, a process which can be observed in real-life tax systems through- 
out many countries in the world (see the discussion in Section 2.1.2). The 
taxable income of individuals populating the economy is defined to consist 
of their net capital income, which comprises gains from equity and bond 
investments in every time step. Since capital income is the only source of 
income received by the agents and the risky stock is the only asset in posi- 
tive net supply, it follows that aggregate net capital income in the economy 
at date t is given by Pk, + Di — P41. In other words, the tax basis in 
period t is given by the current value of the production means, plus cur- 
rent production output, minus the value of the production means in the 


previous period. 


While the government attempts to reduce the disparity in consumption 
opportunities by taxing and redistributing net capital income, it is con- 
fronted with friction costs that limit harmonization. This trade-off faced 
by the government is formally modeled by a quadratic objective function. 
Denote by k;” the net capital income at date t of an agent of type m before 
redistribution and by k?” the net capital income after redistribution, then 


the government’s optimization problem at time t is given by: 


SE: 2 
min 5 (i 5 Pet + Dy Pre) An 


m=lm=1 


K (ER z Kr) (3.1) 
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subject to 


2 
SOR? =Pur + Di - Pra, (3.2) 


mal 


where the first term in Equation (3.1) indicates the prevailing disparity 
in the distribution of net capital incomes before transfers and the second 
term the costs associated with redistribution. The strength of the frictions 
is measured by the parameter x > 0. The solution to the government’s 
optimization is given by the following linear feedback rule:*° 

~ K 1 1 


Kir ke 4 P, Di — Pkt-1). 3.3 
t ciek" EFA kt + Dt k t—1) (3.3) 


The redistribution system implied by Equation (3.3) can be realized by im- 


aka 
1+k 


gregate tax revenues equally among the two individuals. This implies that 


posing a flat tax of r = on net capital income and redistributing ag- 
the agent that earns an income below the average becomes net recipient 
of transfers, whereas the agent that earns an income above the average be- 
comes net contributor. Furthermore, assuming an equal allocation of tax 
proceeds ensures that the order of agents according to their pre-tax income 
level remains unchanged by the redistributive tax system. No friction costs, 
i.e., x = 0, correspond to tax rates of 100%. Contrary, in the case of friction 
costs that tend to infinity, i.e., x — 00, the tax rates become zero. 


Aggregate current tax revenues are immediately redistributed to the agents 
and, hence, equal aggregate current transfer payments. This simplifying 
assumption ensures that the tax system is balanced each period. Since 
the risk-free security is in zero net supply, disposable tax revenues depend 


on the current dividend payment and the change in the stock price only.*! 


40The formal derivation is shown in Appendix B.1.1. 


“1When considering “gross” tax revenues, government also collects a positive amount of 
revenues by taxing bond market gains. The taxation scheme presented here, however, implies 
immediate tax credits of equal size granted to individuals that hold short positions in the risk- 
free security. As trading in the bond requires agents that take offsetting positions in that asset, 
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Overall, this implies that government collects a total of 
St =T (Pr + D, = Prt-1) (3.4) 


in disposable tax revenues at time t. From the redistribution mechanism 
and Equation (3.4) follows that the transfer payment at date t received by 
any agent is s, = S;/2. 


3.1.3 The Agents' Optimization Problem 


In line with neoclassical theory, all agents are expected utility maximiz- 
ers with time-additive preferences over a single consumption good, where 
they form rational expectations about the uncertain future development 
of the economy based on a full set of information equally available to all 
of them. Formally, there is an increasing sequence of information sets (a 
filtration) {F; : t =0,1,...,0} underlying the economy and available to 
all of them in period t. It contains all information regarding the past and 
current values of the random growth rate G; up to time t as well as the con- 
sumption and investment histories of all individuals up to period t— 1. For 
the agents populating the economy this means that the realization of G, 
and, hence, the stochastic production output D; become known to them 
at the beginning of period t. Furthermore, since individuals have access to 
F, they know about the whole history of realizations up to date t. Based 
on this information set, agents form their (conditional) expectations and 


make their economic decisions. 


3.1.3.1 Heterogeneous Patience and Expected Lifetime Utility 


As outlined in Section 3.1.1, the present setting features agent heterogene- 
ity with respect to two dimensions. On the one hand, agents may differ 


there are no disposable revenues from bond market activities in the aggregate. 
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in their initial financial endowment. On the other hand, individuals are 
assumed to differ in their patience regarding the intertemporal allocation 
of consumption possibilities. As a consequence of these heterogeneous 
characteristics their optimization problems diverge as well. 


Formally, agents’ heterogeneity in patience is modeled by assuming that 
they hold varying subjective time discount factors 0 < 6” < 1 as, for 
instance, in Lawrance (1987) and Gomes et al. (2013). As explained in 
Section 2.2.1.2, considering time additive utility, the subjective time dis- 
count factor weights the instantaneous utility from consumption at differ- 
ent points in time, i.e., the summands of lifetime utility. In this vein, it 
describes the preferences of individuals regarding consumption between 
two time steps t and t + 1. For smaller values of 6”, agents tend to have 
increasing preferences for early over late consumption, i.e., for consump- 
tion at t over consumption at t + 1. In other words, they become less 
patient. When 5” becomes larger patience increases, as agents decrease 
their preferences for early over late consumption. In the present model 
the subjective time discount factor is exogenously specified and constant 
over time but may differ across agents as indicated by the superscript m.*? 


Then, assuming that both agents have standard, time separable, instanta- 
neous utility functions u(c}”) over consumption c}”, the expected present 
discounted utility, or lifetime utility, U?” at date t = 0 of agent type m is 
given by 


T 
Us =X (6™)" Eo [u(c")], (3.5) 
t=0 


“The assumption that the subjective time discount factor is exogenous implies that pa- 
tience is unaffected by changes in the income or wealth level due to the redistribution mecha- 
nism. Considering subjective time discount factors that endogenously depend on the agent’s 
income, consumption or wealth level, therefore, seems to be reasonable and would certainly 
enrich the model and its implications. However, this would complicate the model and foil its 
analytical solution. Because of the complexity it is common practice within the asset pricing 
and relevant taxation literature to assume constant and exogenous preference parameters. 
Studies featuring endogenous subjective discount factors are, for instance, Mendoza (1991) 
and Jahan-Parvar et al. (2013). 
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where E; is the conditional expectation operator, forming expectations con- 


ditional on the agent’s current set of information, i.e., F+. Equation (3.5) 
displays the impact of the finite horizon on the individual’s expected life- 
time utility. When agents get older, the number of summands decreases 
until their decisions will only depend on the current instantaneous utility 
at time T. As long as the economic horizon T is finite the agents’ lifetime 
will be finite, too. 


3.1.3.2 Evolution of Wealth 


The agent’s consumption decision and, hence, his lifetime utility is con- 
strained by the resources available to him. In the present setting the evolu- 
tion of individual wealth (cash on hand) after taxes comprises three com- 
ponents. First, at date t an agent receives the net payout from his stock 
investment made at period t — 1. Denote by a” the share of the single 
risky stock held by agent type m from time t to time t + 1. Then, his time 
t after-tax income from stock market activities follows by 


Ona ((L—7) (Pkt Di) +7 Peet) + (3.6) 


Second, agents receive the net payout from their investment activities in 
the market for the risk-free bond. Let the number of the risk-free security 
held by an agent of type m from time t to t + 1 be given by 67”, then the 
associated after-tax income at date t is 


Be Rear, (3.7) 
where 
Ryı-ı =(1— T)Rft-1 +T (3.8) 


is the gross risk-free return (accumulation factor) after tax from time t — 1 
to t. Together, Equations (3.6) and (3.7) define the individual’s net income 
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from financial market activities. Beyond that, and third, agents receive 
non-financial or permanent income in terms of transfer payments as de- 


fined above (see Section 3.1.2) and restated below 


1 
St =39: 


a 
=> (Pk t + Di — Ps): (3.9) 


Overall, comprising all income sources stated above, the evolution of wealth 


of an agent of type m at date t follows 
u =] (1 = T) (Prt + D,) + TPrt-ı) + BZR pi T St, (3.10) 


for 0 < t < T. When agents enter the economy at time 0 no trading activ- 
ity has taken place yet and they are solely endowed with the exogenously 
specified initial stock holding. That is, for t = 0, 


vo =a”, (Pro + Do) (3.11) 


is the entering level of wealth of an agent type m. Equation (3.10) can be 
rewritten to display the mode of operation of the redistributive tax system 
(see Fischer and Jensen (2014)). Using Equations (3.9) and (3.4) in con- 


straint (3.10) and rearranging one obtains 


1 
ve =a (Pk + Dt) +7 (3 = at") (Pre + Di = Pr,t—1) + 


Br Rees (3.12) 


for the evolution of wealth of an agent of type m. The second term of 
Equation (3.12) represents the net transfers received by agent type m. It 
turns out that the tax rate r is multiplied by the term (1/2 — aj” ,), which 
represents the deviation in agent m’s stock holdings from an equal distri- 
bution. This shows that the effective tax rate on the risky stock depends 
on the agent’s share in aggregate production means. As a result, the rela- 
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tive rich (poor) individual that holds a fraction of stock market wealth that 
is larger (smaller) than the average, i.e., a7”, > 1/2 (af, < 1/2), faces 
positive (negative) effective taxrates and, hence, is subject to negative (pos- 
itive) net transfers. He is, therefore, the net contributor to (recipient of) the 
redistribution system. With raising inequality, effective tax rates increase 
(decrease) for the relative rich (poor) agent, which implies that effective tax 
rates are progressive, although the tax system implemented by the govern- 


ment is based on a flat tax rate. 


3.1.3.3 Maximization Problem 


With the objective to maximize expected lifetime utility over consumption, 
agents have to take two decisions in every time step t. On the one hand, this 
is the consumption-savings decision that determines the share of available 
resources to be consumed or saved in every period. The relevant decision 
variable is given by the agent’s consumption c;”. On the other hand, since 
two financial assets are traded, individuals face a portfolio choice. That is, 
the decision of how to allocate the savings fraction of available resources 
between the different securities available in every time step. The associated 
decision variables are the share of the stock aj” and the number of risk-free 
bonds 67” to be held from one period to the next. 


Agents are assumed to hold homogeneous instantaneous preferences of 
the commonly used constant relative risk aversion (CRRA) type with com- 
mon risk aversion parameter y > 0.*? That is, the date t utility obtained 
by agent type m from consumption c/” in this period is formally described 


by 


(ery, 
te > 0, 1, 
Oe a (3.13) 


In(c”) ify=1. 


431t is noteworthy that the properties of CRRA preferences imply that optimal consumption 
will be strictly positive, i.e., c?’ > 0. Hence, a non-negativity constraint on consumption is 
redundant, since it will never be binding (see, for instance, Munk (2013, p. 171)). 
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Finally, the agent’s optimization problem is defined by bringing together 
Equations (3.5)-(3.13). The objective function of agent m is given by 


|] 
max Vo" = "y Ey | —— |, (3.14) 
cP Ho far era = LS 
subject to 
ce =v — af Pre — BY, (3.15) 
ar =br = 0, (3.16) 


in combination with constraints (3.10) and (3.11). Equation (3.14) is de- 
noted the agent’s indirect utility, which is the maximum expected lifetime 
utility of current and future consumption (Munk (2013)). Equation (3.15) 
is the agent’s budget constraint and (3.16) is the agent’s terminal portfo- 
lio condition. It describes the fact that at the horizon T agents do not 
enter into any asset position and consume all their remaining wealth, i.e., 
cy = vi. On the one hand, this is a direct consequence of the assumption 
that consumption is the only source of utility. Any positive investment at 
the horizon would result in leaving units of the consumption good without 
future consumption possibility and, therefore, contradicts utility maximiz- 
ing behavior. On the other hand, condition (3.16) constrains an agent from 
leaving debt at the cost of the other agent. That is, it states that any private 
debt must be settled within the model horizon. 


3.1.4 Market Equilibrium 


Before turning to the characterization of equilibrium the concept of trans- 
fer capital has to be introduced first. In the presence of a stream of perma- 
nent income, the expected remaining lifetime consumption (hereinafter 
referred to as total wealth) of an agent will include the present value of 
his expected future payments received from this source of income. In the 
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present model, such an income is given by the permanent stream of trans- 
fer payments s+ to the individuals, if > 0. Accordingly, transfer capital 
P, + is defined as the present value (or price) of expected future transfers.“ 
Like the stock price, the price of transfer capital is determined in equilib- 


rium. 


An equilibrium for the economy described above consists ofa set of individ- 
ual consumption decisions {cj”}7_, and investment policies {a , BP Y 
for each type m = 1, 2, endogenously determined prices { Pp t, Ps}. as 
well as the endogenously determined risk-free returns {Ry._1}7_,, such 
that for every period t (i) each agent maximizes his expected lifetime utility 
(3.14) subject to constraints (3.15)-(3.16) in combination with (3.10)-(3.11) 
and (ii) markets clear. Market clearing (ii) comprises clearing on the mar- 


ket for consumption goods, i.e., 
2 
XOP =C = De t=0,1,.T, (3.17) 
m=1 


and clearing on both asset markets, i.e., 


2 
Xar =1, t=-1,0,..,T, (3.18) 
m=1 

2 
Sora SGP (3.19) 
mal 


Condition (3.17) implies that the sum of the individual consumption of 
both agents must equal aggregate production, while conditions (3.18)-(3.19) 
indicate that agents hold all outstanding shares in the risky stock and that 
the market for the risk-free bond is in zero net supply, respectively. The 
definition of market equilibrium formally closes the model and the follow- 
ing section can now turn to the model solution. 


44 formal definition of transfer capital is given below in Section 3.2.3.1. 
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3.2 General Equilibrium Solution 


Given the assumptions regarding the economy in Section 3.1.1, there ex- 
ists a finite and discrete state space of possible outcomes 2 underlying 
the economy. Given one current economic state w € 2, the assumptions 
regarding the growth rates G, imply the realization of only two possible 
direct successive future states w’(z), with z = 1,2, for every time step 
t =0,1,...,7. Since the number of possible successive future economic 
states corresponds to the number of non-redundant assets traded on the 
financial markets between two time steps for every t = 0,1,...,T, mar- 
kets are complete in the present setting (see, for example, Munk (2013, pp. 
91-92). 


The solution of the given dynamic general equilibrium model builds on 
the properties of complete markets. In particular, under market complete- 
ness agents share risk efficiently and align their marginal rates of substitu- 
tion in every state and time step (see Munk (2013, Theorem 7.4 and 7.2)). 
Put differently, the market structure allows agents to trade with each other 
in order to eliminate any idiosyncratic component in their marginal utili- 
ties (Campbell (2003)). Furthermore, individual optimal consumption is 
strictly increasing and affine in aggregate consumption. That is, agents 
strive for a linear sharing rule (see Munk (2013, Theorem 7.4 and 7.5)). 


The current section shows that these properties hold for the model setting 
presented above. Moreover, it is proven that, when individuals are het- 
erogeneous regarding their subjective time discount factors (patience), it 
further holds true that the share of individual consumption in aggregate 
consumption is state-independent. This is contrary to the case of hetero- 
geneous risk aversion, where consumption shares are state-dependent. In 
contrast to the setting that presumes homogeneous preferences, the dis- 
tribution of consumption, however, is not constant but time-dependent. 
Particularly, the consumption share function is found to be a non-linear 


recurrence equation. 
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Since the distribution of consumption is only time-dependent, but state- 
independent, the consumption shares at any time step t can be expressed 
in terms of the consumption shares at date t = 0. Building on this result, 
all equilibrium processes of the analytical model solution are characterized 
as functions of these consumption shares. For them, a closed-form solu- 
tion does not exist. To solve for equilibrium, the analytical model solution 
is used to determine a nonlinear deterministic equation in the initial dis- 
tribution of consumption shares. It constitutes a single equilibrium con- 
dition and can be solved for the endogenous initial consumption shares 


using numerical methods. 


The remainder of this section is organized as follows: Section 3.2.1 
presents the first order conditions as well as the special equilibrium model 
properties. Section 3.2.2 determines the equilibrium process of the 
stochastic discount factor and asset prices. Next, Section 3.2.3 derives the 
analytical results for agents’ consumption and investment behavior. Fi- 


nally, in Section 3.2.4 the equilibrium condition is established. 


3.2.1 First Order Conditions, Equilibrium Consumption and 
the SDF 


The present section focuses on the derivation of the special equilibrium 
properties of the model economy featuring complete markets. Initially, 
the first order conditions implied by the individuals’ optimization prob- 
lem described above will be presented. Based on these, it is shown that 
in the present setting agents’ consumption shares are state-independent 
and specified by a non-linear recurrence equation. The section is closed 
by demonstrating that agents align their marginal rates of substitution in 
equilibrium and that the stochastic discount factor is uniquely determined. 
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3.2.1.1 The First Order Conditions 


For the optimization problem given by Equation (3.14) and constraints 
(3.15)-(3.16) in combination with (3.10)-(3.11) the first order conditions 
are derived. Since the instantaneous utility (3.13) is strictly concave in 
consumption, second order conditions are satisfied and, hence, first order 
conditions provide the optimal choice (see Munk (2013, p. 256)). 


After-tax Representation 


From the individuals’ optimization problem described above follows that 
the first order condition for agent type m with respect to consumption is 
given by” 


mN t 
(7) (TI $= 0, lous P, (3.20) 


where {)”}7_, are the Lagrangian multipliers associated with the agent’s 
constraints and {c”}7_, is the individual’s optimal equilibrium consump- 
tion sequence. Furthermore, the first order conditions at time t for agent 
type m with respect to his stock and bond investment strategy are, respec- 
tively, 


2 m 
Prt =E; Ea (1 = 7) (Pkt+1 + Den) +TPke)] 5 (3.21) 
t 


t=0,1,..,T-1, 
1=E, He 


m 


Ht 


| Rie t=0,1,.. =1,; (3.22) 


with P;,r = 0. As explained in Section 2.2.2, Equations (3.21) and (3.22) 
are the Euler equations that must hold equally for all individuals. They 
simply state that the market price of an asset is given by the expectation 


45 Appendix B.1.2 provides the details of the derivation. 
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of its discounted future payoff. In conjunction with condition (3.20) these 
equations link prices (or returns) to the optimal consumption plans of the 
agents populating the economy and participating in the financial markets. 
They contain the definition of the stochastic discount factor in terms of the 
agent’s marginal rate of substitution of consumption over time. Accord- 
ingly, the one-period SDF from time t to t + 1 after taxes induced by agent 
m is given by 


Be on (BA) ozs 
My Ci 


Equation (3.23) demonstrates the trade-off an individual faces between 
consumption in period t and period t+ 1, when making his investment de- 
cision (Munk (2013)). As indicated above, it is the rate at which the agent 
is willing to forgo current (at date t) consumption in exchange for extra 
consumption tomorrow (at date t + 1). Since the heterogeneity in subjec- 
tive time discount factors 6”, this willingness may vary across agent types 
m in the present setting. The SDF is further specified, as soon as the con- 


sumption share function is determined. 


Pre-tax Representation 


Given the results just presented, it can be shown that in the presence of 
taxation on financial investments an alternative representation of the basic 
pricing equations can be found in terms of a pre-tax stochastic discount 
factor. 


According to pricing relation (3.21) the pre-tax stock price is defined as the 
conditional expectation over the discounted next period capital payoff after 
tax using the after-tax stochastic discount factor (3.23). The pre-tax version 
of this condition can be found by solving condition (3.21) for the current 
stock price P, (see Fischer and Jensen (2015)):*° 


# Details are given in Appendix B.2.4. 
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a | Daye Bee 
Pre =E ut (Pk t+1 + Dira) 
Mr Ret 
DA 
=E; | -a (Pk t+1 + Diy) ; (3.24) 
t 


where 


2A Ua Rya (3.25) 
ri" wm Ri 


is a pre-tax stochastic discount factor. It is defined by the after-tax version 
of the stochastic discount factor multiplied by the ratio of after-tax risk- 
free return to its pre-tax counterpart. Expression (3.24) indicates that the 
pre-tax equity price can alternatively be derived by discounting the future 
pre-tax capital payout using the pre-tax version of the stochastic discount 


factor. This will be useful, when determining the stock price below. 


Similarly, expression (3.25) can be used to derive a pre-tax version of con- 
dition (3.22): 


2am 
1=E; | il Rye. (3.26) 


This is a direct link between the pre-tax risk-free return and the pre-tax 
SDF. Pricing relation (3.26), therefore, indicates why (3.25) is considered 
to be before taxation. 


3.2.1.2 The Consumption Share Function 


Based on the first order conditions just presented one can now turn to the 
specification of the equilibrium distribution of consumption shares. In 
particular, the present section gives a brief sketch of the derivation while 
concentrating on the presentation of the results. Details are provided in 
Appendix B.1.4. 
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Denote by gt = cł/D, the consumption share of agent type m = 1 at 
date t, then it follows from clearing on the market for consumption goods, 
Equation (3.17), that the consumption share of the other agent m = 2 is 
given by g? = 1 — gł. That is, in the present setting with only two agent 
types, the consumption distribution at date t is fully defined as soon as 
the consumption share of one of the agents is determined for this time 
step. Using this result along with the first order conditions derived above, 
a system of two equations in two unknowns, namely the possible future 
consumption shares gł +1,01) and gł 41w (2) conditional on state w at date 
t, can be deduced for all time steps t. Then, given the assumptions on 
financial markets, only one feasible solution results for every time step t. 
In particular, it must hold that the possible future consumption shares at 
t+1 conditional on state w at date t are identical, i.e., Iiri w(1) = Jiti w (2)° 
From this equality and the system of equations it follows immediately that 
the consumption share at time t + 1 is just given as a function of the con- 
sumption share in state w at time t. Since this holds equally for all periods, 
the consumption distribution is found to be generally state-independent. 


To be precise, the non-linear recurrence equation determining the con- 
sumption share of agent type m = 1 in period t reads 


‚t=0L.„T. (3.27) 


It can be solved backwards until date t = 0 in order to state the consump- 
tion share of agent type m = 1 at date t in terms of his initial consumption 


share: 


Jo >, t=0,1,..,T. (3.28) 


As indicated above, this is a time-dependent, but state-independent, func- 
tion. Since g? = 1 — gł, the consumption share of agent type m = 2 
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in period t follows immediately. Beyond that, Equation (3.28) implies 
that the whole sequence of consumption shares {g!"}7_, for both agents 
m = 1, 2is determined as soon as the initial consumption share gg of one 
of the agents is found. Furthermore, as individual consumption is given 
by ci” = gf" Dı, Equations (3.27) and (3.28) imply that agents’ optimal con- 
sumption is a strictly increasing linear function of aggregate consumption, 


i.e., a linear sharing rule (see, for instance, Munk (2013, p. 264)). 


Although gj’ cannot be derived in closed form, the analytical solution 
found above allows to study the impact of heterogeneity in subjective time 
discount factors on the evolution of consumption shares over time. Taking 
the partial derivative of g} with respect to t and considering the assump- 
tions about preferences and the model parameters, it follows that 


agi _J>0 if ôt 0, (3.29) 
at <0 if d' <ð. 

Equation (3.29) states that the share in aggregate consumption of agent 
m = lisa strictly monotonically increasing (decreasing) function in time, 
if he holds a higher (smaller) subjective time discount factor, i.e., ô! > 
6° (61 < 67), than the other agent m = 2. Because of the direct link 
between the consumption shares of both agents g? = 1— gł it immediately 
follows that g? /0t = —Og}/Ot. Hence, the relation described in (3.29) is 
just the opposite for the other agent m = 2. In general, this implies that 
the share in aggregate consumption is a strictly monotonically increasing 
(decreasing) function in time for the individual that is relatively more (less) 
patient. Since this property holds independent of the initial consumption 
distribution, it is also independent of the initial endowments and the tax 


rate. 


Considering an infinite model horizon and period t that tends to infinity, 
i.e., £ — 0, the observed properties further imply that the consumption 
share of agent m has a limiting value. In particular, it follows that the 
limiting value is finite and given by 
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1 1 ifô! > 8, 
lim g! = lim 20 Br. (3.30) 


TE) o aea 


for agent type m = 1. Again, this relation is just the opposite for the other 


agentm = 2. Equations (3.29) and (3.30) demonstrate that, as time evolves, 
the relatively more patient individual successively drives out the relatively 
less patient individual and in the long run remains the only economically 
relevant agent. In other words, at an infinite horizon the model solution 
coincides with the homogeneous agent case, where the highest subjec- 
tive time discount factor of the heterogeneous agent model corresponds to 
the unanimous subjective time discount factor of the homogeneous agent 
case. This result is in line with the theoretical observations found in, for 
instance, Lengwiler (2005) and Beaumont et al. (2013). 


In the case of homogeneous subjective time discount factors, 61 = ô?, 
Equations (3.27) and (3.28) simplify and individual consumption shares 
become constants. This is the classical result derived in standard asset 
pricing models with homogeneous agents and identical to the baseline 
solution in Fischer and Jensen (2015). Only for this special case a closed- 


form solution is available. 


Finally, one point remains noteworthy. Although the tax rate r does not 
enter Equations (3.27) and (3.28) directly, consumption shares are affected 
by r indirectly through the initial consumption distribution. This rela- 
tion results from the equilibrium condition (3.62), which will be derived in 
Section 3.2.4. 
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3.2.1.3 Alignment of Marginal Rates of Substitution and the SDF 


Having established that the optimal solution has the property that agents’ 
consumption shares are time-dependent, but state-independent, it imme- 
diately follows that individuals align their marginal rates of substitution in 
equilibrium. This fact can be shown by equating the basic pricing equa- 
tion for the risk-free return (3.22) for both agent types m = 1, 2, substitut- 
ing the definition of the SDF as the agent’s marginal rate of substitution 
of consumption over time, Equation (3.23), and using the result of state- 
independent consumption shares gj” = cf” / Ds just derived: 


1 = 2 hk 
5! (=) =82 (=) (3.31) 
Ct Ct 


As intended, Equation (3.31) indicates that the marginal rates of substi- 
tution of both agents are identical in every economic state and time step. 
That is, in equilibrium, aggregate consumption risk will be distributed in 
a way that all individuals possess the same marginal desire to allocate con- 
sumption across time and states (Munk (2013)). This property is referred 
to as efficient risk sharing, since it implies perfect insurance against every- 


thing except fluctuations in aggregate consumption (see Back (2010)). 


Furthermore, since the marginal rates of substitution are identical for both 
agents, it conversely follows from Equation (3.31) in conjunction with con- 
dition (3.23) that the stochastic discount factors induced by both agents are 


identical in every economic state and time step: 


241 _ Miss u hes 
Lt u u 


(3.32) 
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This implies that the SDF is uniquely determined and, consequently, all 
properties of complete markets indicated above hold in the present model 
setting. Finally, from the second line of Equation (3.31) and the properties 
of equilibrium consumption shares it results that the unique stochastic 


discount factor follows a time- and state-dependent binomial process: 


2ut+1 (5 ) Ee 
6" Ga: 3.33 
Lt gr t+1 ( ) 


Since it depends on the (initial) distribution of consumption, there is no 
closed-form solution for the stochastic discount factor. As outlined above, 
this further implies that, although the tax rate r does not enter Equation 
(3.33) directly, the stochastic discount factor is affected by the tax rate indi- 
rectly through this channel. 


3.2.2 Asset Prices 


Building on the equilibrium model properties, the present section focuses 
on the characterization of the equilibrium results with respect to financial 
asset prices. At the outset, the analytical solution for the risk-free rate is 
presented, while the section closes with the presentation of the analytical 
solution to the equilibrium stock price process. All results are given as 
functions of the initial consumption share of agent m = 1. 


3.2.2.1 The Risk-free Return 


Given the results derived so far, the determination of the risk-free return 
is straightforward. As above, substitute the definition of the SDF, Equa- 
tion (3.33), into the basic pricing relation, Equation (3.22), and apply the 
property of state-independent consumption shares, in order to derive the 


following representation: 
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z 2 = 
e 
Lt 
=i 
m =y = 

m [ I+1 3 =) 
ô ; 3.34 

(2) ' ( D; ( 


Equation (3.34) reveals a standard result in asset pricing theory, the con- 


dition that the (gross) risk-free return is the inverse of the expected value 
of the stochastic discount factor (see, for example, Cochrane (2005), Back 
(2010) or Munk (2013)). Then, using the iid. property of aggregate pro- 
duction growth, i.e., G = Gi+ı = Dr41/Dz, and the solution (3.28) de- 
termining agent 1’s consumption share, in order to specify the one-period 


risk-free rate after tax by 


(EC), (3.35) 


as a function of agent 1’s consumption share at date t = 0. The one- 
period risk-free rate after tax is time-dependent, but state-independent. In 
particular, given the restrictions on the parameters and heterogeneity in 
the subjective time discount factors of the two agents 6! 4 6°, the risk-free 
return is a strictly monotonically decreasing function in time.” As in the 
case of the consumption share function, the tax rate r does not enter Equa- 
tion (3.35) directly. However, since it depends on the initial distribution 
of consumption, the risk-free rate is affected by 7 indirectly through this 


channel.* 


#7 It is shown in Appendix B.1.5 that this property holds. 


48 Again, this relation results from the equilibrium condition (Equation (3.62)), which will 
be specified in Section 3.2.4. 
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When preferences are homogeneous, i.e., 5! = 6”, the first factor in Equa- 
tion (3.35) vanishes and the risk-free return after tax becomes constant and 
independent of the tax rate. The solution is then identical to the one found 
for the standard asset pricing model with iid. aggregate risk, one repre- 
sentative CRRA agent and without taxation (Fischer and Jensen (2015)). 


In any case, the one-period risk-free return before tax follows immediately 
from Equation (3.8) by Ry+—1 = (Rf -1 —T)/(1— 7). It depends directly 
on the tax rate. 


Finally, the risk-free return can also be stated in a multi-period version. 
In so doing, the following simple notational convention shall apply. As 
before, with only one time subscript attached to it, Ry, denotes the one- 
period risk-free return that is realized from period t to t + 1. Henceforth, 
when adding a second time subscript, Rf t t+}n shall denote the n-period 
risk-free return that is realized from period t to t + n. Formally, the multi- 
period risk-free return after tax follows immediately from its one-period 
counterpart given in Equation (3.35). That is, the n-period risk-free return 


after tax from period t to t + n reads 


= a)? 14 (82 
Paes ( ODE Ui) (SE [6]))". 630) 
(Jar) 


This notation will simplify the representation in the following. 


| 


3.2.2.2 The Price-Dividend Ratio 


In order to determine the equilibrium stock price process, it is convenient 
to define the price-dividend ratio, PD; = Pk, t/ De, by dividing both sides 
of the pre-tax pricing Equation (3.24) by D;: 


Ry 2 
PD... =" a RP De iar fea (3.37) 
ft Ht 
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Substituting the equilibrium stochastic discount factor (3.33), the price- 
dividend ratio at date t reads 


PDyu = htm (=) E, [(PDri +G] 638) 
Ft I 

Having established Equation (3.38), the price-dividend ratio can be solved 

by backward induction starting from the terminal date (Fischer and Jensen 

(2015)). Due to the fact that P.,r = PD;,r = Oat the horizon T, the price- 

dividend ratio at date T — 1 is given by 


Rer mN T = 
PDk T-1 = er Lom ( IT ) T-ı [ay a] 


Rf T-1 IT-1 
n m =y 

-per ( or ) wee (3.39) 
Ry r-1 IT-1 


where the assumption of i.i.d. consumption growth has been used again. 
Equation (3.39) shows that the price-dividend ratio at date T — 1 is state- 
independent. Applying this result to Equation (3.38) it follows that the 
price-dividend ratio at date T — 2, 


D, m =y 
PD; T-2 ËS T-2 5m (5) (PDp,r-1 +1)E [G17], (3.40) 


Rf, T-2 IT-2 


is state-independent, too. Proceeding this way and iterating backwards 
through time, the price-dividend ratio is generally state-independent for 
all time steps t and given by the following recurrence equation: 


Rju m 941 y 7 $y 
PDie=2 6" |) (PDk ti +1)E [G] 
Rye I 
© z [G17 
=R;; (PDzt41 +1) T (3.41) 


where the second line is due to the definition of the risk-free rate given 
in Equation (3.34). Alternatively, starting at the horizon (using the fact 
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that PD, r = 0) and solving the recursive definition (3.41) by backward 
induction, the price-dividend ratio at date t can be stated explicitly by 


(T-t)-1 S [a17] (T-t)—n 
PDk, — 5 EG vee ee (3.42) 
n=0 


which is a time-dependent, but state-independent, function.“ Beyond that, 
it depends on the initial consumption distribution through the risk-free 
rate before tax and, hence, is not a closed-form solution. Finally, it depends 


directly and indirectly on the tax rate 7 through the risk-free rate before tax. 


3.2.3 Individual Investment and Net Transfers 


Having established the equilibrium model properties and the implied ex- 
plicit analytical asset pricing solutions, the present section concentrates on 
the determination of equilibrium results on an individual level. In a first 
step, agents’ total wealth budget constraint is derived. From there, the for- 
mal definition of transfer capital and subsequently its explicit analytical 
equilibrium solution follow. Second, agents’ marginal propensity to con- 
sume out of total wealth (MPCTW) is specified and, in conjunction with 
the previous results, used to determine individual investment policies. Fi- 
nally, the section closes by determining net transfer income and optimal 
expected lifetime utility. 


3.2.3.1 Total Wealth Budget Constraint and Transfer Capital 


As outlined above, in the presence of a stream of permanent income, the ex- 
pected remaining lifetime consumption of an agent will include the present 
value of his expected future payments received from this source of income. 


“Note that in Equation (3.42), RF T-n follows by applying the definition of the 


multi-period risk-free return after tax (3.36) to the sequences of one-period risk-free rates 
{Ry her for all 0 < n < (T — t) that are found by solving Equation (3.41) recursively. 
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As a result, the concept of total wealth in the present setting incorporates 
transfer capital along with financial wealth. This is of importance, since 
the present value of future transfers influences the initial consumption 
distribution and, therefore, the equilibrium solution. The concept of to- 
tal wealth is used, for instance, by Epstein and Zin (1991) and Campbell 
(1993) in order to incorporate human capital, i.e., the present value of fu- 
ture earnings, into the analysis of an intertemporal asset pricing model. 


In the following, it will be shown that transfer capital can be considered 
a nontraded asset, the market value of which can be calculated in equi- 
librium. Nevertheless, markets are found to be complete in the present 
setting with only two non-redundant assets traded on the financial market, 
as outlined above. These assets are given by the risky stock and the risk- 
free bond. As an immediate consequence it follows that any additional 
asset must be redundant. Hence, although there is no active market for a 
transfer capital security, it must be tradable through a portfolio composed 
of the risky and risk-free asset (see, for instance, Munk (2013, pp. 84-86)). 
Then, being similar to capital income, transfer income should be valued 
the same way. That is, its present value should be derived by discounting 
future income streams using the equilibrium stochastic discount factor. 


The formal pricing relation for transfer capital follows naturally, while 
specifying the total wealth budget constraint. The latter can be obtained by 
using the SDF and solving forward the dynamic budget constraint (3.15) 
(Miao (2014)). In so doing, total wealth of agent m at date t eventually 


T-t any 
wr =) E [eter (3.43) 


(3.44) 


Details of the derivation are given in Appendix B.1.6. 
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Equation (3.44) defines the current total wealth of agent m as the present 
value of his expected life-time consumption. In this expression, non- 
financial total wealth is separated into two components: current transfers 
s; and transfer capital P,,. This representation illustrates the fact indi- 
cated above, namely that non-financial total wealth can also be interpreted 
as a nontraded asset. In particular, while current transfers s; can be in- 
terpreted as its stochastic dividend, P,, constitutes the shadow price of 
the nontraded asset (see Epstein and Zin (1991, Footnote 3)). Like for liq- 
uid wealth v/”, the agent that holds the higher fraction in aggregate total 
wealth might be considered to be more wealthy since he owns the larger 
proportion in the expected present value of the future aggregate consump- 


tion stream. 


The derivation of the total wealth budget constraint (3.44) implies the fol- 
lowing formal pricing relation for transfer capital: 


a , | 2” tan 
Pst =) és | Stan (3.45) 
n=1 Ht 
Zu 
-E, | a (Panat | (3.46) 
t 


According to Equation (3.45), the current transfer capital of agent m is 
the sum over his expected future transfers discounted by the equilibrium 
stochastic discount factor. By substituting the definition of the SDF (3.33), 
current transfers (3.9) as well as the price-dividend ratio for the stock (3.41), 
an equilibrium solution for the transfer capital security can be determined. 


As for the stock, its price-dividend ratio is given by a recurrence equation?! 


[et] 
[G] 


A ae T 
PD., =H} (rau +5 (Rpı or.) , (3.47) 


>1The derivation is shown in Appendix B.1.7. 
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and can, alternatively, be stated in explicit form 


(T-t)-1 "i TA (T—t)—-n—1 
BER le] Rpren-1—1 
PDs +t ~ 9 5 (et) (2x . 


—1 
n=0 RitT-n 


PDpT-n-1. (3.48) 


Equations (3.47) and (3.48) show that the price-dividend ratio for transfer 
capital is time-dependent, but state-independent. Moreover, it is a func- 
tion of the initial consumption distribution and directly and indirectly de- 
pendent on the tax rate r. 


3.2.3.2 Marginal Propensity to Consume out of Total Wealth 


The marginal propensity to consume out of total wealth is defined as the 
agent-specific function that determines the fraction consumed out of to- 
tal wealth currently available to him. In order to determine agent m’s 
MPCTW, it is helpful to start by defining individual consumption grows 
as a function ofthe initial consumption share of agent m = 1. As shown 
above, Equation (3.31) implies that agents align their marginal rates of sub- 
stitution of consumption in equilibrium. Rearranging this equation and 
substituting the equilibrium consumption share function (3.28), it follows 
that agent m’s consumption grows from time t to t + 1 is given by 


Cth (I) gh 
62 ¥ 62 Y 
gm $ (1- (#) )a+(®) 
= ( = ) ER (3.50) 


This is a function of agent 1’s initial consumption share and follows a time- 
dependent i.i.d. binomial process. Consumption grows rates are identical 
for both agents only if their subjective time discount factors are identical, 
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i.e., 61 = 6?. Again, the tax rate r does not enter Equation (3.50) directly. 
However, due to its dependency on gj, it is affected by 7 indirectly through 


this channel. 


Then, in order to determine agent m’s marginal propensity to consume out 
of total wealth, divide both sides of the total wealth budget constraint (3.43) 


by current consumption c?” and substitute the SDF expression (3.23): 


T-t 

wg : [eee Te] 
ern Seen 

Ht Ct 


T-t en 1-7 
=) E, e ) (S) j (3.51) 


Taking the reciprocal of this expression and substituting individual con- 
sumption growth (3.50), the equilibrium solution for the marginal propen- 


sity to consume out of total wealth of agent m at date t follows by”? 


Ao 
bt =F 
n (1-(#)') 8+ (a) 1-7 
ACA )ab+ (a) 
=Ë 
(or (TEC! 7) (3.52) 


where the i.i.d. property of random production growth has been used 
again. The consumption to total wealth ratio of agent m is a time-depen- 
dent, but state-independent, function. With growing (declining) subjective 
time discount factors, the MPCTW decreases (increases), which implies a 


lower (higher) proportion of total wealth being consumed today. In return, 


>2 Details of the derivation are given in Appendix B.1.8. 
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the fraction postponed for future consumption rises (drops), reflecting in- 
creasing (decreasing) patience. With a coefficient of relative risk aversion 
of y = 1, Equation (3.52) incorporates the special case of logarithmic utility. 
It implies the well-known and simplified consumption propensity, which 
only depends on the agent’s personal subjective time discount factor (see 
Merton (1969) and Samuelson (1969)). The behavior of such an individ- 
ual is independent of any other factor, as, for instance, the risk and return 
properties on the financial market. With risk aversion coefficients larger 
than one the marginal propensity to consume out of total wealth is still 
a deterministic function, which is a consequence of the i.i.d. property of 
G. Nevertheless, it depends on the expectation about the realization of 
the aggregate shock. Hence, such an individual, takes the risk characteris- 
tic underlying the economy into account when making his consumption 


decision. 


3.2.3.3 Investment Policies 


In order to maximize lifetime utility every agent has to take two decisions 
in every time step. On the one hand, this entails the consumption-savings 
decision, which has already been determined by the consumption share 
function and the MPCTW. On the other hand, this comprises the portfo- 
lio choice that determines the allocation of savings between the different 
financial assets available. In the present model two types of securities are 
traded, the risky stock and risk-free one-period bonds. Building on the 
results derived so far, the optimal individual investment policies for this 
opportunity set are specified in the following. 


Bond Investment 


Using the total wealth budget constraint in conjunction with the marginal 
propensity to consume out of total wealth just derived, consumption at 
date t of an agent m can be stated by 
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ci" =op (af, ((1— 7) (Pet + De) +7Pee-1) + Be Ry ea + 84+ Ps.) 


=b" (er der) =) (PDp +1) Di + PD, +Di+ 


(or, = 5) TPDy1-1D:-ı + Pasa), (3.53) 
where the second line follows by applying the definitions of the price- 
dividend ratios for the stock and transfer capital. Beyond that, consump- 
tion is given by c? = g? D+, in which g;” was found to be state-indepen- 
dent. Thatis, in equilibrium, optimal consumption was found to be a func- 
tion linear in aggregate production. As an immediate consequence, the 
consumption expression given on the right-hand side of Equation (3.53) 
must also be linear in current output. Therefore, and in order to be in 
line with optimal behavior, all terms that do not involve D, must vanish 
from the right-hand side of expression (3.53). Formally, this implies the 
following equilibrium condition: 


1 2 
by (em = z) TPDx1-ıD:-ı + BP sks] =0. (3.54) 
Equation (3.54) is similar to the condition found by Fischer and Jensen 
(2015, Equation (A.13)) and can be rearranged in order to determine agent 
m’s bond market position from time t — 1 to tin terms of his equity invest- 


ment: 
m T m 
t-17 =z Gere Qt 1 PDy4-ıD:-ı, (3.55) 


which is a time- and state-dependent function. In line with the findings in 
Fischer and Jensen (2014, 2015, 2017), in the presence of taxation on net 
capital income trading on the bond market plays a decisive role for agents 
in order to establish their optimal consumption policy. Particularly, the in- 
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vestment strategy for the risk-free security is induced by the fact that trans- 
fers financed by capital taxation are subject to additional market risk. This 
is due to the fact that transfers from capital gains are large (small) when 
stock returns were high (low) in the recent past, which is the case when 
production growth was strong (weak) over the last period.” In addition, 
the taxation system is designed in a way that the individual with financial 
income below (above) the average is the net recipient (contributor) of trans- 
fer payments. As a result, this individual is endowed with a proportion of 
market risk that is higher (lower) than the risk exposure faced by the other 
agent. Attempting to compensate this unequal distribution of risk, agents 


enter into bond contracts with each other. 


In this vein, Equation (3.55) implies positive bond holdings for the indi- 
vidual that holds a proportion of the stock, af” ,, that is smaller than the 
average. In contrast, the agent with stock holdings larger than the average 
enters into short positions on the bond market. This result is surprising, 
since it implies dynamic trading in the risk-free security, although there is 
no positive net supply in the bond market. As outlined above, this means 
that a market equilibrium is established that produces a risk-free return at 


which agents are willing to take complementary positions in such an asset. 


Stock Investment 


The investment strategy for the stock market follows from the total wealth 
budget constraint defined in Equation (3.53) by substituting the solution 
for the bond market position (3.55) and rearranging for aj’. That is, 


agent m’s stock holdings from time t — 1 to t are given by 


1 GT 
A PD 1)-PD, R 
%-1 ee Dati (& z (PPee +1) i) (3:36) 


>3 The fact that transfers carry additional market risk will be discussed in more detail below. 
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which is a time-dependent, but state-independent, function. Equation 
(3.56) implies that the share of equity holdings increases in the individ- 
ual’s consumption share g;” and decreases in his marginal propensity to 
consume out of total wealth b}. Consequently, it is the more wealthy agent, 
i.e., the one that owns the higher fraction in aggregate total wealth, that 
also holds a larger fraction in the stock. This relation might explain low 
stock market participation rates for poorer individuals, as outlined by Fis- 
cher and Jensen (2015). 


Overall, in order to establish optimal consumption in the presence of a re- 
distributive capital gains tax, agents have to dynamically trade in both the 
bond and the equity markets. This result was first found by Fischer and 
Jensen (2015). Accordingly, the linear sharing rule would not be achieved 
without dynamic trading in both securities. This becomes apparent by con- 
sidering Equation (3.53). In the absence of trading in the risk-free security, 
the term from Equation (3.54) would not vanish and, therefore, prevent 
agents from establishing their optimal linear consumption policy. At the 
time the investment decision is made, however, this term is not uncertain 
but known to the agents. As a matter of fact, they can find the bond mar- 
ket investment strategy given in (3.55) and eventually establish the linear 


sharing rule. 


3.2.3.4 Net Transfers 


Having established the equilibrium investment policies, one can now re- 
fine the presentation for net transfers.°* In so doing, first note that the 
taxation system implies that the total amount of tax payments of agent m 


at date t is given by 


TOP 1 (Prt + Dı = Prt-1) + TB (Rrı-ı =i 1) k (3.57) 


54The present section draws on the derivations in Fischer and Jensen (2015, Theorem 1, 
Item 7). 
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That is, individual tax payments contain payments from taxes on stock 
(first term) as well as on bond (second term) investments. Beyond that, 
the same agent receives transfer payments (see Equation (3.9)) at date t 
according to 

. (Biet Di- Bs), (3.58) 


which does not contain tax revenues from positions in the risk-free se- 
curity, since there is no aggregate net supply. Then, subtracting Equa- 
tion (3.57) from (3.58) and substituting the bond market investment policy 
(3.55), agent m’s net transfer at date t reads 


1 Ryı-ı 
T(=- Pg + Di - Pki-1 =- A 3.59 
G t Jl kt t— Prt pe) (3.59) 


Equation (3.59) implies that the agent holding a smaller (larger) fraction 


in the stock than the other individual is subject to positive (negative) net 
transfer payments. That is, the agent receiving lower capital income than 
the average (a, < 3) is the net recipient of the transfer system, while 
the agent with higher capital income than the average (a{” > 3) is its net 
contributor.” 


Rewriting Equation (3.59) and applying the recursive equilibrium solution 
to the stock price-dividend ratio (3.41), it can be shown that transfers carry 
additional market risk: 


n 5 ere 
T (: = cr) E _ al") (PDk +1) Di, (3.60) 


First of all, net transfer payments at date t depend on the uncertain mar- 
ket development through the current realization of production D+. In this 
vein, they carry the same amount of marketrisk as implied by regular stock 
market payoffs. In addition, however, the efficient tax rate implied by Equa- 
tion (3.60) carries additional market risk, as it is given by the statutory tax 


This result is similar to the one found in Fischer and Jensen (2015, Theorem 1, Item 7). 
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rate r multiplied by (1 — (E [G1~7] / l [G] Rp ACH"). That is, it in- 
cludes current production growth G; itself and is, thus, also dependent on 


the recent market development. In particular, when the realization of G, 
is high and the economy is booming, production is large and the effective 
tax rate on capital income is high as well. In contrast, when the economy 
is in a bust, with the realized growth rate G, being small, capital output is 
small and the effective tax rate on capital income is low as well. In other 


words, the effective tax system is pro-cyclical. 


Since this implies that market risk is redistributed from the net contributor 
to the net recipient of transfers, it follows that the latter enters into long 
positions on the bond market, whereas the former takes short positions in 
the risk-free security. This way, equity investments are reduced for the net 
recipient, while they are increased for the net contributor of transfers. 


3.2.3.5 Optimal Expected Lifetime Utility 


Agents’ equilibrium consumption and investment decision are driven by 
the objective to maximize expected lifetime utility over consumption. 
Given the definition of individual consumption shares g7 = c} D, and 
the optimal equilibrium solution found above, particularly the MPCTW 
(3.52), one can specify the indirect utility (3.14) as a function of the ini- 
tial consumption distribution. In so doing, agent m’s maximum expected 
lifetime utility reads*® 

vgn = (my GI piv, (3.61) 

Y 

This solution is a standard result that arises in the context of CRRA util- 
ity and i.i.d. risk (Back (2010)). In the present representation, it depends 
directly on the agent’s initial marginal propensity to consume out of total 
wealth, his share in aggregate consumption as well as on aggregate produc- 


56 Details of the derivation are given in Appendix (B.1.9). 
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tion. Furthermore, Equation (3.61) implies that agent m’s indirect utility 


is a decreasing function in his initial consumption share.?” 


3.2.4 Equilibrium Condition 


With the dynamic general equilibrium model presented in Section 3.1, fol- 
lowed the analytical equilibrium solution ofthe previous section. In partic- 
ular, it was found that optimal consumption plans require the consump- 
tion share function (3.28) to be a time-dependent, but state-independent, 
function of agent 1’s initial consumption share gj. Building on this result, 
the remaining equilibrium solution, i.e., the SDF as well as asset prices 
and individual investment behavior, were also specified as functions of 


the initial consumption distribution. 


Although markets are complete, heterogeneity in subjective time discount 
factors implies that a closed-form solution to gj does not exist. Hence, 
in order to specify equilibrium, the initial consumption share has to be 
determined endogenously from the analytical model solution. In this vein, 
recall that clearing on the market for consumption goods (3.17) implies 
ch = 1 — c2 and substitute agent 2’s initial consumption in terms of his 
MPCTW and total wealth at date t = 0, as in Equation (3.53), to obtain the 


following equilibrium condition: 
gg =1-— 3 (02, (PDk o +1) + PD.0). (3.62) 


Equation (3.62), in combination with the analytical equilibrium results 
(3.35), (3.36), (3.42), (3.48) and (3.52) derived above, form a non-linear 
equation in agent 1’s initial consumption share. In order to eventually 
solve this condition for gj, standard numerical methods can be applied. 


57The impact of the redistributive taxation system on consumption shares and, thus, indi- 
rect utility will be analyzed using numerical examples in the quantitative analysis below. 
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It can be noted that the solution implied by Equation (3.62) is optimal, 
since it builds on the utility maximizing equilibrium results determined 
above. In addition, however, the solution must also be in line with mar- 
ket clearing, i.e., feasible given current economic resources. Clearing on 
the market for consumption goods follows immediately, as the equilib- 
rium condition is based on this restriction. Clearing on the asset markets 
follows in return from consumption clearing. To demonstrate this, sub- 
stitute budget constraint (3.15) along with optimal bond investment (3.55) 
into the condition for consumption clearing (3.17). Then, starting at the 
horizon and working backwards through time, clearing on the stock mar- 
ket, first, follows for date T — 1 and, subsequently, for any time step t.°® 
Finally, with clearing on the consumption goods as well as on the stock 
market, clearing on the bond market follows automatically by Walras’s law. 
Therefore, the solution implied by equilibrium condition (3.62) is both op- 
timal and feasible. 


Lastly, since the price-dividend ratios for both the stock and transfer capital 
are affected by the tax rate 7, the equilibrium condition and consequently 
the initial consumption distribution are also tax-dependent. Being depen- 
dent on the initial consumption distribution, all equilibrium results de- 
rived above are affected by the redistributive taxation system. 


3.3 Quantitative Analysis 


Having established the analytical solution, the present section studies the 
impact of redistributive taxation along with heterogeneity in the agents’ 
subjective time discount factors using numerical examples. In order to 
ensure comparability, the parameterization is chosen in line with the base 
case parameter setting presented in Fischer and Jensen (2015). In particu- 
lar, each model period is assumed to correspond to one year, so individual 


58 Appendix B.1.10 details this derivation. 
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Table 3.1 — This table reports the baseline parameterization for the model featuring an 
exchange economy. 


Description Parameter Value 

Economic horizon T 60 

Growth rates {Gi, G2} {1.0315, 1.0087} 
Initial wealth shares f{at,,a7,}  {10%, 90%} 
Tax rate T 20% 

Degree of risk aversion ~y 5 


Homog./Heterog. time 


discount factors 8™2/ {81,82}  0.96/{0.94, 0.96} 


decisions are made at an annual frequency. The time horizon determin- 
ing the lifespan of both the economy and its agents is limited to T = 60 
years. In accordance with the empirical evidence for the U.S. reported in 
Lettau and Ludvigson (2005), the two possible realizations of the produc- 
tion growth rate are given by G; = 1.0315 and G2 = 1.0087, which are 
also referred to as the boom and bust state, respectively. Agents common 
relative risk aversion coefficient is y = 5, which lies well within the range 
of reasonable values usually considered in the asset pricing literature (see 
Mehra and Prescott (1985)). The share in the initial wealth endowment 
held by the less wealthy agent 1 is set to a! , = 10%, which implies a cor- 
responding value of a? , = 90% for the relatively wealthy agent 2. The tax 
rate is fixed at r = 20%. 


Beyond that, the baseline parameterization distinguishes two settings for 
the agents’ subjective time discount factors in the present analysis. In 
the first case, homogeneous patience is considered by assuming ô! = 
ô? = 0.96.°° The second case captures heterogeneity in subjective time 
discount factors. To be in line with the empirical evidence, the relatively 
poor agent 1 is assumed to be less patient than the relatively wealthy agent 


This case is identical with the base case parameter setting used in Fischer and Jensen 
(2015). 
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2 (see Samwick (1998), Lawrance (1991), Booij and van Praag (2009) and 
the discussion in Section 2.1.3). More precisely, the subjective time dis- 
count factor of the former is set to 6! = 0.94, while it is set to 6? = 0.96 
for the latter in the heterogeneous case. The parameter setting is summa- 
rized in Table 3.1. 


The remainder of this section is organized as follows: while Section 3.3.1 
illustrates the evolution of the dynamic consumption and investment be- 
havior over time, Section 3.3.2 studies the equilibrium impact of the length 
of the model horizon on the consumption distribution. In Section 3.3.3, 
the implications of different levels of the tax rate on the quantitative model 
results is investigated. Finally, Section 3.3.4 closes the numerical analysis 
by examining the impact of varying levels of heterogeneity in the subjective 
time discount factor. 


3.3.1 Baseline Results 


This section illustrates the impact of the remaining model horizon on 
the equilibrium profiles of agent 1 under both cases of the baseline pa- 
rameter setting featuring homogeneous (6'* = 0.96) and heterogeneous 
(6' = 0.94, 6? = 0.96) subjective time discount factors. In this vein, Fig- 
ure 3.1 plots the evolution of agent 1’s consumption share (top left panel), 
his share in aggregate wealth (top right panel), his equity share (bottom 
left panel), as well as his net transfer income in percent of aggregate pro- 
duction for both the pure boom and the pure bust scenario (bottom right 


panel) over time. 


In line with the results derived in the analytical section, the top left panel 
depicts the fact that in the case of heterogeneous patience the share in 
aggregate consumption is a strictly monotonically decreasing function in 
time for the individual that is relatively less patient. To be precise, in the 
present case, agent 1’s consumption share starts at around 18.5% and 
declines over the model horizon until it accounts for 15% of aggregate 
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consumption at the terminal date. When it comes to homogeneous time 
preferences, however, agent 1’s consumption share is constant over time 
at about 18%. Comparing both consumption profiles illustrates the in- 
creased impatience of agent 1 in the heterogeneous case, as the lower sub- 
jective time discount factor increases his share in aggregate consumption 
slightly in early time steps at the cost of decreasing it in later periods. In 
general, being endowed with an initial wealth share of only a! , = 10% 
means that the redistributive taxation system has a positive effect on the 
consumption share of the less wealthy agent 1 in both cases featuring het- 
erogeneous and homogeneous subjective time discount factors. 


The upper right panel of Figure 3.1 depicts the evolution of agent 1’s share 
in aggregate economic wealth (vj / (P; & + D:)) under both homogeneous 
and heterogeneous patience. In both cases the proportion starts out at 
the initial wealth share of a! , = 10%, but increases monotonically in 
the former case, while it is first subject to a decline in the latter case be- 
fore it starts to increase. Considering increased impatience of agent 1, his 
wealth share remains below the level achieved in case of equal patience 
over the whole model horizon. This is a direct consequence of the increase 
in early consumption in the baseline setting with heterogeneous subjective 
time discount factors. It comes at the expense of decreasing the share of 
early savings. In return, a negative effect on agent 1’s future wealth levels 


results. 


Beyond that, in both cases agent 1’s wealth share stays below his consump- 
tion share over the whole model horizon, while approaching it towards the 
terminal date. This illustrates that agent 1 uses large parts of his current 
and future permanent transfer income to finance current consumption. 
This is the case because the less wealthy agent 1 is subject to positive net 
transfer income for the whole investment horizon, as displayed in the bot- 
tom right panel of Figure 3.1. In the same vein, the value of his net trans- 
fer capital is positive, too. When the remaining model horizon is still long, 


agent 1’s current and future permanent transfer income are large and the 
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Figure 3.1 - This figure shows the equilibrium time profiles for agent 1 in both cases of 
the baseline parameter setting featuring heterogeneous (solid line) and homogeneous 
(dashed line) subjective time discount factors. The top left panel depicts the evolution 
of agent 1’s consumption share, while the top right panel illustrates the evolution of his 
share in aggregate wealth over time. In the bottom left panel the development of agent 
1’s equity share is shown, and the bottom right panel plots his net transfer income in 
percent of aggregate production for the pure boom (black lines) and bust (gray lines) 
scenario over time. 


desired current consumption level can be attained holding a relatively low 
wealth level. In contrast, when the remaining model horizon shortens, cur- 
rent transfer income and the value of net transfer capital decline. Then, in 
order to obtain the desired consumption levels, he needs to hold increasing 
wealth levels. 


The bottom left panel of Figure 3.1 shows the evolution of agent 1’s equity 
share over time under both homogeneous and heterogeneous patience. As 
for the wealth share, the proportion starts at the same low investment share 
ad = 0% in both cases, but increases monotonically in the homogeneous 
setting, while it first declines before it recovers to increase in the heteroge- 
neous case. Again, this pattern is driven by the net transfer income, as can 
be deduced from the analytical solution (see Equation (3.60)). In particular, 
the additional market risk carried by the transfers drives the net recipient 
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of transfers out of the stock market. Since net transfers are higher when 
the less wealthy agent 1 is also less patient than agent 2, his equity share 
is particularly low in this case. This comprises even short asset holdings 
in the equity market. 


The bottom right panel of Figure 3.1 depicts the evolution of agent 1’s 
net transfer income in percent of aggregate production for the pure boom 
and the pure bust scenario under both homogeneous and heterogeneous 
patience. As indicated above, net transfers are generally positive for the 
less wealthy agent 1. Beyond that, his net transfer income is higher com- 
pared to the homogeneous case, when he holds a smaller subjective time 
discount factor than the wealthy agent 2. This is the case, because being 
less patient, agent 1 increases his consumption share around the initial 
periods. As a result, he has to reduce savings, which in return lowers his 
wealth share over the whole economic lifespan. Then, holding an even 
smaller wealth share, the design of the redistributive taxation system im- 
plies increased net transfer payments to him. 


Finally, in neither case is an equal distribution for the consumption or 
the wealth share attained. Moreover, and in line with the results in, for 
instance, Krusell and Smith (1998) or Hendricks (2007), considering het- 
erogeneous patience (according to the baseline parameter setting) induces 
even further consumption and wealth inequality. Beyond that, it also ag- 
gravates the low stock market participation rates for poor individuals. Het- 
erogeneity in time preferences, therefore, might be an important factor in 
understanding low participation rates and crucial when studying the equi- 
librium impact of policy instruments, like in Gomes et al. (2013). 


3.3.2 Impact of the Model Horizon 


In this section, the impact of the length of the model horizon on the equi- 
librium consumption distribution is illustrated by varying the model hori- 
zon between T = 0 and T = 400 under both cases of the baseline pa- 
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rameter setting featuring homogeneous (ôt? = 0.96) and heterogeneous 
(6' = 0.94, 6? = 0.96) subjective time discount factors. Figure 3.2, there- 
fore, depicts agent 1’s consumption share at the initial (t = 0) and the 
terminal date (t = T) for different model horizons T and for the cases 


featuring heterogeneous and homogeneous patience. 


In both baseline parameter cases, the initial consumption share increases 
with the length of the model horizon. Since consumption shares are con- 
stant in the homogeneous setting, the terminal and initial consumption 
shares are, in this case, identical. To the contrary, when the less wealthy 
agent 1 is also less patient, his initial and terminal consumption share 
deviate. In particular, agent 1’s terminal consumption share starts out 
to increase with growing model horizon, peaks at around T = 25, and 
continuously falls afterwards. Two opposing effects lead to this pattern. 
First, being subject to exclusively positive net transfer payments, the ini- 
tial value of agent 1’s net transfer capital increases with the length of the 
model horizon T. As a result, his initial consumption share and, in re- 
turn, his whole sequence of consumption shares, including the one at the 
terminal date, rise. Since future transfers are discounted, however, the ini- 
tial consumption share does not grow linearly, but approaches a limiting 
value (about 18% in the present setting) as the length of the time hori- 
zon increases. This positive effect holds for both the homogeneous and 
the heterogeneous setting. Second, and as outlined above, in the hetero- 
geneous case the consumption share is a strictly monotonically decreas- 
ing function in time for the less patient agent 1. Consequently, when the 
length of the model horizon rises, the time span over which the consump- 
tion share may shrink increases. Accordingly, for longer time horizons, 
other things being equal, this leads to lower terminal consumption shares. 
Taken together, when T is small, the first effect dominates, as there is just 
not enough time for agent 1’s consumption share to decrease as much as 
to compensate the positive effect it has on his initial consumption share. 
When T gets larger, however, the initial consumption share approaches 


its limiting value and the time span increases over which the negative ef- 
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Figure 3.2 — This figure shows the impact of varying model horizons T on the initial 
(t = 0) and terminal (t = T) equilibrium consumption share of agent 1 in both cases of 
the baseline parameter setting featuring heterogeneous and homogeneous subjective 
time discount factors. 


fect is effective. That is, the second effect gradually gains influence until 
it ultimately starts to dominate. 


In this regard, the analytical results (see Section 3.2.1.2) have shown that 
the terminal consumption share of the less patient agent tends to zero 
as the length of the model horizon approaches infinity. Figure 3.2 indi- 
cates this result graphically. As outlined above, this implies that, although 
transfer payments are made in each time step, the less patient agent is suc- 
cessively driven out of the economy, which is then exclusively dominated 
by the patient agent 2. Similar results have been documented in models 
without redistribution systems by, for example, Becker (1980), Lengwiler 
(2005) and Beaumont et al. (2013). It is, however, surprising at first sight 
that this result holds similarly true in the presence of permanent transfers. 
Nevertheless, this is due to the absence of any short-sales or borrowing 
constraints in the present model setting. As illustrated in the top panels 
of Figure 3.1, and described above, agent 1’s wealth share stays below his 
consumption share over the whole model horizon, while approaching it to- 
wards the terminal date. In the presence of permanent (transfer) income, 
however, wealth shares need not to be positive throughout in order to at- 
tain exclusively positive consumption shares. On the contrary, when the 
remaining length of the model horizon is large and the present value of 
future net transfers is large as well, agent 1, being unconstrained and im- 
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patient, incurs debts by borrowing against his future permanent (transfer) 
income. When the remaining length of the model horizon gets smaller, 
however, he has to run down consumption gradually in order to steadily 
reduce debts towards the terminal date. Put differently, agent 1’s consump- 


tion shares become marginal at the long horizon. 


3.3.3 Impact of the Tax Rate 


This section visualizes the effect of different levels of the tax rate r on the 
equilibrium profiles of agent 1 considering the heterogeneous baseline pa- 
rameter setting (ô! = 0.94, ö? = 0.96). In line with Figure 3.1, Figure 
3.3 plots the evolution of agent 1’s consumption share (top left panel), his 
share in aggregate wealth (top right panel), his equity share (bottom left 
panel), as well as his net transfer income in percent of aggregate produc- 
tion for the pure boom scenario (bottom right panel) over time for different 
tax rates, varying between r = 0% and r = 50%. 


The top left panel of Figure 3.3 demonstrates that the redistributive tax- 
ation system has a positive effect on the consumption share of the less 
wealthy agent 1 over the whole economic time span. That is, it increases 
monotonically in the tax rate for any time step. To the contrary, the con- 
sumption share of the relatively wealthy agent 2 must be subject to de- 
creasing consumption shares, when 7 increases. In that sense, the re- 
distributive taxation system reaches its objective to reduce consumption 
disparity. Accordingly, as implied by Equation (3.61), the transfer mecha- 
nism increases the expected lifetime utility of the less wealthy agent, while 
reducing it for his relatively wealthy counterpart. 


The impact of varying tax rates on agent 1’s wealth share is more complex, 
as can be seen from the top right panel of Figure 3.3. For low tax rates it 
is also a monotonically decreasing function in time, like the consumption 
share. In particular, when 7 = 0%, the time profiles for the consumption 
and wealth share are identical, i.e., at t = 0 they both start at the initial 
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wealth endowment al, = 10% and similarly decrease over time. In con- 
trast, when tax rates are high, agent 1’s wealth share first decreases over 
time before it recovers to rise even more aggressively. For growing 7, this 
pattern becomes more and more extreme. The reason for this effect is the 
increase in the present value of net transfers with increasing 7 in combi- 
nation with its depreciation over time. In particular, when the tax rate is 
high and the remaining time horizon is still large, agent 1’s present value 
of future net transfers is high as well. Being endowed with a higher level 
of total wealth, agent 1 finances higher current consumption levels by bor- 
rowing against future transfers and running down current wealth levels. 
When the remaining time horizon shortens, however, the present value of 
future net transfer payments declines and agent 1, in order to achieve his 
desired future consumption levels, needs to save and build up wealth. In 
sum, the impact of redistributive taxation on wealth inequality is ambigu- 
ous, because it dependents on the remaining investment horizon. Com- 
pared to the no-tax case, inequality increases in early time steps, while it 


decreases in later periods with the tax rate. 


The bottom left panel of Figure 3.3 illustrates the impact of varying tax rates 
on agent 1’s equilibrium stock investment over time. Similar to the wealth 
share, in the presence of taxation, equity holdings first decline, reach a 
minimum, and increase afterwards. Again, this pattern is caused by the 
impact of the tax rate and the remaining length of the model horizon on the 
present value of net transfers. Beyond that, the redistribution mechanism 
also transfers stock market risk from the relatively wealthy agent 2 to agent 
1. For growing tax rates, net transfers to agent 1 increase, as shown in the 
bottom right panel of Figure 3.3. In this vein, the amount of risk that is 
reallocated to agent 1 rises and drives him out of the stock market. Put 
differently, the stock investment of the less wealthy agent declines with 


increasing tax rates. 
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Figure 3.3 — This figure shows the impact of varying levels of the tax rate r on the equi- 
librium profiles for agent 1’s consumption share (top left panel), his wealth share (top 
right panel), his equity share (bottom left panel), as well as his net transfer income in 
percent of aggregate production for the pure boom scenario (bottom right panel) over 


time under the baseline parameter setting featuring heterogeneous subjective time dis- 
count factors. 


3.3.4 Impact of Heterogeneous Patience 


The subjective time discount factor determines which agent is the more or 
less patient individual populating the economy and, as shown in Section 
3.2.1.2, who will face a decreasing or increasing sequence of consumption 
shares over his lifespan. In order to illustrate its quantitative impact on 
the equilibrium life-cycle profiles, Figure 3.4 depicts the impact of varying 
subjective time discount factors of the less wealthy agent 1 in the baseline 
parameter setting. To be precise, Figure 3.4 plots the evolution of agent 
1’s consumption share (top left panel), his share in aggregate wealth (top 
right panel), his equity share (bottom left panel), as well as his net transfer 


income in percent of aggregate production for the pure boom scenario 
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Figure 3.4 — This figure shows the impact of varying levels of agent 1’s subjective time 
discount factor ô+ on the equilibrium profiles for his consumption share (top left panel), 
his wealth share (top right panel), his equity share (bottom left panel), as well as his net 


transfer income in percent of aggregate production for the pure boom scenario (bottom 
right panel) over time. 


(bottom right panel) over time for different subjective time discount factors 
of agent 1, varying between ô! = 0.90 and 5! = 0.98. Since in the baseline 
parameter setting ö? = 0.96, this scenario comprises all three possible 
cases: as long as ô! < 0.96, and in line with the empirical evidence, the 
less wealthy agent 1 is also less patient (see Samwick (1998), Lawrance 
(1991) and Booij and van Praag (2009)); for 6‘ = 0.96, both agents are 
identical with respect to their preferences and only differ in their initial 


endowment; finally, when ô! > 0.96, the less wealthy agent 1 is relatively 
patient. 


The top left panel of Figure 3.4 illustrates the impact of varying patience 
on consumption. Reflecting patience, agent 1’s share in aggregate con- 


sumption at the beginning of his lifespan is decreasing in his subjective 
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time discount factor, while it is increasing in ô! at later stages. Moreover, 
and in line with the analytical results, being relatively impatient (patient) 
means that his sequence of consumption shares decreases (increases) over 
time. Being equally patient, consumption shares are constant throughout. 


These results translate into agent 1’s wealth share, as shown in the top 
right panel of Figure 3.4. Since his early consumption decreases in the 
subjective time discount factor ö!, savings at the beginning of his lifespan 
increase. A direct consequence is that, when the less wealthy agent 1 be- 
comes more patient, his fraction in aggregate wealth increases for all time 
steps t > 0. In return, the design of the redistributive taxation system im- 
plies that in this case net transfer payments to him decrease, as illustrated 
in the bottom right panel of Figure 3.4. Moreover, since this reduces the 
amount of stock market risk that is transferred to the less wealthy agent, 
his equilibrium equity holdings climb. This is visualized in the bottom left 
panel of Figure 3.4. 


Qualitatively, these results are in accordance with the findings in Fischer 
and Jensen (2015) for the case of heterogeneous coefficients of relative 
risk aversion. In particular, they show that, when the less (more) wealthy 
agent becomes relatively less (more) risk averse, his level of net transfer 
income decreases (increases), while his equity and wealth shares increase 
(decrease) throughout. This is just in line with the effects of increasing 
(decreasing) time preferences observed above. 
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3.4 Conclusion 


In this chapter, the simultaneous impact of redistributive taxation and 
household heterogeneity is analyzed using a dynamic general equilibrium 
asset pricing model. The framework features an exchange economy with 
classical demographic structure populated by two agents heterogeneous 
with respect to their time preferences and initial financial endowment. 
The model solution is based on the assumption of complete financial mar- 
kets, where the developed solution method provides tractable analytical 
results for the equilibrium processes - like, for example, optimal consump- 


tion, investment, and asset prices. 


In the presence of heterogeneous patience, the share in aggregate con- 
sumption becomes a deterministic and strictly monotonically decreasing 
function in time for the individual that is relatively less patient. This car- 
ries over to the SDF and risk-free return that become time-dependent, too. 
In the long run, however, the relatively more patient individual remains 
the only economically relevant agent. 


In line with the findings in Fischer and Jensen (2015), the design of the 
redistributive tax system implies that transfers are pro-cyclical and, hence, 
carry additional market risk. Trying to compensate the resulting unequal 
distribution of risk across agents, the poorer individual (net recipient of 
transfers) reduces his stock investments and increases his bond holdings. 
Considering heterogeneous time preferences (as observed empirically) in- 
duces even further consumption and wealth inequality. As a result, trans- 
fer payments increase and, thereby, aggravate the low stock market par- 
ticipation rate for the poor individual. Heterogeneity in time preferences, 
therefore, might be an important factor in understanding low participation 
rates and crucial when studying the equilibrium impact of policy instru- 
ments, like in Gomes et al. (2013). The impact of redistributive taxation 
on wealth inequality is ambiguous. Still, it reduces consumption dispar- 
ity and redistributes welfare from high to low income households in the 
present setting. 
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The meaning of heterogeneous time preferences on an individual level is 
as follows: as the less (more) wealthy agent becomes relatively less (more) 
patient, his level of net transfer income increases (decreases), while his eq- 
uity and wealth shares decline (grow). This is neatly in line with the effects 
of increasing (decreasing) coefficients of risk aversion, as documented in 
Fischer and Jensen (2015). While the general effects of both sources of 
preference heterogeneity are comparable, a simple and tractable analytical 
solution is not available under heterogeneous risk aversion. This moti- 
vates the focus on heterogeneous subjective time preferences in the con- 
text of a tax-based reallocation mechanism. 


The model presented in this chapter is intentionally simple with respect to 
a variety of aspects. To increase realism it can be enriched in various ways. 
For example, agents are not constrained with respect to their financial mar- 
ket activities within the present setting. This results in unrealistically large 
fractions of negative stock holdings for the poor and impatient household, 
that borrows against future transfers - which serves not or at the most only 
as a very limited collateralization within real-life economies. Therefore, 
one way of extending the model would be to consider borrowing or short- 
sales constraints. Beyond that, the present framework abstracts generally 
from human capital as source of income. Introducing unspanned labor in- 
come would, hence, be another way of expanding the model. Nevertheless, 
both approaches would foil the tractability of the solution method. 


Finally, with respect to the required dimensions identified in Chapter 2, 
the present chapter disregards the dimensions endogenous production and 
partly life-cycle characteristics (especially OLG). This weakening will be ad- 
dressed in the following chapter. 


Redistributive Taxation in a 
Production Economy with 


Overlapping Generations 


The previous chapter provided first insights with regard to the equilibrium 
impact of a tax-based reallocation mechanism and agent heterogeneity on 
households’ consumption and investment behavior as well as on asset 
prices. Moreover, the concentration on differences in time preferences as 
source of preference heterogeneity was further motivated. By assuming 
an exchange economy with classical demographic structure populated by 
agents heterogeneous in their time preferences and initial financial endow- 
ment, a dynamic general equilibrium asset pricing model was developed 
that captured the dimensions of redistributive taxation, endogenous individ- 
ual behavior, agent heterogeneity and asset pricing. In such a setting, pro- 
duction output is exogenous and consistent with aggregate consumption. 
Consequently, economic development is unaffected by households’ con- 


sumption and investment decisions and the reallocation mechanism only 
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alters the distribution of a fixed amount of resources across agents. Fur- 
thermore, in order to capture the finiteness of individuals’ lifetime, the de- 
mographic structure requires the economy to face an unrealistically short 


time horizon. 


As motivated in Chapter 2, in order to study the general equilibrium im- 
pact of redistributive taxation within a realistic setting, two additional di- 
mensions ought to be considered: endogenous production and life-cycle char- 
acteristics (especially OLG). Therefore, the present chapter builds upon the 
dynamic general equilibrium asset pricing model of the previous chapter 
but adds the two missing dimensions. Considering an explicit produc- 
tion side, agents’ individual investment and consumption behavior will 
become decisive in determining aggregate production output. A redistri- 
bution mechanism that influences agents’ decisions will then have real 
effects on economic development. Assuming overlapping generations ex- 
plicitly takes into account the finiteness of human life and the individual 
behavior over the life cycle, while allowing for a long-lived nature of the 
economy. On the one hand, this again influences production output itself. 
On the other hand, redistribution between different groups within a gen- 
eration (intra-generational) might be considered as well as a reallocation 
of resources across generations (inter-generational). These are features of 
redistribution systems that can be observed throughout many countries in 
the world. 


The general model specification is as follows: time evolves in discrete steps 
and the economic model horizon is infinite. The population is composed 
of finitely lived overlapping generations, where in each time step a new 
cohort enters, while an old cohort leaves the economy. In this vein, at any 
point in time individuals of different age coexist simultaneously. Every co- 
hort is composed of different types of agents that are heterogeneous with 
respect to their stream of permanent life-cycle labor income and time pref- 
erences. Furthermore, and in accordance with the empirically observed 


evidence (see Section 2.1.3), patience levels may also alter with individ- 
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uals’ age. Beyond that, aggregate perishable and consumable output is 
endogenous to the model. It is produced by a constant returns to scale 
Cobb-Douglas technology that employs capital, labor and technology. For 
simplicity, the firm hires labor at a fixed wage rate, as in Abel (1983) and 
Nakamura (1999), which implies a production technology linear in capi- 
tal.® Accordingly, agents do not face a labor-leisure decision but supply 
labor at the exogenously given constant wage rate. Finally, the taxation 
and redistribution mechanism applied in the previous section is extended 
to account for taxation on both income types labor and capital. 


The contribution of this chapter is fourfold: First, it presents the first study 
to investigate the simultaneous impact of heterogeneous age-dependent 
time preferences and redistributive taxation on individuals’ life-cycle con- 
sumption and investment behavior, macroeconomic development and as- 
set prices within a dynamic general equilibrium model. Second, and again 
in contrast to large parts of the related literature, it establishes a tractable 
framework and innovative solution method in the context of asset pricing 
with heterogeneous agents, overlapping generations and endogenous pro- 
duction, for which analytical and partly closed-form solutions are obtained 
- like, for example, the aggregate endogenous saving rate. Third, the com- 
bination of overlapping generations and age-dependent time preferences 
allows to reproduce and, thereby, helps to explain the empirically well- 
established hump-shaped pattern of consumption (see, for instance, Gour- 
inchas and Parker (2002) and Fernandez-Villaverde and Krueger (2007)) in 
the absence of any borrowing or short-sales constraint. Fourth, this chap- 
ter derives individual and aggregate welfare measures that allow to distin- 
guish between the short- and long-run effects of redistributive taxation on 
well-being. 


The derivation of a simple stationary equilibrium solution is facilitated by 
the restriction on iid. aggregate production risk. The solution method in 


6°In the redistribution context, such linear production functions have already been used 
by, for example, Ball and Mankiw (2007) or Fischer and Jensen (2014). 
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this chapter builds on a “guess and verify” approach, like, for instance, in 
Athanasoulis and Shiller (2001), Viceira (2001), Athanasoulis (2005, 2006) 
and Gärleanu and Panageas (2015). It starts out by conjecturing the form 
of the agents’ optimal consumption policy and subsequently derives the 
analytical equilibrium solutions based on this guess. Finally, given the en- 
tire equilibrium solution, the conjecture can be verified by showing that it 
is consistent with general equilibrium. In particular, the share of individ- 
ual consumption in aggregate production turns out to be age-dependent, 
but state- and time-independent, in the present setting. As in the previous 
chapter, this is decisive with respect to the model solution, since the ana- 
lytical results will partly depend on the individuals’ consumption shares, 
which are to be determined endogenously within the model. To be more 
precise, parts of the model solution are found in closed from. Interest- 
ingly, these are individual consumption growth, the stochastic discount 
factor as well as the risk-free return. Due to the overlapping generations 
structure and heterogeneous preferences, the solution to aggregate produc- 
tion, consumption and investment as well as to the individual policy func- 
tions will depend on the distribution of consumption among agents. For 
them, closed-form solutions are not available. Given age-dependent but 
deterministic consumption shares, however, implies that agents strive for 
a linear sharing rule and align their marginal rates of substitution in equi- 
librium. In this vein, all analytical results can again be found dependent 
on only one endogenous parameter. In the present setting, this parameter 
is defined by the ratio of consecutive consumption shares of an agent of 
one specific type and age. In order to solve for equilibrium, the analytical 
solutions to the individual policies and asset prices in combination with 
the clearing conditions can be used to derive a nonlinear deterministic 
equation in this parameter. It constitutes a single equilibrium condition 
that can be solved for using numerical methods. 


The chapter is structured as follows: Section 4.1 introduces the detailed 
model specification defining the population structure, the economic setup, 
the redistributive tax system, the individuals’ optimization problem and 
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the conditions for market clearing. Section 4.2 starts by discussing the 
solution method and, thereafter, presents the general equilibrium model 
solution along with the analytical results. It closes by deriving individual 
as well as aggregate welfare measures and discussing the impact of govern- 
ment debt in the present setting. In Section 4.3, the quantitative implica- 
tions of redistributive taxation and agent heterogeneity on macroeconomic 
and individual behavior as well as its welfare effects are illustrated. Finally, 


Section 4.4 concludes the present chapter. 


4.1 The Model 


The present section presents the stylized model setup. The dynamic gen- 
eral equilibrium asset pricing model builds upon the specifications of the 
previous chapter but adds the two missing dimensions: endogenous pro- 
duction and life-cycle characteristics (especially OLG). The section starts by 
elaborating the overlapping generations population structure and presents 
the economic setup afterwards. Subsequently, the redistributive tax sys- 
tem and the individuals’ optimization problem is described. The section 
closes by formally defining market equilibrium. 


4.1.1 Population 


As in the classical overlapping generations model of Samuelson (1958) and 
Diamond (1965) outlined in Section 2.2.3, time is discrete, starts at date 1, 
lasts forever, and is denoted by t = 1,2,.... Each period, a new cohort 
of individuals enters the economy (newborns) and an old generation dies. 
The period a generation is born is denoted by i = 0,1,.... Hence, every 
generation can be uniquely identified by its age t — i. Furthermore, a sin- 
gle cohort comprises M different types of agents indexed by m = 1,..., M 
that may be heterogeneous with respect to their income and/or time pref- 
erences. For simplicity, all groups of agents have the same population size. 
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In sum, there is an infinity of agents that can be distinguished by their type 
and their period of birth (or age, equivalently). 


For clarity the following notational convention shall apply. Lowercase let- 
ters denote per capita and capital letters aggregate variables. The current 
period t is denoted by a subscript, whereas the period an agent is born i 
and its type m are denoted by superscripts. Then, for example, the date t 
consumption of an agent of type m born in period i < t follows by c$”. 
In the case of independence of the realized state at time t the individual’s 
age is used in notation and current and birth periods are dropped. The 
individual’s age t — i is denoted by a subscript. The consumption share of 


an agent of type m aged t — i, for example, is denoted by g}” ,. 


Life expectancy is certain and all individuals live for N + 1 periods. Fur- 
thermore, the number of agent types per generation is fixed. This implies 
a constant population with a total of (N + 1)M agents that coexist in ev- 
ery time step. With regards to the individual's life cycle, every agent lives 
through two stages in life and receives earnings according to°! 


aia reeks (4.1) 


where f/”, is a function capturing the individuals earnings profile over the 
life cycle and H; is the amount of aggregate earnings payed to the entire 
population alive in period t. For the first O periods of their existence, i.e., 
for t — i < O, agents are workers and entitled to receive a proportion of 
aggregate earnings in terms of labor income. As agents do not face a labor- 
leisure decision during working life and supply labor at a fixed wage rate, 
their earnings profile is exogenously determined. Moreover, assuming the 
absence of idiosyncratic income risk, f/” ; is a deterministic function of age 
only. In accordance with the empirically documented observations in, for 
instance, Hubbard et al. (1994), Gourinchas and Parker (2002) or Cocco 


61Note that, unless otherwise stated, the term “earnings” refers to non-capital (labor and 
retirement) income in the following. 
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et al. (2005), this profile can be chosen to replicate the well-known hump- 
shaped income pattern individuals face through out their working years. 


Retirement is exogenous and deterministic. In particular, all individuals 
retire at age O + 1. Earnings during retirement are also captured by Equa- 
tion (4.1), for O < t— i < N. In this second stage of life the proportion 
fim, in aggregate earnings H+, however, is constant and the level of in- 
come lower in order to match the empirically observed replacement ratio 


(see, for example, Cocco et al. (2005) and Gomes et al. (2013)).° 


Finally, and as outlined in Section 2.1.3, individual heterogeneity is an 
important property of real-life economies, especially in the context of re- 
distributive taxation. The life-cycle structure of the present setting allows 
to capture two dimensions of agent heterogeneity: inter-generational and 
intra-generational heterogeneity. The former arises, since each cohort is 
situated in a distinct phase of its life-cycle. This, first of all, introduces a 
natural age-dependent source of heterogeneity, as agents of various age 
face different remaining lifetimes. Moreover, exogenously specified age- 
related characteristics may introduce additional inter-generational differ- 
ences. In the present case, first, the agents’ stream of earnings may vary 
over their life-cycle, as outlined above. This contributes to a heterogeneous 
distribution of resources across generations. Second, and in line with the 
empirical evidence documented in Section 2.1.3, individuals’ attitude con- 
cerning the intertemporal allocation of consumption possibilities may al- 
ter with age. This introduces heterogeneity in preferences across genera- 


tions. 


Beyond that, and in line with the previous chapter, intra-generational dif- 
ferences are captured by considering different agent types. Sine the dis- 
tribution of income across agents within an economy is far from equal, 
as outlined in Section 2.1.1, heterogeneity within a cohort is, first of all, 
captured by assuming differences in the income levels across agent types. 


62 Although not modeled explicitly, the fact that individuals receive retirement income may 
be justified by a pay-as-you-go pension system. 
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Equation (4.1) expresses this formally by allowing for different levels ofthe 
earnings profile f}*,, for different agent types m. Second, and closely con- 
nected, is the fact that individuals’ time preferences may also alter across 
income levels. This implies heterogeneity in preferences across agents. 
Like in the previous chapter, heterogeneity in patience is formally captured 
by modeling differences in the agents’ subjective time discount factors. 


4.1.2 Economic Setup 


The life-cycle framework described in the previous section is embedded in 
a one-sector closed economy. There is one neoclassical production tech- 
nology that employs capital, labor and technology to produce one type of 
perishable consumption-investment good. This output can either be con- 
sumed or reinvested. Households own the entire capital of the economy. 
For simplicity, there are no capital adjustment costs and capital immedi- 
ately depreciates, i.e., it only lasts one period. Hence, the capital stock 
available at any period equals aggregate investments made in the previous 
period. This can be interpreted as agents renting their capital to firms. 


There is no government debt or consumption. 


4.1.2.1 Production Technology 


There is one representative firm that employs capital, labor and technology 
to produce output using a constant returns-to-scale Cobb-Douglas produc- 


tion technology: 
Yı = (AK)? LF”, (4.2) 


where Y; is aggregate production output at date t measured in consump- 


63 


tion units.” K, is the stock of capital and L, is aggregate labor input 


63The Cobb-Douglas function fulfills all the properties of a neoclassical production func- 
tion presented in Section 2.2.1.3. 
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used in production at date t. Technology is capital-augmenting with ex- 
ogenously given innovations, i.e., A; is a positive random scaling factor 
reflecting the technical knowledge of the economy. For tractability, A; is 
chosen to be ani.i.d. multinomial random variable with a finite number of 
possible realizations denoted by A,, where z = 1,..., Z. Each realization 
occurs with equal probability 1/Z. Further, 0 and 1 — 0 present the out- 
put elasticity of capital and labor, respectively. They add up to one in line 
with the assumption of constant returns-to-scale made above. The range 
is limited to 0 < 6 < 1.% 


Without capital adjustment costs and assuming full capital depreciation, 
the stock of capital K, available at period t equals aggregate investments 
I,_ı made in the previous period. Formally, the evolution of capital is, 
therefore, simply given by 


Kı = lı. (4.3) 


This identity will subsequently be applied. It is clearly a major simplifi- 
cation compared to the capital process implied by complex capital adjust- 
ment technologies with partial depreciation. The specification of (4.3), 
however, has considerable analytical advantages and is therefore also used 
in, for instance, Pestieau (1974) and Fischer and Jensen (2014, 2017). 


4.1.2.2 Economic Output 


Economic output is produced according to the technology described in 
(4.2) and lasts one period. The economy is closed and there is no govern- 


64 Binomial or multinomial processes are widely used within the discrete-time asset pricing 
literature (see, for example, Mehra and Prescott (1985), Rietz (1988), He (1991), Dumas and 
Lyasoff (2012), and Chabakauri (2015)). 


65Jermann (1998) and Croce (2014), for example, use capital accumulation with convex 
adjustment costs. This replicates the fact that quick changes in the capital stock are more 
costly compared to slow changes. As a consequence the price of new capital becomes time- 
varying and goes up when aggregate investment shall be increased. Considering complex 
adjustment costs, however, is beyond the scope of the model presented here. 
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ment debt or consumption. Hence, all units of the consumption-invest- 
ment good available in period t are either consumed or reinvested into the 
production process. Put differently, in equilibrium time t production is 
simply the sum of aggregate consumption C; and aggregate investment 
Ir: 


Yı =C + L. (4.4) 


Further, let 0 < X; < 1 be the fraction of aggregate output that is rein- 
vested and 1 — X, be the fraction that is consumed at date t. Then, Equa- 


tion (4.4) implies that aggregate consumption and investment are given 


by 


C, =(1- XƏ) Y,, (4.5) 
I; =XiY;, (4.6) 


respectively. In line with the discussion in Section 2.2.1.3, the fraction 
X, is also denoted the aggregate saving rate of private households. It is 
endogenous to the model and determined in equilibrium. 


4.1.2.3 Firms' Optimization 


As outlined in Section 2.2.1.3, the assumption of constant returns to scale 
implies that it is sufficient to consider a single representative firm that com- 
bines capital, labor and technology to generate aggregate output according 
to the neoclassical production technology (4.2). In the present setting, it 
is convenient to define the firm’s optimization problem as the maximiza- 
tion of operating profits net of labor costs only. Hence, in every period 
the firm’s only choice is the amount of labor to hire. The capital invest- 
ment decision follows from the households’ equilibrium behavior. The 
sequence is: the firm produces output, pays out wages to its employees 
and distributes the remaining production to the investors (shareholders) 
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in proportion to their ownership of production means. When determin- 
ing the labor demand in period t the realization of the random factor A; 
is known. Hence, in every period the firm’s manager simply chooses the 
amount of labor L; to be employed in order to maximize profits D; accord- 


ing to 
maxD: = Y; — wlr, (4.7) 


where w is the exogenous and constant wage rate households and firms are 
assumed to agree upon in equilibrium (see Abel (1983), Nakamura (1999) 
and Nakamura (2002)).°” Without loss of generality it is normalized to one, 


ie,w =l. 


Put differently, Equation (4.7) states the classical relationship that profits 
are given by revenues (output) minus costs (labor). Substituting Equation 
(4.2) into the maximization problem (4.7) and optimizing with respect to 
L, the following first order condition is derived: 


OD, 


z (1—0) (4K)? I7? -1 +0, (4.8) 


where the normalization w = 1 has been applied as well. The firms’ aggre- 
gate demand for labor is derived by multiplying Equation (4.8) with L, on 
both sides and using Equation (4.2) again: 


Li = (1 — 0) Y;. (4.9) 


66Note that, since there is no labor-leisure decision to be made by the households in the 
present setting, they solely care about the maximization of investment returns through the 
actions taken by the firm’s manager. Beyond that, households possess full transparency about 
the actions taken by the manager. In this vein, by maximizing profits, the firm’s manager 
acts in the households’ best interests, where this conduct can be verified by them without 
any costs. Despite the fact that there is an apparent agency relationship, there is no agency 
problem in the present model setting (see Eisenhardt (1989)). 


67 As explained in Section 2.2.1.3, the identity of revenues and aggregate output implies that 
the price for the consumption good is normalized to one. This is without loss of generality, 
since the consumption good serves as numeraire in the economy. 
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As indicated above, agents do not face a labor-leisure decision. Hence, it 
is assumed that the demand (4.9) is met by the agents’ aggregate labor 
supply in every period. As a result of the normalization of the wage rate, 
Equation (4.9) also represents the absolute factor income of labor in the 


economy. That is, aggregate earnings at date t are given by 
wL; =H; = (1 — 0) Y;. (4.10) 


Finally, substituting expression (4.10) in the definition of firm profits (4.7) 
yields the absolute factor income of capital in the economy 


D, =6Y,, (4.11) 


which is distributed to the shareholders. According to Equations (4.10) 
and (4.11), factor shares are constant. Beyond that, these equations illus- 
trate the classical result that, in competitive input markets with constant 
returns-to-scale technology, the factor income shares equal the contribu- 


tion of each input factor to production output. 


Furthermore, Equations (4.10) and (4.11) indicate that earnings and capital 
income move together. This property finds some support in the empirical 
literature, since Campbell (1996) finds a high correlation between human 
capital and market returns, Baxter and Jermann (1997) report a high corre- 
lation between labor and capital returns exceeding 92%, and Benzoni et al. 
(2007) find evidence for a cointegration of aggregate labor income and div- 
idends on the market portfolio. Finally, despite the fact that there is no 
human capital security explicitly traded on financial markets, the perfect 
correlation between earnings and capital income in the present setting im- 
plies that earnings will be tradable through the real investment possibility 


(i.e., the stock). 
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4.1.2.4 Linear Technology and Asset Markets 


In order to close the description of the economy, it remains to specify the 
traded securities and to establish why the production technology is consid- 
ered to be linear. The latter can be shown by substituting aggregate labor 
demand (4.9) in the Cobb-Douglas production function (4.2) and solving 
for output Y;: 


Y=ASıK,, (4.12) 
where ©; = (1 — gy. The expression of production in Equation (4.12) 
depends on the input of capital only, while the exponent on it drops. Hence, 
the assumptions on the economy made before lead to a production func- 
tion that is linear in current capital input. Alternatively, using identity (4.3) 
in (4.12) implies an output technology linear in aggregate investment I;_ı, 
as in Ball and Mankiw (2007) and Fischer and Jensen (2014, 2017).°° 


The economy provides two types of non-redundant assets that are traded 
in a financial market. First, agents can invest into the production process 
(4.2) by trading the firms’ equity represented by a single stock. In particular, 
this investment opportunity represents a claim to the firms’ capital payout 
(4.11) in proportion to the share of equity holdings. The gross return on 
equity investment before tax from period t to t + 1 follows from above by 
ae Yra = HA, zıSılı 
ý I; I; 
951 Ars, (4.13) 


where the last expression in the first line follows by substituting Equation 
(4.12) in combination with identity (4.3). Since it depends on the realiza- 
tion of the random productivity shock A, at date t + 1, which is un- 


known at the time of investment t, the equity (or stock) investment is risky. 


68Tn this respect, the present model framework deviates from the neoclassical paradigm 
of diminishing marginal productivity presented in Section 2.2.1.3. 
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Furthermore, due to the linearity property ofthe production technology ag- 
gregate investment is canceled out in Equation (4.13) and the risky return 
is ultimately only dependent on exogenous quantities. 


Second, agents can trade a risk-free one-period bond. The payout ofsuch a 
security is supposed to be certain, as itis known by the agents one period in 
advance. The gross return on the risk-free asset before tax between time t 
and t+1is denoted by R;+. The subscript displays the period at which the 
return is known to the individuals, not at which it is realized.” In contrast 
to the risky investment, there is no technology that generates the risk-free 
payout and, hence, the net supply is assumed to be zero. Thus, trading 
in the risk-free bond requires a market equilibrium that brings about a 
risk-free rate at which agents are willing to take complementary positions 
in such an asset. Unlike the risky return (4.13), the risk-free return Ry; 
cannot be specified directly, but will be determined endogenously in equi- 
librium. Altogether, investing into the production process (4.2) provides 
the only way to save for future consumption on a macroeconomic level. 


Finally, assets can be traded without transaction costs, do not admit ar- 
bitrage and agents do not face any borrowing or short-sales constraints. 
Since in every time step the number of possible subsequent economic 
states is larger than the number of traded non-redundant assets, the fi- 


nancial market is incomplete (see, for example, Munk (2013, pp. 91-92)). 


4.1.3 Tax System and Redistribution Mechanism 


The assumptions regarding the redistributive tax system are based on the 
specifications in Fischer and Jensen (2015), which have been presented 
in Section 3.1.2. Contrary to the model described in the previous chapter, 


however, agents now receive non-capital income, i.e., labor and retirement 


This is consistent with the notation used for the return on equity investment in (4.13). In 
the case of the risky security, however, the point in time at which the return becomes known 
coincides with the point in time it is realized. 
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earnings, over their life-cycle. The taxation and redistribution mechanism 
is, therefore, extended to accommodate these factors. As in the previous 
chapter, the government still pursues the objective to reduce the disparity 
in consumption opportunities across agents. In order to achieve its objec- 
tive, government reduces the disparity in net income, but is confronted 
with friction costs. The relevant income of individuals now consists of net 
capital income, i.e., gains from equity and bond investments, as well as 
non-financial earnings. Aggregate net capital income in the economy is 
given by D; — Iı_ı, whereas H, denotes aggregate earnings. The associ- 
ated frictions are assumed to differ, in order to account for different capital 
and labor (or earnings) tax rates.’° 


Due to the overlapping generations framework an additional assumption 
has to be made concerning the composition of wealth newborn agents 
are endowed with. For the sake of a simple and stationary model solu- 
tion, individuals’ initial endowment is assumed to consist solely of cur- 
rent (after-tax) labor income, like, for instance, in Cocco et al. (2005) and 
Fischer et al. (2013). As an immediate consequence, newborns do not re- 
ceive transfer payments - a fact that must be considered in the design of 
the government's objective. 


Then, denote by ki” the net capital income and by hi?” the non-capital 
income at date t of an agent of type m born in period i before redistri- 
bution. Presuming quadratic objective functions again, the government's 
optimization problem at time t is given by: 


M t i 2 
min F 5 5 { (ie he (Di — h-1)) + 


UT Han meim lit N 


Eee A 2 sE 2 os = 2 
Ke (Cag = ky") i Ci z dy-iH) Eii (a? Z m) \ . (4.14) 


70 For the sake of clarity, in the following the term “labor” is used in the context of the 
taxation of non-financial income, covering both labor and retirement income. 
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subject to 
M t _ 
>, >, k” =D- Ii, and (4.15) 
m=li=t-N 
M t _ 
5 ho” =H,, (4.16) 
m=li=t—N 

where 


+ . . 
ae if0<t-i<N, 
TEE N io (4.17) 


0 else, 


and ki” and hi’ denote the net capital income and the non-capital in- 
come after redistribution, respectively. The parameters xke > 0 and k; > 0 
measure the strength of the frictions in conjunction with capital and non- 
capital redistribution, respectively. The solution to the government's opti- 
mization is given by the following linear feedback rules:”! 


1 
Kem f 
l+ke ! "TE Ke 


= 1 
hem = nem 
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Lim _ 
ke = 


Dh), (4.18) 


ME 


dii Hr. (4.19) 
Kl 


The redistribution system implied by Equations (4.18) and (4.19) can be 


realized by imposing a flat tax of Te = a on net capital income together 
1 


Ta On labor and retirement income, while redis- 


tributing aggregate tax revenues, according to (4.17), equally among indi- 


with a flat tax of q = 


viduals ofage 0 < t—i < N. Assuming an equal allocation of tax proceeds 
ensures that the order of agents according to their pre-tax income level is 
unchanged by the redistributive tax system. Again, this also implies that 
agents that earn an income below (above) the average become net recipi- 
ents (contributors) of transfers. As in Section 3.1.2, the absence of friction 


71The analytical derivation of the feedback rules is shown in Appendix B.2.2. 
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costs, i.e., Ke, kı = 0, corresponds to tax rates of 100%. Contrary, in the 
case of friction costs that tend to infinity, i.e., Ke, kı — 00, the tax rates 


become zero. 


Aggregate current tax revenues are immediately redistributed to the agents 
populating the economy and, hence, equal aggregate current transfer pay- 
ments. This ensures that each period the tax system is balanced. Since the 
risk-free security is in zero net supply, disposable tax revenues depend on 
gains in equity investment and earnings only.’? Altogether, this implies 


that government collects an aggregate amount of 
St =Te (Dt = Isı) + 11H; (4.20) 


in disposable tax revenues at time t. From Equation (4.20) in conjunction 
with (4.17), the date t transfer payment received by an agent born in period 
i follows by st = d,_;S,, which is independent of his earnings history and 
his type.” 


Finally, redistribution according to (4.18) and (4.19) apparently affects the 
distribution of current income levels. As in the previous chapter, this will 
change the individual consumption and investment behavior. In addition, 
however, aggregate production and consumption are determined endoge- 
nously from the agents’ equilibrium behavior in the present setting. In 
this vein, redistributive taxation will also have a real impact on economic 


development. 


72When considering “gross” tax revenues, government also collects a positive amount of 
revenues by taxing bond market gains. The taxation scheme presented here, however, implies 
immediate tax credits of equal size granted to individuals that hold short positions in the risk- 
free security. As trading in the bond requires agents that take offsetting positions in that asset, 
there are no disposable revenues from bond market activities in the aggregate. 


73 Since the individual transfer payment is independent of the agent type, the superscript 
m is dropped. 
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4.1.4 The Agents' Optimization Problem 


In line with neoclassical theory, all agents are expected utility maximizers 
with time-additive preferences over a single consumption good, where they 
form rational expectations about the future uncertain development of the 
economy based on a full set of information equally available to all of them. 
Formally, there is an increasing sequence of information sets (a filtration) 
{F : t =1,2,...} underlying the economy and available to all of them in 
period t. It contains all information regarding the past and current values 
of the random productivity shock A; up to time t as well as the consump- 
tion and investment histories of all individuals up to period t — 1. For 
the agents populating the economy this means that the realization of the 
stochastic component A, in the production technology becomes known to 
them at the beginning of period t. Furthermore, since individuals have 
access to F;, they know about the whole history of realizations up to date t. 
Based on this information set, agents form their (conditional) expectations 


and make their economic decisions. 


4.1.4.1 Heterogeneous Patience and Expected Lifetime Utility 


Since agents are heterogeneous with regard to a number of characteristics, 
their optimization problem differs across them. Heterogeneity between 
agents, first, stems from the simple fact that each cohort is in a different 
phase of its life-cycle. Individuals of different age differ in their history and 
their remaining lifespan, which, in itself, influences consumption and in- 
vestment behavior. Second, agents are heterogeneous with regards to their 
income level, as outlined in Section 4.1.1. Third, individuals are assumed 
to differ in their attitude concerning the intertemporal allocation of con- 
sumption possibilities, more precisely, their patience. 


In order to formally model heterogeneity in time preferences, agents are as- 
sumed to hold different subjective time discount factors denoted by 6” ; > 
0, as outlined in the previous chapter. The subscript t — i indicates that 
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patience may vary with age, whereas the superscript m implies that it may 
also differ across agent types. As before, when considering time additive 
utility, the subjective time discount factor weights the instantaneous util- 
ity from consumption at different points in time, i.e., the summands of 
lifetime utility. In the present context, ô; , describes the preferences of 
individuals regarding consumption between the age oft-iandt-i+1. 
Consequently, for decreasing values of ô; ; agents’ preferences for con- 
sumption at age t — i over consumption at age t — i + 1 increase. That is, 
individuals become less patient. In contrast, when 67”, becomes bigger, 
patience increases, since agents’ preferences for early over late consump- 
tion decrease. In the present model the subjective time discount factor is 


exogenously determined.”* 


Then, assuming that all agents have standard, time separable, instanta- 
neous utility functions u(c}’"") over consumption ct”, the expected present 
discounted utility, or lifetime utility, Uj” at date t of an agent of type m 


born in period i is given by 


i n—1 
U” = > iy II, ale (4.21) 
I=0 


where E; is the conditional expectation operator, forming expectations con- 


ditional on the agent’s time t information, i.e., F;. Equation (4.21) displays 
the impact of age on the individual’s expected lifetime utility through the 
changing number of summands. When agents get older, the number of 
summands decreases until their decisions will only depend on the current 


The assumption that the subjective time discount factor is exogenous implies that pa- 
tience is unaffected by changes in the income or wealth level due to the redistribution mecha- 
nism. Considering subjective time discount factors that endogenously depend on the agent’s 
income, consumption or wealth level, therefore, seems to be reasonable and would certainly 
enrich the model and its implications. However, this would further complicate the model 
and foil the analytical solution presented below. Moreover, one may also assume that trans- 
fer payments are valued differently by the agents than labor and retirement earnings, a fact 
that might justify the assumption of exogenous patience to some extent. Studies featuring 
endogenous subjective discount factors are, for instance, Mendoza (1991) and Jahan-Parvar 
et al. (2013). 
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instantaneous utility at age N. As long as N is finite, the agents’ lifetime 
will be finite, too. Since only consumption is assumed to generate utility, 
individuals are not endowed with a bequest motive.”> Moreover, certainty 
regarding the lifespan also rules out unanticipated heritage. 


4.1.4.2 Evolution of Wealth 


Having established the agent’s expected lifetime utility one further needs 
to address how the individual’s consumption decision is constrained by 
the resources available to him over his life cycle. In the present setting, 
the evolution of agent’s wealth (cash on hand) after accounting for taxes 
consists of four components. First, at date t an agent receives the payout 
from his equity investment made at period t — 1. Denote by a/’” the share 
of equity investments in the production process from time t to time t + 1 
of an agent of type m born in period i. Then the period t after-tax income 
from equity investment of this individual follows by 


(aa) Di + Teli1). (4.22) 


Second, agents receive income from their positions in the risk-free secu- 
rity. Let 6}’”" be the number of the risk-free bond held by an agent of type 
m born in period i from time t to t + 1, then the after-tax income from 


holdings in the risk-free security at date t is given by 
Bet Rf, (4.23) 
where 


Rye =(1— te) Rpt + Te (4.24) 


is the gross risk-free return after tax from time t — 1 to t. Together, Equa- 
tions (4.22) and (4.23) define the income from financial assets. Third, 


This is in line with Hurd (1989) who finds that the marginal utility of bequests is small. 


4.1 The Model 143 


agents receive labor and retirement earnings as defined in Equation (4.1). 
After accounting for taxes the period t earnings are given by 


(l— 7) he™ =(1—7) ff, Hh. (4.25) 


Fourth, agents receive transfer payments as defined above (see Section 
4.1.3) and restated below 


Be (4.26) 


Equation (4.25) in conjunction with (4.26) define the non-capital or per- 
manent income of an individual. Finally, bringing all income sources to- 
gether it follows that the evolution of wealth of an agent of type m born in 


period i < t is given by 


ve =a ((L— Te) De + Telı-ı) + Be Rp sat 
(=r) Ay” +8. 127) 


When agents enter the economy they do not own financial assets and their 
initial wealth consists solely of current (after-tax) labor income. That is, at 


time t 
ve” =(1—7) Ay (4.28) 


is the initial wealth of an agent of type m born in period i = t. In line with 
the previous chapter, Equation (4.27) can be rewritten to display the mode 
of operation of the redistributive tax system. Substituting (4.25), (4.26), 
(4.20) in conjunction with (4.17) and rearranging yields 


i,m i,m 1 m 
Ve =a, Dt + Te (vr M — 04” a) (Di — Ii—1) + fii Het 


1 nz 
(vw wa ) Hy + BR pe (4.29) 


144 4 Redistributive Taxation in a Production Economy with Overlapping Generations 


for the evolution of wealth of an agent of type m born in period i < t. 
The second term of Equation (4.29) represents the net transfers received 
from aggregate capital output. It shows that the tax rate r. is multiplied by 
(1/ (N - M) — a”), which implies that the effective tax rate on the risky 
security depends on the agent’s share in aggregate equity investments. 
Richer individuals that possess more equity wealth, i.e., larger a/’”,, re- 
ceive less of these net transfers and, consequently, are confronted with 
higher effective capital tax rates. The same holds true for net transfers 
received from labor or retirement earnings, the fourth term in expression 
(4.29). In that case the effective labor tax rate is affected by the agent’s share 
in aggregate earnings. The tax rate 7; is multiplied by (1/ (N - M) - fi) 


which means that individuals with higher earnings, i.e., larger fi; 


face a 
higher effective taxation of earnings and, as a result, receive less net trans- 
fers from earnings. Put differently, Equation (4.29) shows that effective 
tax rates are progressive, although the tax system implemented by the gov- 


ernment is based on flat tax rates. 


4.1.4.3 Maximization Problem 


At every point in time t the agents currently alive, i.e., 0 < t—i < N, have to 
make two decisions. The first is the consumption-savings decision, which 
comprises the decision of how much to consume of the available resources 
and how much to save. The decision variable is the agent’s current con- 
sumption ci”. The second is the portfolio choice, which represents the 
decision of how to allocate savings between the different securities avail- 
able. The associated decision variables are the equity share a}'” and the 


i,m 


number of the risk-free bond 6," to be held from time t to time t +1. 


Finally, it is assumed that agents have homogeneous instantaneous con- 
stant relative risk aversion (CRRA) preferences with common risk aversion 
parameter y > 0. This means, for any agent of type m born in period i, 


utility from consumption ci” in period t is given by 
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ern; 
G >0,y £1, 
u (ar) = 1-7 if oF Y # (4.30) 


In Cs ify=l. 


By putting together Equations (4.21)-(4.30), it follows from the above that 
the optimization problem at date t of an agent of type m born in period 
i < tis given by 


Max V; = 
i,m N-(t-i i,m gi,mı N-(t-i)-1 
a do ee a 


N-(t=i) nk 4,m \1- 
DE (Tero) | (4.31) 


n=0 1=0 TaN 
subject to 
paa abe, #2) 
ai en =0 3 


in combination with constraints (4.27) and (4.28). As explained above, 
Equation (4.31) is the agent’s indirect utility, which is the maximum ex- 
pected lifetime utility of current and future consumption (Munk (2013)). 
Equation (4.32) is the agent’s budget constraint and (4.33) is the agent’s 
terminal portfolio condition. It describes the fact that agents do not pos- 
sess any asset holdings at their horizon, i.e., in their last period before 
they leave the economy. On the one hand, this is a direct consequence of 
the assumption that individuals do not have a bequest motive. Investing 
and leaving wealth for successors does not provide them with any utility. 
Therefore, leaving wealth would not be a utility maximizing behavior. On 
the other hand, condition (4.33) also constrains agents from leaving debts 
when they die. Without such a condition, agents would run infinitely into 
debts as they only care about maximizing their own consumption while 
being alive. As a result, at age N agents are constrained to consume all 


: . : im _, m 
their remaining wealth, i.e., chy ti = UN GE 
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4.1.5 Market Equilibrium 


Before turning to the characterization of equilibrium, the concept of hu- 
man and transfer capital has to be introduced first. As in the previous 
chapter, in the presence of a stream of permanent income, the expected 
remaining lifetime consumption (hereinafter referred to as total wealth) 
ofan agent will include the present value of his expected future payments 
received from this source of income. In the given model, such an income 
is given by the streams of earnings h}'”" and transfer payments s} to the in- 
dividuals. According to that, human capital peT is defined as the present 
value (or price) ofexpected future earnings (labor and retirement), whereas 
transfer capital pt , is defined as the present value (or price) of expected fu- 
ture transfers.” Both human and transfer capital are determined endoge- 
nously and their respective values influence the decisions of individuals. 
Within the overlapping generation framework they will, moreover, depend 
on the allocation of resources across agents. They are, therefore, crucial in 
defining equilibrium. 


An equilibrium of the economy described above consists, for every time 
step t = 1,2,..., of the set of individual consumption decisions 


Nele. > a i, jm N-(t—i)—1 
tein A ), investment policies {a n, Pin Don I and endoge- 


nously determined prices len Pr a =o, for each individual of 
generation i = t,...,t — N and type m = 1,..., M, as well as the endoge- 
nously determined risk-free return { 2; +—1}?29, such that, for every period 
t, (i) each agent alive maximizes his expected lifetime utility (4.31), subject 
to the constraints (4.32)-(4.33) in combination with (4.27)-(4.28), (ii) mar- 
kets clear and aggregate quantities follow from individual behavior. Mar- 
ket clearing (ii) entails that for any point in time t both the markets for 


consumption goods and wealth clear, i.e., it formally must hold that 


76 A formal definition of human and transfer capital is derived below in Section 4.2.2.1. 
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M 

EN erg, (4.34) 
M t f 

yo Ss, (4.35) 


in conjunction with condition (4.4), which also ensures that the sums over 
individual quantities equal their aggregate counterparts; and asset markets 


clear 


M t j 
ee (4.36) 


m=li=t— N 


M t j 
en (4.37) 


m=li=t— N 


i.e., agents hold all outstanding equity shares and the market for the risk- 
free bond is in zero net supply, respectively. Further, (iii) for the distri- 
bution of income streams it must hold that fe land 
yM ty di”, = 1 for all t. This formally closes the model. 


m=] 


Finally, note that an equilibrium solution to the problem described above 
must be both optimal and feasible. On the one hand, it must ensure maxi- 
mization of agents’ expected lifetime utility according to Equations (4.31)- 
(4.33). On the other hand, it must ensure clearing on all markets according 
to conditions (4.34)-(4.37). Firstly, these requirements imply a high com- 
plexity of the equilibrium solution that, however, can be directly reduced 
due to the special model structure. To be precise, it holds true that condi- 
tions (4.34)-(4.35) are immediately fulfilled, once conditions (4.36)-(4.37) 
are fulfilled.” Hence, when determining the general equilibrium solution 
in the following section, it will be sufficient to concentrate on asset mar- 
ket clearing, since clearing on the remaining markets follows immediately 


from there. 


77 Appendix B.2.1 shows that this relationship holds. 
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4.2 General Equilibrium Solution 


The dynamic general equilibrium model is solved using a “guess and ver- 
ify” approach. This implies that, first, a conjecture will be made concern- 
ing the properties ofthe model solution. Later, it will then be established 
that this conjecture is consistent with general equilibrium. Such a pro- 
cedure is not new to the asset pricing literature: Athanasoulis (2005), for 
instance, applies a “guess and verify” approach for an infinite horizon, in- 
complete markets, multiple agent economy where individuals have con- 
stant absolute risk aversion (CARA) preferences and finds closed-form 
solutions. Along these lines, Athanasoulis (2006) obtains analytical solu- 
tions for an overlapping generations model with CARA preferences. Gär- 
leanu and Panageas (2015) solve an overlapping generations model where 
agents have heterogeneous Kreps-Porteus-Epstein-Zin-Weil recursive pref- 
erences using a “guess and verify” approach. However, none of these mod- 
els assume a dynamic general equilibrium production economy. 


In the present model a single conjecture is made. In particular, each 
agent’s optimal consumption share in aggregate production g/”, is 
assumed to be a deterministic function of age only: 


Ge 
=, 4.38 
I-i Y, ( ) 


That is, optimal consumption of each individual is supposed to be an in- 
creasing function of aggregate production, which is referred to as the mu- 
tuality property (see Munk (2013, p. 257)). Then, in order to show that this 
conjecture holds, one needs to derive a solution to the optimal consump- 
tion policy ct™ that confirms the assumption and is consistent with the 
above stated definition of equilibrium (feasibility). More precisely, in the 
present model setup it will be necessary to establish the analytical equilib- 
rium solutions to the newborns’ marginal propensity to consume out of 
total wealth (MPCTW) 69”, as well as their equilibrium pricing relations 


for human p’,"” and transfer capital P% + in order to verify the conjecture. 
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Following the procedure just described, parts of the solution are found in 
closed from. To be more precise, these comprise individual consumption 
growth, the stochastic discount factor as well as the risk-free return. Due 
to the overlapping generations structure and heterogeneous preferences, 
the solution to aggregate production, consumption and investment as well 
as to the individual policy functions will depend on the distribution of con- 
sumption among agents. For them, closed-form solutions are not avail- 
able. However, from the conjecture on age-dependent but deterministic 
consumption shares, Equation (4.38), in conjunction with the assumption 
oni.i.d. aggregate risk (see Section 4.1.2.1), follows that agents strive for a 
linear sharing rule and align their marginal rates of substitution in equilib- 
rium. In this vein, allanalytical results can again be found to be dependent 
on only one endogenous parameter. In the present setting, this parameter 
is defined by the ratio of consecutive consumption shares of an agent of 
one specific type and age. 


To this effect, denote the ratio of consecutive consumption shares for an 
agent oftype m = 1 between age zero and one by 


y=. (4.39) 


In the following, all analytical equilibrium results will be given as a func- 
tion of this single unknown endogenous parameter. In order to determine 
v, the analytical solutions to the individual policies and asset prices in com- 
bination with the clearing conditions can be used to derive a nonlinear de- 
terministic equation in this parameter. It constitutes a single equilibrium 


condition that can be solved for using numerical methods.” 


78Note that the fact that v is constant only implies that it is time- and state-independent. 
Through the equilibrium condition it will, however, depend on the distribution of resources 
across agents. Since this is affected by the redistributive tax system, it will depend on the tax 
rates. Apparently, the same is true for the agent’s consumption share in aggregate production 
I: 
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The remainder of this section is organized as follows: in Section 4.2.1 an- 
alytical solutions for macroeconomic quantities are derived, whereas in 
Section 4.2.2 analytical results for agents’ individual policies are presented. 
Next, Section 4.2.3 establishes the equilibrium condition and Section 4.2.4 
introduces welfare measures used to quantify the impact of the redistribu- 
tive tax system on individual and macroeconomic level. Finally, following 
Fischer and Jensen (2014, 2017), in Section 4.2.5 the impact of an active 


fiscal policy on aggregate production output is discussed. 


4.2.1 Aggregate Economic Behavior 


This section focuses on the characterization of the equilibrium results with 
respect to macroeconomic behavior. At the outset, the first order condi- 
tions implied by the individual’s optimization problem described above 
will be derived. Based on these, the equilibrium processes for aggregate 
production, consumption and investment growth are determined. The sec- 
tion closes with presenting the closed-form solutions to the equilibrium 
stochastic discount factor and the risk-free return. 


4.2.1.1 The First Order Conditions 


For the given optimization problem, the first order conditions can be de- 
rived, as in the model presented in Chapter 3. Again, since the instanta- 
neous utility (4.30) is strictly concave in consumption, second order condi- 
tions are satisfied and, therefore, first order conditions provide the optimal 
choice (see Munk (2013, p. 256)). 
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After-tax Representation 


At time t the first order condition for an agent of type m born in period 
t— N <i<twith respect to consumption at t + nis given by 


i= (Tee. ou) 2) (ae) E (4.40) 


where {p S ” are the Lagrangian multipliers associated with the 


N- l 
agent’s constraints and {c; ch ioe EN ” 


is the optimal equilibrium consump- 
tion plan ofthis individual. N the first order conditions attime 
t for agent type m born in period t — N < i < t with respect to his equity 


and bond investment strategy are 


ANE 

1=E, L Rees i (4.41) 
Ht 
Z im _ 

ie en, (4.42) 
My 

respectively, where 
Rays = (1 — Te)RE t41 + Te (4.43) 


is the gross risky return after tax from time t to t + 1.”? An increase in 
the tax rate 7. will lower the after-tax equity return, as long as the pre-tax 
risky return is larger than one. Its range is then limited to 1 < R E,t+1 S 


Resi: 


Equations (4.41) and (4.42) are again the basic pricing equations that must 
hold equally for all individuals currently alive but born before t — N. In 
conjunction with condition (4.40) these equations link prices 
(or returns) to the optimal consumption plan of an individual agent. 


79 Appendix B.2.3 provides the details of the derivation. 
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As before, they imply the definition of the stochastic discount factor (SDF) 
as the agent’s marginal rate of substitution over consumption: 


Zu chem — 

t+1 _ om t+1 

im ti i,m (4.44) 
Ht & 


Equation (4.44) is the one-period after-tax SDF induced by agent i,m. It 
demonstrates the trade-off this individual faces between consumption in 
period t and period t + 1, when making his investment decision (Munk 
(2013)). The willingness to substitute consumption between two periods is 
influenced by the agent’s subjective discount factor, which may vary across 
agent types m and, furthermore, now depends on the individual’s age t — i. 
The SDF will be further determined in Section 4.2.1.3 below. 


Pre-tax Representation 


In the previous chapter, it was shown that in the presence of taxation on 
financial investments an alternative representation for the basic pricing 
equations could be found in terms of a pre-tax SDF. In the present setting 
featuring overlapping generations and endogenous production, an analo- 


gous pre-tax version can be derived. 


To this effect, note that Equation (4.41) implies that the pre-tax price of the 
one-period payout from the equity investment is given by® 


I, => 4 > (A = Te) Dyri + Tele) . (4.45) 


i,m 


According to Equation (4.45), the pre-tax price of an equity investment is 
given by the conditional expectation over the discounted future 


capital payout after tax using the after-tax stochastic discount factor. 


80See Equation (B.61) in Appendix B.2.3. 
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Along the lines of Chapter 3, the pre-tax version of this condition can be 
found by moving around terms: 


I =E; 


ZAE 
ee eA 5 (4.46) 


where 


DN THR Re 
NO IR ie 


(4.47) 


is a pre-tax stochastic discount factor.*! As before, it is given by the after-tax 
version of the stochastic discount factor multiplied by the ratio of after-tax 
risk-free return to its pre-tax counterpart. According to Equation (4.46), 
the pre-tax equity price is alternatively defined by the conditional expecta- 
tion over the discounted future capital payout before tax using the pre-tax 
stochastic discount factor. Dividing both sides of Equation (4.46) by J; 
yields 


i,m 
ZAyrı 


i,m 
A, 


1 =E; 


REt+1l, (4.48) 


which is the pre-tax version of Equation (4.41). Similarly, expression (4.47) 
can be used to derive a pre-tax version of condition (4.42): 
ax 


i,m 
Ar 


1=E; 


Rft, (4.49) 


which demonstrates why (4.47) is considered a pre-tax version of the 
stochastic discount factor, since it is directly linked to the pre-tax risk-free 


return. 


81 Details are given in Appendix B.2.4 
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4.2.1.2 Aggregate Production, Consumption and Investment 


In this section, the results presented above are used to determine the pro- 
cesses that specify aggregate economic behavior. For that purpose it will be 
useful to first show that agents align their marginal rates of substitution 
in equilibrium under the conjecture (4.38). Afterwards, in conjunction 
with the first order condition (4.48), an analytical solution to the aggregate 
saving rate is found. Subsequently, this result is used to derive the equi- 
librium processes for aggregate production, investment and consumption 
growth. 


Alignment of Marginal Rates of Substitution 


By using the stochastic discount factor (4.44) along with the conjecture 
(4.38) one can rewrite the former expression in order to obtain the follow- 


ing representation: 


Zu 5m. (E ) a (= ! ) e (4.50) 


i,m t—i m 
t t—i Yı 


According to this equation, the SDF can be split up into a deterministic 
individual part and a stochastic common component. At the same time, 
the pricing relations (4.41) and (4.42) must hold equally for all agents, such 
that they agree upon one price (or return) for each asset. By taking first 
order condition (4.42) for any two individuals i, m and j, k currently alive 
and younger than N, substituting (4.50) and equating them, the following 
relation is found: 


Sy (4.51) 
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m Ey k ee 
om (Fe) = st, Gj) +1 (4.52) 
u Ki =| Ij 


where the last line follows immediately from the first. Equation (4.52) indi- 
cates that the deterministic and agent-specific part in (4.50) is equal across 
all individuals. Then, however, it follows from (4.50), as an immediate con- 
sequence of the result just found, that the marginal rates of substitution 
must be equal for all agents. That is, in equilibrium it must hold that 


pe ud 

t+1 t+1 

i ea (4.53) 
Me Me 


for any two individuals i, m and j, k currently alive and younger than N. As 
in the previous chapter, aggregate consumption risk is shared efficiently 
in equilibrium and distributed such that all individuals possess the same 
marginal desire to allocate consumption across time and states (Munk 
(2013)). The fact that agents align their marginal rates of substitution in 
equilibrium is a consequence of the circumstance that only aggregate risk 
exists and the mutuality property implied by conjecture (4.38). Accord- 
ingly, it will be sufficient to define the stochastic discount factor from the 
perspective of a single agent of one specific type and age. Let this individ- 
ual be of type m = 1 and age t — i = 0, then the preliminary definition 
of the one-period stochastic discount factor follows from Equations (4.50) 
and (4.53) by 


Zur „Zen _ gy (a) Ge) 
Lt ie ° \ gi Yı 


Y, sty 
= 1-7 t+1 
ONLA ( y ) ; (4.54) 


t 


where definition (4.39) was used in order to obtain the second line. 
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Aggregate Investment Share 


Building on the results derived so far, one can now turn to aggregate eco- 
nomic behavior. The aggregate investment share as well as the processes 
for aggregate production, investment and consumption are found along 
the lines of Fischer and Jensen (2014, 2017). 


Note that from identity (4.3) together with Equation (4.6) capital input at 
time t+ Lis given by Ky41 = X+Yı. Substituting this relation into the lin- 
ear production technology (4.12) and rearranging, accordingly aggregate 


production growth is given by 


Yırı 
Y, 


=X31Arn. (4.55) 


In the next step, this result is used along with the expression for the stochas- 
tic discount factor (4.54) to restate the first order condition (4.41) according 


to 


1 =E; [özv Y (X:21 Ati)” Resi 


iF; [özv Y (XB Angi)? ((1— Te)0E1 Anya H7e)l, (4,56) 


where the last line follows from the definition of after-tax equity return and 
solution (4.13). Equation (4.56) reveals the importance of the linearity of 
the production technology for finding a tractable model solution - since 
it implies that the risky return is exogenously specified, only the stochas- 
tic discount factor process remains undetermined in expression (4.41). 
Beyond that, given the information set at time t, i.e., F;, the aggregate in- 
vestment share (or saving rate) at date t is known and thus not random. 


Consequently, X, can be moved out of the conditional expectations op- 


82n the case of a nonlinear production technology, the return on capital would also be 
unspecified. This is again different to the case of an exchange economy presented in Chapter 
3, where the macroeconomic production was exogenously given but the risky return was 
found in equilibrium. 
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erator E,. By rearranging Equation (4.56) the analytical solution to the 
aggregate investment share reads 


X =X; = —, (4.57) 


where 


QIK 


i u 
Gi = (8) TEA TAT + 1A (4.58) 
is an exogenous constant that depends on the capital gains tax rate Te. Fur- 
thermore, the time subscript for the expectations operator and the random 
variable A in Equation (4.58) are dropped, because of the i.i.d. property of 
the random scaling factor.®° Where possible, the time index will generally 


be suppressed in the following in order to simplify the notation. 


Being composed of G4 and the endogenous parameter v, it follows that X 
is also a time- and state-independent constant that is directly dependent on 
the capital gains tax rate Te. Beyond that, the aggregate investment share is 
indirectly dependent on both tax rates Te and 77, as redistributive taxation 
changes the distribution of consumption shares across individuals and, 
thereby, affects v. This relation is established through the equilibrium 


condition, Equation (4.91), which will be derived in Section 4.2.3.4 


83Note that the iid. property implies that the realization of A is independent of its past 
and future realizations and distributed identically in each time step. The unconditional ex- 
pectation about the future realization is, therefore, identical with its conditional expectation. 


®4The solution to the aggregate investment share in Equation (4.57) has similarities to the 
result found by Fischer and Jensen (2017, Theorem 1, Item 2). Their model setup, however, 
is limited to a classical demographic structure, homogeneous preferences and abstracts from 
labor income. In this vein, the present solution is, first, more general, since it additionally 
accounts for labor taxation, where the setting featuring exclusively capital income is incorpo- 
rated in the present model in the case of 0 — 1. Second, due to the heterogeneity introduced 
by the overlapping generations structure and differences in preferences, the present solu- 
tion is dependent on the distribution of consumption shares across individuals through the 
endogenous parameter v. This is an important property, when studying the impact of redis- 
tributive taxation on macroeconomic quantities. 
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Because of this dependency, however, the relation between the tax rates 
and aggregate investment behavior cannot be deduced directly from Equa- 
tion (4.57). In order to derive a deeper understanding of this relation, it 
will be necessary to use numerical examples. So far, one can just follow 
that the constant G will be an increasing function in Te as long as the 
following condition holds:?° 


z [A77 
m <OE}. (4.59) 


For reasonable parameter settings, like the one chosen in the quantitative 
analysis below, this relation will be fulfilled. Moreover, it can be stated that 
an increase in the denominator vG leads to a decrease in X. 


Aggregate Growth Rates 


Given the results just presented, the specification of the equilibrium pro- 
cesses for macroeconomic growth rates is straightforward. Aggregate con- 
sumption and investment growth follow, respectively, from the ratio of 
Equation (4.5) and the ratio of Equation (4.6) in two consecutive time steps. 
The finding that X is a time- and state-independent constant, thereby, im- 
plies that both ratios are identical and, furthermore, equal to aggregate pro- 
duction growth. Hence, using (4.55) and (4.57), the equilibrium growth 
rates for production, aggregate investment and aggregate consumption 


from period t to t + 1 are given by 


Yei hyl Orr Z 
Y, I, Ci VG, 


Ars; (4.60) 


respectively. According to Equation (4.60), macroeconomic growth follows 
ani.i.d. multinomial process in equilibrium. In line with the observations 
above, it depends on both tax rates. On the one hand, there is a direct im- 
pact of the capital gains tax Te through the constant G1. On the other hand, 


85 See Appendix B.2.5 for the derivation. 
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the growth is indirectly affected by redistributive taxation on labor income 
and capital gains through the parameter v. Given the implied dependency 
on the distribution of consumption, further insights can particularly be 


derived using numerical examples. 


4.2.1.3 The Stochastic Discount Factor and the Risk-free Return 


Having established the equilibrium process for aggregate production 
growth, it will now be possible to specify the stochastic discount factor 
process and to find a closed-form solution for the risk-free return as well 
as the equity risk premium. 


Equilibrium Stochastic Discount Factor 


In order to derive the stochastic discount factor process, just substitute 
result (4.60) into Equation (4.54) to derive the following i.i.d. multinomial 


process: 

Z Ut+1 2 El oi 

iit =v j (A) , 
=G2A; M, (4.61) 

where 
= Ze 
Go =ô} (2) = E [(1 = Te) 05,Ab 7+ rA], (4.62) 
1 


is a constant. Since the endogenous parameter v cancels out itself and only 
exogenous quantities remain, Equation (4.61) establishes a closed-form so- 
lution for the equilibrium stochastic discount factor. Consequently, it is 
independent of the distribution of resources across agents and, thus, inde- 
pendent of the tax rate on labor income. Surprisingly, since the marginal 


86Note that, since in the present setting markets are incomplete, the SDF is not unique. 
To the contrary, there will be many stochastic discount factors that equally satisfy the model’s 
basic pricing equations (see, for example, Munk (2013, Theorem 4.6)). 
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rate of substitution also turns out to be independent of the subjective time 
discount factor, the agent’s degree of patience seems irrelevant for his 
willingness to shift consumption through time. However, the agent’s de- 
gree of patience is already incorporated in the aggregate growth rates, as 
can be seen in Equation (4.60). In the present production economy these 
are determined endogenously according to individual behavior. Aggre- 
gate growth therefore already reflects its residents’ willingness to shift con- 


sumption through time. 


Finally, the stochastic discount factor is directly affected by the capital gains 
tax rate T. Similar considerations as for the constant G, imply that G will 
be an increasing function in 7, as long as condition (4.59) holds. In this 
case, the agents’ marginal rate of substitution increases in Te, indicating 


that future consumption will be valued higher for larger tax rates. 
Equilibrium Risk-free Return 


As outline above, it can be considered a standard result in asset pricing 
theory that the gross return on the risk-free security is given by the inverse 
of the expected stochastic discount factor. Furthermore, it was shown in 
Chapter 3 that, in the presence of taxation, the relevant return is given by 
the gross risk-free return after tax. In the context of the present framework, 
this similarly holds true, as can be deduced from the first order condition 
(4.42). In particular, when substituting solution (4.61) in condition (4.42), 
the equilibrium solution to the one-period risk-free rate after tax is given 


by 


Ry =Ryı = 


= (GE [A] 


( z [A77] ) 

(a = Ta) 0=1E A] +r.E [A-7]) _1 

E [A] 
z [A77] 


=(1- Te) 0E + Te, (4.63) 
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where the time subscript has been dropped again, due to the iid. property 
of A. Equation (4.63) shows that the equilibrium gross risk-free return 
after tax is a time- and state-independent constant in the present setting. 
Moreover, the solution is closed form, since it only depends on exogenous 
quantities. Beyond that, the risk-free rate after tax is directly dependent 
on capital taxation. To be precise, it will be decreasing in r., as long as 
condition (4.59) holds. Nevertheless, itis generally independent of taxation 


on labor income. 


Finally, the closed-form solution to the gross risk-free return before tax 
follows immediately from Equations (4.24) and (4.63). It reads 


[At] 
A] 


Ry =02: (4.64) 


which is a constant independent of both tax rates r. and qı. Comparing 
solution (4.64) to condition (4.59) reveals the fact that the latter actually 
implies a restriction on the gross risk-free return. To be precise, condition 
(4.59) is equal to restricting the gross risk-free return before tax to be larger 
than one. Accordingly, the risk-free return after tax will be decreasing in 
the tax rate Te, as long as the pre-tax net risk-free return (R — 1) is positive. 
Its range is then limited to 1 < R f< Rg. 


Equilibrium Equity Risk Premium and Summary 


Lastly, the results established so far can be used to find a closed-form so- 
lution for the equity risk premium. That is, the expected excess return a 
risky investment provides over the risk-free return. Its after-tax version is 
given by 


) [Rx] - Ř; = (1 — 7e) 0E; ( [A] — ey] (4.65) 


which is a time- and state-independent constant in equilibrium. Since the 
volatility of the risky return decreases with growing taxation, an increase 
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in the tax rate Te lowers the after-tax risk premium. Its range is limited 
to0 <E [Rz] - Ry <E[A]-E [Al-7] /E [A77]. Furthermore, an 


increase in the common risk aversion coefficient y raises the expected risk 


premium. This effect reflects the growing compensation demanded by 


agents with a higher degree of risk aversion for bearing risk. 


To sum up, with solutions (4.13), (4.43),(4.63) and (4.64), the capital market 
is fully determined and only dependent on the model’s primitives. Equi- 
librium asset returns turn out to be generally independent of taxation on 
labor income. This follows as a consequence of the assumption of a lin- 
ear production technology and the absence of an endogenous labor-leisure 
choice. Moreover, pre-tax returns are generally unaffected by taxation in 
equilibrium. Both after-tax returns, however, depend on the taxation of 
net capital income. To be more precise, the risky as well as the risk-free 
return, under condition (4.59), are decreasing functions of Te. 


4.2.2 Life-cycle Consumption and Investment Behavior 


Having established aggregate macroeconomic behavior, the present sec- 
tion derives equilibrium solutions on an individual level. First, the agents’ 
total wealth budget constraints are elaborated. They are used to develop 
the formal concepts of human and transfer capital and, subsequently, to 
determine their analytical equilibrium solutions. Afterwards, building on 
the total wealth budget constraints, the individuals’ marginal propensity 
to consume out of total wealth (MPCTW) is derived and, in a next step, 
used to determine the agents’ optimal consumption policy. Finally, the 
present section is closed by establishing optimal individual investment 
policies and refining the representation of net transfer income. 
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4.2.2.1 Total Wealth Budget Constraint, Human and Transfer Capital 


As explained in the previous chapter, in the presence of a stream of perma- 
nent income, the expected remaining lifetime consumption of an agent 
will include the present value of his expected future payments received 
from this source of income. In the present setting, the concept of total 
wealth, therefore, incorporates two different elements of non-financial to- 
tal wealth, human and transfer capital, along with financial wealth. Since 
the present value of future earnings and transfers affects an individual’s 
consumption decision, the total wealth budget constraint will be the rele- 
vant constraint in order to determine his optimal consumption and invest- 


ment policies. 


The concept of total wealth is, for example, used by Epstein and Zin (1991) 
and Campbell (1993) in order to account for human capital in the analysis 
of an intertemporal asset pricing model. Considering the present value 
of permanent income is important, as individuals hold large parts of their 
total wealth in the form of human capital. In this regard, Lustig et al. 
(2013), for example, estimate total wealth and find the fraction of human 
capital therein to be 92%. This is in line with the results of earlier studies, 
which also identify human capital as the major component of total wealth 
(see, e.g., Mayers (1972) and Palacios (2015)). 


In the given model, the market values of human and transfer capital can 
be calculated. Moreover, they are decisive for determining the equilibrium. 
As described above, Equations (4.10) and (4.11) indicate that earnings and 
capital income move together. This perfect correlation implies that, al- 
though there is no human capital security explicitly traded on financial 
markets, earnings become tradable through the real investment security. 
Beyond that, transfer income is tradable through a portfolio composed of 
the risky and risk-free asset. Hence, being similar to capital income, per- 
manent income should be valued the same way. That is, its present value 
should be derived by discounting future income streams using the equi- 
librium stochastic discount factor. 
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Along the lines of the previous chapter, the formal pricing relations for 
human and transfer capital follow naturally while determining the total 
wealth budget constraint. The latter is derived by using the SDF and solv- 
ing forward the dynamic budget constraint (4.32) (Miao (2014)). Accord- 
ingly, total wealth of an agent of type m born in period i follows by?’ 


N-(t-i) 
im _ N Z” Utin i,m 
Wt — ut nn Ct 7 


azo Ht 


=a" + (1 n) hy” +i + Si+ pie (4.66) 


where ai” = a" ((1- Te) Di + Telt—1) + BV Ry is current financial 
wealth after accounting for taxes. According to Equation (4.66), total wealth 
of an agent of type m born in period i equals the present value of his ex- 
pected life-time consumption. Again, the elements of non-financial total 
wealth are separated into two components: on the one hand, the above 
representation distinguishes current earnings and human capital; on the 
other hand, it considers current transfers and transfer capital separately. 
Using this representation illustrates the fact that each element of non- 
financial total wealth can be interpreted as a nontraded asset. In the case of 
earnings, current income after tax (1 — 71) hi” can be interpreted as the 
stochastic dividend and ae as the shadow price of the nontraded asset 


human capital (see Epstein and Zin (1991, Footnote 3)). 


By solving for Equation (4.66), the following pricing relations for human 
and transfer capital result: 


im 7 a +n i,m 
w= >, (Fer an) niga] (4.67) 
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37 Details of the derivation are given in Appendix B.2.6. 
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respectively. Human capital of an agent of type m born in period i is the 
sum over his expected future after-tax earnings discounted by the equilib- 
rium stochastic discount factor. Using Equations (4.54) and (4.25) in con- 
junction with (4.10), the equilibrium solution for human capital is found 


to be a function linear in aggregate production.** Formally, it reads 


N-(t-i) 
Pe) Pin (4.69) 


n=1 


where Ey = (1 — 7)(1 — 9) and p = 6jv~'(©1/G1)! 7E[A!] are time- 
and state-independent constants. According to Equation (4.69), the price- 
to-production ratio of human capital, denoted by 77", ; = Dr /Yı, is a 
deterministic and age-dependent function. It is directly affected by taxa- 
tion on labor income 7;. Moreover, it depends indirectly on both tax rates 


Tı and 7, through the endogenous parameter v. 


Similarly, the transfer capital of an agent of type m born in period i is given 
by the sum over his expected future transfers discounted by the equilib- 
rium stochastic discount factor. Its equilibrium solution is also a function 


linear in economic output. It is given by®? 


N-(-i) 
Ps =33 > P"di-i)4nYt, (4.70) 


n=1 


= 


A . 
where =3 = 7.0+7,(1—0)-t% an = is a time- and state-independent 


constant. As a result, the price-to-production ratio of transfer capital, i.e., 
Nst-i = De: /Yı, is also a deterministic function of age. It depends di- 
rectly on both kinds of taxation and is, furthermore, affected by 7; and Te 


indirectly through the endogenous parameter v. 


88See Appendix B.2.7 for the derivation. 


89The derivation is shown in Appendix B.2.8. 
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Although there exists a closed-form solution for the stochastic discount 
factor, the equilibrium pricing relations (4.69) and (4.70) are not closed 
form. This is a direct consequence of the fact that aggregate production 
is dependent on v. Accordingly, the relation between taxation and human 
or transfer capital cannot be deduced directly from their analytical solu- 
tions. Clearly, one would expect human capital (after tax) to decrease with 
growing taxation on labor income. In contrast, transfer capital should in- 
tuitively rise when tax rates increase. Nevertheless, in the present setting 
aggregate economic development is affected by the redistributive taxation 
mechanism as well. The direction and magnitude of this influence are 
thus decisive in order to determine the actual relation between taxation 
and the present values of earnings and transfers. This will be studied in 
the numerical examples below. 


4.2.2.2 Consumption Policy 


Given the market value of human and transfer capital, one can proceed 
to solve for the agent’s consumption policy. For this purpose, the individ- 
ual’s consumption growth rate in equilibrium will first be derived. Second, 
the agent’s marginal propensity to consume out of total wealth is deduced 
using the total wealth budget constraint established above. Finally, by mak- 
ing use of these results, the agent’s life-cycle consumption strategy can be 
established. 


Individual Consumption Growth 


As outlined above, Equation (4.53) shows that agents align their marginal 
rates of substitution over consumption in equilibrium. Note, however, that 
this does not imply that they possess the same consumption growth rates. 
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To demonstrate this, substitute the individuals’ marginal rates of substi- 
tution, expression (4.44), on both sides of condition (4.53) and rearrange 
in order to derive consumption growth of agent i,m as a function of con- 


sumption growth of agent J, k: 


i,m \ TI ENT 
gm +1 mute Cha 
t—i i,m = tag ok 
Ct t 
i,m 7 j,k 
Cti _ OF i en 4.71 
im ~ | 5k j,k’ (4.71) 
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From Equation (4.71) it follows that the consumption growth rates of any 
two agents are only identical if they hold the same subjective time discount 
factor, i.e., 617, = ô$ ;- In any other case, individual consumption growth 
differs across agents. Suppose, for example, that the patience of agent 
i,m is larger than that of agent j, k, i.e., 67", > öf_,. It then follows from 
Equation (4.71) that the more patient individual faces higher consumption 
growth from time t to t + 1 than the individual that is less patient and vice 


versa.” 


Next, let the second individual be the one used to define the perspective 
taken in equilibrium, namely agent type k = 1 of age t — j = 0, and use 
expressions (4.38)-(4.39). Then, Equation (4.71) is equivalent to 


i,m m u 
Cr =) Yırı 
ae (Ge) E = 


%0 Apparently, this requires the range of the coefficient of relative risk aversion to be limited 
to0 < y < oo. This restriction is reasonable as it implies that agents are neither risk neutral 
nor infinitely risk averse. 
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Finally, substituting the solution for aggregate production growth (4.60) it 
follows that 


1 


dn (ya -i 
ti = Ati = A 4.73 
a ( ôd ) G H = Gr u 


t 


is the consumption growth of an agent of type m born in period i.?! It 
follows an age-dependent i.i.d. multinomial process over the agent’s life- 
cycle. Since it does not depend on the endogenous parameter v, Equation 
(4.73) represents a closed-form solution. According to this analytical result, 
the pattern underlying the development of consumption growth over the 
individual's life-cycle is directly specified by the age-dependent evolution 
of his subjective time discount factor. 


Marginal Propensity to Consume out of Total Wealth 


Building on the recent result, Equation (4.73), one can now turn to deter- 
mine the agent’s marginal propensity to consume out of total wealth. As 
defined before, the MPCTW is the agent-specific function determining the 
share of total wealth consumed by an individual at a certain point in time. 
It will be derived using the total wealth budget constraint. 


In this vein, dividing both sides of (4.66) by current individual consump- 


tion ci", the agent’s total wealth to consumption ratio is given by 
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where expression (4.44) was used in order to derive the second line. 


91 Alternatively, one could have derived the same solution by simply taking the definition of 
the SDF in Equation (4.44) and equalizing it with the solution for the SDF found in Equation 
(4.61). 
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Then, take the reciprocal of the expression just found and substitute in- 
dividual consumption growth (4.73) from above to derive the closed-form 
solution for the marginal propensity to consume out of total wealth of an 
agent of type m and age t — i: 


bii = i,m 
We 
—1 
an am m i 1—4 n 1-y 4i 
=. Le-on) (G2 EA] , (4.75) 
n=0 I=0 


where the iid. property of the production shock has been used again.” 
According to Equation (4.75), agent’s consumption to total wealth ratio is 
an age-dependent, but time- and state-independent, function. In line with 
the findings in Chapter 3, the MPCTW decreases in the subjective time 
discount factor, which results in a lower share of total wealth currently con- 
sumed. As an immediate consequence, the fraction postponed for future 
consumption grows in ô, representing increasing patience. Considering a 
coefficient of relative risk aversion of y = 1, Equation (4.75) incorporates 
the special case of logarithmic utility again. The marginal consumption 
propensity of such an individual will only be dependent on this agent’s 
time preferences (see Merton (1969) and Samuelson (1969)) and indepen- 
dent of any other factors, such as the risk and return properties on the 
financial market. Beyond that, the marginal propensity to consume out 
of total wealth will still be a deterministic function, when risk aversion co- 
efficients are larger than one. This results from the iid. property of A. 
Nevertheless, in this case the characteristics underlying the economy are 
taken into account by the agents when making their consumption deci- 
sion, since their marginal propensity to consume out of total wealth will 
depend on the expectation about the realization of the aggregate shock and 
the tax rate Te. 


92 Appendix B.2.9 details this derivation. 
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Individual Life-cycle Consumption 


Lastly, it remains to establish the agent’s equilibrium life-cycle consump- 
tion policy. To this effect, note that Equations (4.72) and (4.73), defining 
individual consumption growth, are linear recurrence equations that can 
be solved backwards to the agent’s date of birth. In this vein, it follows 
from Equation (4.72), or alternatively from Equation (4.73), that consump- 


tion at time t of an agent of type m born in period i can be written as 
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respectively. Equations (4.76) and (4.77) define current consumption as 
a function of the individual’s consumption in the period of his birth. Ac- 
cording to this result, the whole consumption sequence of an agent is fully 
determined as soon as his consumption at age t — i = 0 is known. At the 
same time, individual consumption may alternatively be expressed using 
the MPCTW along with total wealth. In this way, consumption of a new- 


born individual of type m at date i reads 
ci =i ui 
= (C-n hi” + Det + pi) 
=bp' (1 = 71) (1 — 8) f0 + nio +Ns0) Yi 


=90 Yi, (4.78) 


where the second line follows from substituting the agent’s total wealth 
budget constraint (4.66) at age t — i = 0. Moreover, the third line is due to 
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the definition of individual earnings, Equations (4.1) and (4.10), as well as 
the analytical results to human and transfer capital, Equations (4.69) and 
(4.70). 


Based on these derivations, the equilibrium life-cycle consumption policy 
of an agent of type m born in period 7 can ultimately be derived by com- 
bining Equations (4.76) and (4.78): 
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Solution (4.79) defines individual utility maximizing consumption behav- 
ior in equilibrium. As indicated, it is an affıne function of aggregate pro- 
duction; or, in other words, agents establish a linear sharing rule in equi- 
librium. Since time preferences are considered to be age-dependent in 
the present setting, the life-cycle pattern of individual consumption will 
depend on the evolution of agents’ subjective time discount factor. Accord- 
ingly, the resulting life-cycle profiles may replicate complex shapes, which 
can be understood best by substituting Equation (4.78) into the alternative 
representation (4.77): 


Alm 
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According to Equation (4.80), the consumption function is, first, affected 
by the constant Ga and the sequence of realizations of the productivity 
shock A with rising age. Second, and more important, itis the product over 
the age-specific subjective time discount factors that shapes the consump- 
tion pattern. The direction of this effect may change with age, depending 
on the underlying assumptions regarding the profile of time preferences 
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over the life-cycle. This way, consumption patterns can be replicated that 
mimic observable facts, like the empirically well documented hump shape 


indicated above. 


Furthermore, Equation (4.80) reveals the fact that individual consumption 
profiles are affected by the redistribution mechanism in two ways. First, 
labor taxation enters the solution merely through the consumption share at 
model age zero gj)’. Therefore, the tax rate 7; only affects the consumption 
level of an agent, but not his life-cycle pattern. Second, and conversely, the 
taxation of capital gains influences gj’ as well as the constant Ga. Thus, 
the tax rate 7, affects both the level as well as the profile of consumption. 


Once again the influence of the taxation system can be separated into a 
direct and indirect effect. On the one hand, tax rates directly affect indi- 
vidual consumption, as they change directly the newborn’s current and 
expected discounted future incomes, his MPCTW as well as the constant 
Ga. On the other hand, there exists an indirect effect that arises, due to the 
fact that different allocations of resources lead to a different endogenous 
parameter v (see Section 4.2.3)). This in turn implies different aggregate 
growth rates (see Equation (4.60)) and, subsequently, a change in human 
and transfer capital (see Equations (4.69)-(4.70)). 


Finally, note that Equation (4.79) implies a consumption share in aggregate 
production g? , = ci” /Y; that is actually a deterministic function of age 
only. It thus confirms the conjecture (4.38) made initially and, accordingly, 
the results derived based on this assumption. Feasibility of the solution 
can be ensured by applying the market clearing conditions defined above. 
This, however, also requires the equilibrium solutions for the individual 
investment policies, which will be presented in the following section. 


4.2.2.3 Investment Policies 


As indicated in Section 4.1.4.3, every agent currently alive has to take two 
decisions in any given time step. The first is the consumption-savings 
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decision, which has just been derived in the preceding section. The second 
is the decision of how to allocate investments between available securities 
in order to establish this utility maximizing consumption policy. In the 
given model, the financial market consists of two securities, risky equity 
and risk-free one-period bonds. In the following, the optimal individual 
investment policies for this opportunity set are found. 


Individual Bond Investment 


Based on the preceding results, individual current consumption is given 
by solution (4.79) and, alternatively, as function ofthe marginal propensity 
to consume (4.75) and total wealth (4.66). On the one hand, using the latter 
representation, consumption at date t of an agent of type m born in period 
i can be expressed by 


ce" =, (ai (C = re) Di + Tel) + BE Rpt 
(1— 7) hi” + pyr + si + pl.) 
HB, (ai (Q = Te) OY, + Tela) + Bit y+ 
(Day) 0) me 
di—i (Te (OY; — L-1) + n (1 — 0) Yi) + ms,t-iYi) (4.81) 


where the second line follows by applying the definition of individual earn- 
ings (4.1) and transfer payments (4.26), the expressions for aggregate cap- 
ital output (4.11) and earnings (4.10) as well as the equilibrium results to 
human (4.69) and transfer (4.70) capital. 


On the other hand, it follows from the equilibrium solution (4.79) that the 
optimal consumption strategy is a function linear in aggregate production. 
This in return, however, implies that the consumption expression stated 
on the right-hand side of Equation (4.81) must be linear in current output 
as well. Therefore, in order to be in line with optimal individual behavior, 


174 4 Redistributive Taxation in a Production Economy with Overlapping Generations 


it follows that all terms that do not involve aggregate output Y, must vanish 
from expression (4.81). Formally, this means that the following condition 
must hold in equilibrium: 


bm (iirel-ı Logie Ry = dyitelr) 236); (4.82) 


Equation (4.82) is similar to condition (3.54) of Chapter 3. Analogously, 
it can be rewritten in order to determine the bond market position from 
time t — 1 to t of an agent of type m born in period t -— N <i <t- lin 
terms of his equity investment: 
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where expression (4.17) has been used to substitute d,_;. According to 
Equation (4.83), the individual investment policy regarding the risk-free 
security turns out to be a state- and age-dependent function. As observed 
in the previous chapter, and in line with Fischer and Jensen (2014, 2015, 
2017), in the presence of taxation on net capital income, trading on the 
bond market becomes essential for agents in order to establish their op- 
timal consumption policy. Accordingly, the investment strategy for the 
risk-free security is induced by the fact that transfers financed by capital 
taxation are subject to additional macroeconomic risk. Transfers based on 
investment gains are large (small) when equity returns were high (low) in 
the recent past, which is the case when economic growth was strong (weak) 
over the last period. Moreover, as briefly outlined above (see Section 4.1.3), 
the taxation system is designed in a way that individuals with financial in- 
come below (above) the average become net recipients (contributors) of 
capital transfers. As a result, net recipients have a relatively high exposure 
to macroeconomic risk, whereas net contributors have a relatively weak 
(or negative) exposure to that kind of risk. In order to compensate this 
unequal distribution of risk, agents enter into bond contracts with each 
other. 
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Along these lines, Equation (4.83) implies positive bond holdings for in- 
dividuals that hold an equity share, a/’”,, that is smaller than that of an 
average market participant, 1/(N - M). The other way around, agents 
with equity shares larger than on average enter into short positions on the 


bond market.” 


Hence, there is dynamic trading in the risk-free security, 
although there is no positive net supply in the bond market. Again, this 
implies that a market equilibrium is found that produces a risk-free rate at 


which agents are willing to take complementary positions in such an asset. 


Finally, since the agent’s optimal bond investment strategy (4.83) directly 
depends on the agent’s optimal equity investment strategy, it follows that 
clearing on the bond market, condition (4.37), follows directly from clear- 
ing on the equity market, condition (4.36). To see this, assume clearing on 
the equity market, condition (4.36), substitute the agent’s optimal bond 
investment strategy (4.83) into clearing condition (4.37) and take the sum 
across all individuals. Then, since there is clearing on the stock market, 
clearing on the bond market follows.”* Moreover, Section 4.1.5 outlined 
how clearing on the markets for consumption goods and wealth, condi- 
tions (4.34)-(4.35), follows directly from clearing on the asset markets.” 
As a result, for the determination of the general equilibrium solution, it 
will be sufficient to exclusively concentrate on asset market clearing, since 


clearing on all remaining markets follows immediately from there. 


Individual Equity Investment 


The investment strategy of an individual with respect to the risky security 
is found by equalizing the right-hand sides of Equations (4.79) and (4.81). 


°31t will be shown below in detail that transfers financed by capital taxation are subject 
to additional macroeconomic risk and that net contributors (recipients) of capital transfers 
enter into short (long) positions on the bond market. 


94 Appendix B.2.10 demonstrates in detail that this relationship holds. 
95 See Appendix B.2.1 for details. 
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Substituting the solution for the bond market position (4.83) and rearrang- 


ing for a,” |, the equity share held by an agent of type m born in period 
t—N<i<t-—1 from time t — 1 tot is given by 


we 1 1-0)", 
a (Fe - 0-0-9) 50% 
as r.4+n(1-0 
Mi re a ) me-s) (4.84) 


which is a state- and time-independent function of the individual’s age. 
Equation (4.84) implies that the share of equity holdings increases in the 
individual’s consumption share of aggregate production, g7”. Further- 
more, recall that the marginal propensity to consume out of total wealth, 
by” ,, of an agent is positively linked to his subjective time discount factors. 
In conjunction with expression (4.84) this implies that patient individu- 
als tend to hold larger fractions of the risky security than impatient ones. 
Moreover, higher current and expected discounted future permanent in- 
comes negatively affect the equity investment decision. Especially early in 
life, human and transfer capital are large, since most of the earnings and 
transfers are still to be received. As a result, positions in the risky security 
are presumably lowest when agents are young. This may also comprise 
the fact that individuals enter into short positions on the equity market. 
Moreover, it should be noted that at”; depends on both kinds of taxation, 
directly as well as indirectly through the endogenous parameter v. 


Beyond that, one may also use the bond investment policy in order to make 
a statement about equilibrium equity investment. Rearranging Equation 
(4.83) for a”; yields 


(4.85) 
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From the observations above, then, follows that, since they enter into posi- 
tive bond holdings, the equity investments of net recipients of capital trans- 
fers are reduced by capital taxation. Conversely, net contributors of capital 
transfers will hold larger shares in the risky security because of their short 
positions in the risk-free security. This relation might explain low stock 
market participation rates of poorer individuals, as outlined by Fischer and 
Jensen (2015). 


To sum up, in the previous section it was found that agents, in order to max- 
imize utility, pursue a linear sharing rule for consumption in equilibrium. 
Subsequently, the present section has shown that, in order to establish 
this optimal consumption policy in the presence of a redistributive capital 
gains tax, agents have to dynamically trade on both the bond and the equity 
markets. Along the lines of the previous chapter and Fischer and Jensen 
(2015), the linear sharing rule would not be obtainable without dynamic 
trading in both assets. This can be understood best by looking at Equation 
(4.81). Without trading in the risk-free asset, term (4.82) would not vanish 
and, thereby, impede the agents’ establishing of their optimal linear con- 
sumption policy. When making the investment decision, however, this 
expression is known to the agents. Hence, they can find the bond market 
investment strategy given in (4.83) in order to establish the linear sharing 
rule. In this vein, substituting policy (4.83) into constraint (4.81) it follows 
that: 


de =o, (ob (1-12) 0+ (L n) (1-8) Ft 


an 7.48 +n(1-6) 
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which implies that consumption eventually becomes linear in aggregate 


production. 
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4.2.2.4 Net Transfers 


Based on the equilibrium investment policies, one can now refine the pre- 
sentation for the net transfers received by any individual.” As established 
so far, at time ¢ the total amount of taxes paid by an agent of type m born 
in period t— N < i < tis is given by 


a Te (Di — L-ı)+ pone (Ry —1) + fit rie. (4.87) 


Accordingly, individual tax payments are composed of taxes on equity in- 
vestment (first term), bond market activities (second term) and labor in- 
come (third term). At the same time, following from Equations (4.26) and 
(4.20) along with Equation (4.17), the same agent receives transfer pay- 


ments according to 


— een ome ees (4.88) 
Note that Equation (4.88) does not include tax revenues from positions in 
the risk-free security, since there is no net supply in aggregate. Subtract- 
ing Equation (4.87) from (4.88), substituting the bond market investment 
policy (4.83) for 6%" and making use of Equation (4.24), the net transfer 
at date t received by an agent of type m born in period t— N < i < t can 


be written as 


Te (sa - of") (> Zi) rT (sa fis) Hy. (4.89) 


As outlined above, the taxation system is designed in a way that agents 


with small financial wealth effectively receive a larger fraction of capital 
transfers than agents that possess high financial wealth. This is reflected 
in the first term of Equation (4.89). It shows that individuals with an in- 


%The present section draws on the derivations in Fischer and Jensen (2015, Theorem 1, 
Item 7). 


4.2 General Equilibrium Solution 179 


come from equity investments below (above) that of an average market 
participant become net recipients (contributors) of capital transfers. In 
the same way, agents with small labor or retirement income effectively re- 
ceive a larger fraction of transfers financed by earnings. That is, agents 
with earnings below (above) an average are net recipients (contributors) of 
earnings transfers, as displayed by the second term in Equation (4.89). 


Building on this representation, it can be shown that capital transfers carry 
additional macroeconomic risk. To this end, use Equation (4.13) to rewrite 
the first term of Equation (4.89) to 


1 2 
Te | 1 — sa) (vr = ai") D.. (4.90) 


The level of net capital transfers at date t, first ofall, depends linearly on the 
development of the economy through current capital output D;.°” Beyond 
that, however, expression (4.90) also reveals the fact that the statutory tax 
rate Te is multiplied by (1 — (Ry/Ry)(0=1 A.) ="), which includes the cur- 
rent random productivity shock A,. This implies that the effective tax rate 
on capital income itself is dependent on the development of the economy. 
In boom times, when A, is large, capital output is large and the effective 
tax rates on capital income are high as well. Conversely, in times of an eco- 
nomic bust, when A; is small, capital output is small and the effective tax 
rates on capital income is low as well. Hence, the transfer mechanism, be- 
sides redistributing incomes, also redistributes macroeconomic risk from 


net contributors to net recipients of capital transfers. 


Along with the bond investment policy, it follows that net recipients of 
capital transfers enter into long positions on the bond market, whereas net 
contributors take short positions in the risk-free security. Beyond that, as 
shown by Equation (4.85), it follows that capital transfers reduce (increase) 
equity investments of net recipients (contributors) of capital transfers. 


97 A similar case holds true for earnings transfers. 
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Finally, newborn agents do not receive transfer payments and enter the 
economy without physical capital. However, they are already subject to 
taxation on labor income. Hence, the net tax paid by them is simply given 
by nı fo Ht. 


4.2.3 Equilibrium Condition 


In the preceding sections the equilibrium solutions for macroeconomic as 
well as individual behavior were derived. Some of the results were found 
in terms of closed-form solutions. Others, however, turned out to be de- 
pendent on the endogenous parameter v, which originated from the ini- 
tially made conjecture (4.38) regarding individual equilibrium consump- 
tion. In Section 4.2.2.2 this conjecture and, accordingly, the results that 
derived from it were confirmed by showing that agent’s equilibrium opti- 
mal consumption is actually in accordance with the initial conjecture, i.e., 
a function linear in aggregate production. 


Now it finally remains to establish feasibility ofthe presented solution and 
to determine the parameter v. Note that both are mutually dependent. On 
the one hand, feasibility of the solution requires the market clearing con- 
ditions defined above to be fulfilled. On the other hand, the endogenous 
parameter can be determined by using the agents’ equilibrium policies 
along with the conditions for market clearing. In so doing, market clear- 
ing is ensured, and thus is feasibility of the solution. In this context, it has 
been shown that the initially high complexity of the equilibrium solution 
of the present model is reduced due to the fact that clearing on the equity 
market already implies clearing on all other markets. Put differently, for 
the determination of the general equilibrium solution, it will be sufficient 
to exclusively concentrate on stock market clearing, since clearing on all 


remaining markets follows immediately from there.”® 


98 Appendix B.2.1, along with Appendix B.2.10, show that these relationships hold. 
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Along these lines, using the agents’ equilibrium equity investment strat- 
egy (4.84) in conjunction with the clearing condition for the equity market 
(4.36) and the terminal portfolio condition (4.33), the following equation 


is found: 
M t-1 gi”, 
0-0 Yq (Fe-a- 0-9 
m=li=t—N t—i 
i 7.8+n(1-6) l 
Nh t—i N.M Ns t—i : (4.91) 


Equation (4.91) in combination with the equilibrium results (4.69), (4.70), 
(4.75), (4.78) and (4.79) form a nonlinear equation in the endogenous pa- 
rameter v. Along the lines of Chapter 3, it can be noted that the solution 
implied by Equation (4.91) is optimal, since it builds on the utility maximiz- 
ing equilibrium results determined above. On the other hand, the solution 
must again also be in line with market clearing, i.e., feasible given current 
economic resources. Clearing on the equity market follows immediately, 
as the equilibrium condition is based on this restriction. Clearing on all re- 
maining markets follows in return from equity clearing, as outlined above. 
Therefore, the solution implied by equilibrium condition (4.91) is both op- 


timal and feasible. 


In this vein, the equilibrium problem is broken down into a single equa- 
tion with one unknown. Solving it yields the optimal and feasible equi- 
librium solution to the endogenous parameter v. Having established this 
result, unique solutions to the consumption shares of all agents populat- 
ing the economy follow. To see this, note that, according to Equation (4.78), 
the consumption shares of newborns gj’ are solely determined by exoge- 
nously given items except for the parameter v. That is, a unique solution 
for them is given as soon as the equilibrium solution to the endogenous 
parameter v is determined. Having established the consumption shares 
of the newborn generation and v, all other consumption shares can be 
calculated from Equation (4.79). 
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Note that the equilibrium condition demonstrates why the previous results, 
including the endogenous parameter, were said to be dependent on the dis- 
tribution of resources across individuals. As can be seen from Equation 
(4.91), the solution to v basically depends on the current permanent in- 
come received as well as on the human and transfer capital held by the 
agents currently populating the economy. A shift of permanent income 
from one type of agents to another, or similarly across cohorts, changes the 
equilibrium condition and, consequently, implies a different solution for 
v. As a result, the redistributive taxation of both capital as well as labor in- 
come affects macroeconomic and individual behavior, i.e., the equilibrium 
solution. This is a consequence of the overlapping generations framework 
and the heterogeneity in preferences considered in the present setting. In 
asset pricing models with classical demographic structure and homoge- 
neous preferences, this dependency on the distribution of resources would 


not emerge.” 


Finally, since the equilibrium condition’s dependency on v is nonlinear, it 
requires numerical methods in order to solve for the endogenous param- 
eter.!%° To be more precise, for the quantitative analysis presented below 
a computer-based Newton-Raphson method is applied in order to find a 


solution to the problem stated above. 


99One might, for instance, consider labor income and labor taxation within the frame- 
work presented in Fischer and Jensen (2014). In this context, redistributive taxation on labor 
income would influence individual behavior the same way as a simple change in initial en- 
dowments in the case without permanent income. More importantly, however, aggregate 
behavior, i.e., economic growth rates, would be left unaffected by any such redistribution. 


100Note that an analytical solution exists for some simplified special cases. As a result, 
these cases also imply closed-form solutions for the entire model. Assuming only one type 
of agents, i.e., M = 1, and restricting individuals to live for only two periods, i.e., N = 1, 
a particular simple solution can be directly deduced from the equilibrium condition, Equa- 
tion (4.91). In this vein, the present model comprises a stochastic version of the seminal 
overlapping generations production model (with linear technology) introduced by Diamond 
(1965). 
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4.2.4 Welfare Measures 


The consideration of output quantities primarily gains relevance in view 
of the fact that it provides individuals with well-being. Besides looking 
at the effects that redistributive taxation has on aggregate and individual 
economic quantities, it is of great importance to examine its impact on 
aggregate and individual welfare. On an individual level, the derivation 
of a welfare measure is straightforward, since it, apparently, should be 
based on the agent’s expected remaining lifetime utility from consump- 
tion in optimum, i.e., his indirect utility. This will be presented in the 
subsequent Section 4.2.4.1. On a macroeconomic level, however, some 
further assumptions have to be made with regards to the relevant individ- 
ual quantities that shall found social (or aggregate) well-being. This will 
be discussed below in Section 4.2.4.2. 


In advance, it can be specified how welfare effects shall generally be mea- 
sured. As shown above, macroeconomic production and, subsequently, 
consumption grow at a certain rate (see Equation (4.60)) in the present 
setting. Note, however, that absolute levels of aggregate quantities cannot 
be determined without defining the output level of the economy at some 
point in time. Accordingly, using welfare measures based on absolute val- 
ues would require further assumptions. This can be avoided by specifying 
a relative welfare measure, which eventually will not depend on the abso- 
lute level of macroeconomic output. 


In this vein, following Auerbach and Kotlikoff (1983), Kotlikoff et al. (1999) 
and Fischer and Jensen (2014), welfare changes due to variation in con- 
sumption shall be specified in terms of an equivalent variation, which in 
the present case is defined by the production equivalent.!°! From the point 
of view in time t, the selected welfare measure compares expected utility 
from consumption in a setting without taxation to expected utility from 


consumption in a setting with redistributive taxation. Technically speak- 


101The concept of equivalent variation is attributed to Hicks (1939). 
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ing, it measures the change in current production, Y;, for the no-taxation 
setting that is necessary in order to achieve equivalent expected utility lev- 
els from consumption in both settings. That way, positive values define 
welfare gains, whereas negative quantities indicate welfare losses due to 


redistributive taxation. The formal definition follows below. 


4.2.4.1 Individual Welfare Measure 


As indicated above, the welfare measure on an individual level can directly 
be deduced from the agent’s indirect utility stated in Equation (4.31). Ac- 
cording to that, an individual’s well-being is defined by his maximum ex- 
pected remaining lifetime utility over current and future consumption. In 
order to measure welfare changes due to redistributive taxation, the previ- 
ously described approach, building on a production equivalent, is followed. 


By using the equilibrium solution for individual consumption (4.79) as 
well as the MPCTW, Equation (4.74), and applying some basic algebraic 
manipulations, the expected remaining life-time utility at date t ofan agent 
of type m currently alive, i.e., born in period t — N < i < t, is given by!” 

1 
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(A a (4.92) 
This solution is a standard result that arises in the context of CRRA utility 
andi.i.d. returns (Back (2010)). Itdepends on the agent’s current marginal 
propensity to consume out of total wealth, his current share in aggregate 
production as well as on aggregate output of the economy. As a result, 
the individual’s indirect utility is time- and state-dependent and, more- 
over, affected by the endogenous parameter v. According to that, indi- 
vidual welfare depends on the distribution of resources across individuals. 
As outlined above, this is a consequence of the overlapping generations 
framework and the heterogeneity in preferences considered in the present 


102 The derivation is presented in detail in Appendix B.2.11. 


4.2 General Equilibrium Solution 185 


setting. Within the classical asset pricing framework with standard demo- 
graphic structure and homogeneous preferences, this dependency would 


not arise.!® 


Since it will be of interest and necessary in the context of aggregate social 
welfare, the expected life-time utility of newborn cohorts not yet born will 
be derived as well. This is, the hypothetical expected indirect utility at date 


t of a newborn individual to be born in period i > t can be written as 


(t=i) 


lye" A Sm z [A177] vr (4.93) 
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Based on these results one can now turn to the relative measure of well- 
being. Recall that welfare was said to be measured as the percentage change 
in current production needed in the setting without taxation to generate 
the same level of utility the agent holds in the presence of redistributive 
taxation. Formally, this means that the following equations must hold, re- 


spectively, for agents currently alive and yet unborn 


ue = yee. for t-N < i < t, (4.94) 


pen een fori>t, (4.95) 
where variables with tilde represent values that arise in the presence of 
taxation, whereas variables without tilde correspond to values in the no- 
tax setting. Using these conditions along with the equations for indirect 
utility (4.92) and (4.93), the desired welfare measure follows by 


1031n this regard, Fischer and Jensen (2014, pp. 19-20), for instance, state the following for 
their framework without overlapping generations and preference heterogeneity: “[...] on the 
individual household level [...] welfare consequences solely depend on a household’s initial 
endowment relative to the average household’s initial endowment, but otherwise not on the 
distribution of wealth among households [...].” 
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which is a time- and state-independent deterministic function of an indi- 


(4.96) 


vidual’s age. According to Equation (4.96), individual welfare is affected by 
the taxation system in two ways, directly and indirectly. First, the fact that 
individual consumption shares are directly and indirectly dependent on re- 
distributive taxation (see the discussion in Section 4.2.2.2) carries over to 
individual welfare. Second, there are additional direct effects of capital tax- 
ation through the individuals marginal propensity to consume out of total 
wealth (see Equation (4.75)) and, in case of future generations, the con- 
stant G'; (see Equation (4.58)). Third, there exists an additional indirect 
effect of both types of taxation on the individual welfare of future gener- 
ations through the parameter v that arises, since different allocations of 


resources lead to different equilibrium solutions (see Section 4.2.3). 


4.2.4.2 Social Welfare Measure 


As shown above, the production framework established in the present set- 
ting implies that there is not only a reallocation of resources between in- 
dividuals, but also a change in aggregate economic quantities due to re- 
distributive taxation. Consequently, the present setting does not only lead 
to welfare shifts on individual level, but also produces welfare changes on 
aggregate level. This, however, brings about the question of a suitable 
measure for aggregate social welfare. 


On the one hand, one could define a representative individual (or a com- 
posite consumer) who maximizes a utility function over aggregate con- 


sumption and measure welfare from his point of view.!™ By so doing, an 


104There is a considerable literature on the construction and the existence of a representative 
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indirect utility over aggregate consumption for the representative agent 
could be found and the social welfare measure could be derived the same 
wayasintheindividual case (see Fischer and Jensen (2014)). Inthe present 
setting this is problematic, however, since individuals are heterogeneous 
regarding a variety of characteristics and the equilibrium solution depends 
on the allocation of resources between them. This raises the problem 
of deriving a representative agent (or a composite consumer) in a consis- 
tent way, so that his utility maximizing behavior, subject to aggregate en- 
dowment, would lead to the same equilibrium asset prices found in the 
setting featuring overlapping generations and heterogeneous time prefer- 
ences.!® Moreover, in the context of overlapping generations, it would still 
remain questionable whether such measure correctly captures individual 
well-being in aggregate form. 


On the other hand, there is a more straightforward approach that is com- 
mon in the context of overlapping generations and public finance. It dates 
back to the seminal “Bergson welfare function” (Bergson (1938)) and is 
based on the reasonable assumption that aggregate welfare should simply 
be a function composed of individual welfare. In the present thesis, the 
social welfare analysis will be based on this concept. In particular, and as 
it is usually the case in this context, the welfare function is assumed to take 
an additive form. To be more precise, it shall be given by the weighted sum 


over the individuals’ indirect utilities. Two questions arise in this context: 


agent (or composite consumer) that dates back to Gorman (1959), Wilson (1968), Rubinstein 
(1974) and Constantinides (1982). 


105 A specific problem arises in the context of a representative budget constraint. Following 
the notation used so far, dropping agent individual indices, it would read: 


Ce = NaS At + bta Rpt- — Te Be, 


which is independent of the tax rates, since a redistributive tax system has no effect in the 
context of just one agent who pays and receives all revenues. Beyond that, it is also generally 
independent of permanent income, because of the single agent receiving aggregate produc- 
tion, as consequence of his sole investment decision. These properties of the representative's 
constraint affect the first order conditions and, hence, lead to different equilibrium pricing 
relations than in the setting featuring overlapping generations and heterogeneous time pref- 
erences. 
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Who are the relevant individuals to consider in order to quantify aggregate 
social welfare? And how should their indirect utilities be weighted? 


The former question is a matter of short- and long-run effects. Appar- 
ently, one could just focus on those agents that are currently alive by solely 
considering their individual welfare. Such an approach would be exclu- 
sively concerned with the short-run implications of a redistributive tax 
system, since it ignores the effects on future generations entirely. The 
present model structure featuring overlapping generations, however, im- 
plies that there will be an infinite number of future generations populat- 
ing an infinitely-lived economy. Merely looking at the welfare of the living 
population totally ignores this fact. In particular, this appears especially 
myopic when considering the long-run effects a redistributive taxation sys- 
tem has on aggregate and individual quantities in the present setting.1°° 
In contrast, one may ignore present generations and exclusively take fu- 
ture generations into account, focusing merely on the long-run effects of a 
redistributive tax system. This procedure is widely applied in the existing 
literature on optimal taxation and can, for example, be found in Pestieau 
(1974) and Atkinson and Sandmo (1980). However, it appears at least 
implausible that a government legitimated through the members of the 
present population should totally ignore the well-being of the very same. 
Therefore, based on the recent considerations, it seems reasonable to gen- 
erally include the expected remaining lifetime utility of both current and 
future individuals when valuing aggregate social welfare - as, for instance, 
in Ball and Mankiw (2007). 


The latter question is about whether there should be a different weighting 
on the indirect utilities of different agent types and/or generations. In the 


106 Campbell and Nosbusch (2007) define a social welfare function that considers only gen- 
erations currently alive. However, they assume an endowment economy without growth in 
the aggregate output of the consumption good. Alike, Conesa et al. (2009) define the ex ante 
expected lifetime utility of an average newborn individual as the measure for social welfare. 
Their model, however, features a stationary equilibrium with constant per capita variables 
and functions. Contrary to the present study, there are, thus, no long-run effects on future 
generations’ welfare levels. 
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existing literature, two approaches to this problem exist that are both gener- 
ally concerned with social discounting of future generations’ welfare. On 
the one hand, based on ethical considerations regarding equality, Ramsey 
(1927) among others (see also Sen (1961) and Solow (1974)) advocates that 
no differentiation should be made and consequently zero social discount- 
ing should be applied. On the other hand, most studies regarding optimal 
taxation presume a positive discount rate and, therefore, define social wel- 
fare as the discounted sum over future (and current) generations’ welfare 
(see, for example, Pestieau (1974) and Atkinson and Sandmo (1980)). First 
of all, this helps to overcome some mathematical difficulties that occur 
with zero discounting (see Koopmans (1967)). Second, and additionally, 
one may argue that a positive social discount rate just helps to achieve 
inter-generational equity, as it reflects the value judgments about the inter- 
generational distribution inherited in the individuals’ preferences. 


Following the latter approach, social welfare will be defined in the present 
study as the discounted sum over current and future generations’ indirect 
lifetime utilities. Finding adequate social discount rates, however, is chal- 
lenging in the present setting, due to the existing heterogeneity in the sub- 
jective time discount factors. In order to incorporate agents’ preferences 
about inter-generational distribution, it seems reasonable to assume dif- 
ferent social discount rates for the diverse agent types m. These in turn 
should be based on the groups’ patience characteristics. The straightfor- 
ward approach, proposed here, is to define for each agent type the mean 
subjective time discount factor across all living cohorts 5’ as its relevant 
social discount rate.! Formally, this can be expressed by the following 
social welfare function: 


M t oo i j 
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107 For reasonable values of 6”, the numerical results derived below are qualitative robust. 
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Although there is some flexibility regarding the social discount factor, such 
a welfare definition can be thought to be constructed according to Rawls’s 
principle of “the veil of ignorance” (Rawls (1999)). Accordingly, given the 
situation at date t, from a meta perspective each agent would (or at least 
could) agree in such procedure when taking decisions on “the basis of 
general considerations”, i.e., not being given any special information that 
specifies and will eventually effect his own particular case. 


In order to reduce equation size in the following, the subsequent auxiliary 


function is used: 
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Subsequently, given aggregate well-being (4.97), one can now determine 
the social welfare measure as previously for the individual level. It is de- 
fined as the percentage change in production without taxation that would 
be necessary in order to obtain the same aggregate level of welfare as in the 
presence of redistributive taxation. This implies that the following equality 
must hold: 


V; =V;, (4.99) 


where, once again, variables with tilde denote values that arise in the case 
of taxation, whereas variables without tilde represent values in the no-tax 
case. Using this condition and substituting the definition of aggregate 


welfare (4.97), the social welfare measure finally reads 


v= 1. (4.100) 


108 Details of the derivation are shown in Appendix B.2.12 
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As proposed, Equation (4.100) defines the percentage change in current 
production needed in the setting without taxation to generate the same 
level of aggregate welfare attained in the presence of redistributive taxa- 
tion.!© In line with the observations made for the individual welfare mea- 
sure (4.96), social welfare is time- and state-independent. It is directly af- 
fected by redistributive taxation because of the implied changes in individ- 
ual consumption shares and MPCTWs. Furthermore, as different alloca- 
tions of resources lead to different endogenous parameters v, an indirect 
effect of taxation exists on V. To be precise, different tax rates lead to dif- 
ferent growth rates. As earlier, this indirectly affects consumption shares 
through changes in human and transfer capital. Furthermore, it alters 
the expected indirect utility of future generations, represented by the term 
(=1/vG_) in Equation (4.98). 


4.2.5 The Impact of Government Debt 


The present section will finally close the analytical treatment of the general 
equilibrium solution by considering the impact of an active fiscal policy 
on the model solution. Following Fischer and Jensen (2014, 2017), one 
could expect the government to try to influence economic growth by in- 
vesting in the output technology itself and finance its activity by issuing 
government bonds. However, similar to them, one can show that debt 
financed government investment programs are neutralized by individual 
investment behavior in the present setting. Since most of the derivation 
steps presented above would have to be repeated for this purpose, the fol- 
lowing explanations will only concentrate on the decisive steps and results. 


A more extensive treatment is provided in the Appendix B.2.13. 


There is a wide array of literature considering the impact of a debt financed 
fiscal policy in general equilibrium. Economic literature is traditionally 


109Note that within the quantitative analysis, this welfare measure will also be adapted, so 
that it also applies to subgroups of the current and future population. 
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concerned with this issue and studies examining the influence of govern- 
ment debt in a production framework with overlapping generations date 
back to Diamond (1965), Pestieau (1974), Atkinson and Sandmo (1980), 
Auerbach and Kotlikoff (1983), Blanchard (1985) and Gertler (1999). These 
early studies have focused on deterministic models, where individuals pos- 
sess perfect foresight and life-cycle features are merely stylized. In con- 
trast, modern macroeconomic and asset pricing models feature aggregate 
and idiosyncratic risk and may capture realistic individual life-cycles. In 
this regard, important studies that abstract from an overlapping genera- 
tions framework are, for example, Aiyagari (1995), Ludvigson (1996) and 
Aiyagariand McGrattan (1998). Considerable contributions featuring over- 
lapping generations are, for instance, Gomes and Michaelides (2008) and 
Gomes et al. (2013). Within these approaches, the authors consider debt 
financed government policies and study the impact on asset prices, risk 
premiums and agents’ consumption and investment behavior in general 
equilibrium. In contrast to them, the present study can only consider the 
impact of debt financed fiscal policy as complementary to the preceding 
analysis. As it will be outlined below, the presented model specification 
with i.i.d. aggregate risk and tradable permanent income implies that 
agents will neutralize such government policy and eliminate any general 
equilibrium impact. 


Following the objective to increase macroeconomic growth, the govern- 
ment is assumed to issue government debt to finance investments in the 
production technology. For the sake of simplicity, the government strat- 
egy is given exogenously and designed to establish a constant debt to GDP 
ratio B@. In line with Fischer and Jensen (2014, 2017), government bonds 
are taken to be one-period risk-free bonds that are perfect substitutes for 
privately issued risky securities. Moreover, it further holds true that the 
government budget constraint is balanced in every period. That is, gov- 
ernment neither builds up wealth, nor debt. The amount of government 
debt outstanding in every period t is denoted by 8° Y; which implies gov- 


ernment investments J of the same amount and a share of government 
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equity holdings from t to t + 1 given by a? = If/I, .1!° Under these 
assumptions, aggregate private equity and bond holdings are changed to 


t 
So ay” =1- af, (4.101) 
Ae” =6°%,, (4.102) 


respectively, where bars denote variables (changed) in the presence of the 
government debt policy. Since the government budget constraint is bal- 
anced in every period, any government debt must directly be financed by, 
and all revenues must directly be paid to the living individuals. Conse- 
quently, such government intervention affects the optimization problem, 
given in Equations (4.31)-(4.33), by altering the individual’s budget con- 
straint (4.27). To be precise, it is the amount of transfer payments si that 
is changed. In aggregate, disposable transfers are now given by 


Si =S; + aF (1 — Te) Di + Teli-1) — BOV:-1 Ry, (4.103) 


which consist of the original aggregate transfers without government debt 
(first term), increased by government after-tax equity revenues (second 
term), but reduced by the repayments of government debts (third term). 
Using this result, the time t budget constraint of an agent of type m born 
in period i < t under government debt policy becomes!!! 


7 S 1 
= (an tF. mE) ((1 — Te) De + Telt—1) + 
1 ~ ; ; 
( = N. MÊ Ya) Rje- t+ (= n)hg™ +s, (4.104) 
Note that aggregate investment I; = IP + IG is now split up into a private IP = 


(Xt — 8°) Y; and a government IE = BCY, part. 


Hl The budget constraint of newborn agents (4.28) remains unchanged, since it is indepen- 
dent of transfers. 
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According to the findings by Fischer and Jensen (2014, 2017), Equation 
(4.104) illustrates that, induced by the changes in transfers, every agent’s 
exposure to the risk-free security is decreased by the additional term (N - 
M)-18@Y,_,. In contrast, the exposure to equity of each agent rises by 
the additional term (N - M)"!a@ ,. These changes are predictable for 
the agents who can thus react to the government intervention. Technically 
speaking, it can be shown that under these circumstances, bond and equity 
investment policies from time t — 1 to t of any agent of type m born in 
period t -— N <i < t — 1 change to 


BB + T er (4.105) 
-i,m i,m $ 
Oper le vum) (4.106) 


respectively. That is, individuals adapt their investment decisions by, first, 
increasing their bond holdings by the amount of (N - M)-18@Y,_, and, 
second, lowering their equity investment share by the amount of (N 
M)-!a@ į. Substituting these results into the agents budget constraint 
(4.104) reveals that individuals’ altered investment decisions neutralize the 
additional effects of the government intervention on an individual level. 
Eventually, the agent’s budget constraint remains unchanged. Moreover, 
the changed investment policies imply that aggregate private equity (4.101) 
and bond (4.102) holdings in the setting with government debt turn out to 
be identical to the original conditions (4.36)-(4.37). Thus, it follows that 
under the debt financed investment program the optimization problem 
together with the definition of market equilibrium is identical to the orig- 
inal case without such fiscal policy given by Equations (4.31)-(4.33) and 
conditions (4.34)-(4.37). 


To sum up, in the present setting, when the government finances an invest- 
ment program by issuing risk-free bonds, agents’ exposure to the risk-free 
security decreases while their exposure to equity increases. The channel 
through which this takes place is the transfer mechanism, since any gov- 
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ernment debt is directly financed by and all revenues are directly paid to 
the living individuals. Agents adapt to these changes by decreasing their 
equity holdings and increasing their position in the risk-free security. By 
so doing, they neutralize any effect such government intervention has on 
individual level and, with it, undo any impact on aggregate level as well. 
Hence, the optimization problem is unchanged and so is the equilibrium 
solution. Put differently, by adapting investments, the original budget con- 
straint (4.27) is fulfilled, agents preserve the linear sharing rule (4.79), the 
equilibrium condition from Equation (4.91) still holds and aggregate in- 
vestment (4.57) is unchanged. Consequently, the equilibrium solutions 
remain unchanged and any such government intervention has no effect 


on economic growth. 


4.3 Quantitative Analysis 


Building on a numerical analysis, this section illustrates and extends the 
analytical findings presented in Section 4.2. For this analysis, an empiri- 
cally plausible parameterization is chosen, which is presented in Section 
4.3.1. Based on these assumptions Section 4.3.2 presents some baseline 
results generated from the model and compares them to the data. Next, 
Section 4.3.3 studies the impact of varying labor and capital gains tax rates 
on macroeconomic quantities, individual life-cycle behavior, consumption 
and wealth disparity as well as individual and social welfare. Finally, an 
extensive robustness analysis is presented in Section 4.3.4, which stud- 
ies the effect of different levels of income disparity, diverse specifications 
for the subjective time discount factor and varying degrees of relative risk 


aversion. 
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4.3.1 Baseline Parameterization 


Each model period is assumed to correspond to one year, so decisions are 
made at an annual frequency. In line with the usual assumption in the 
life-cycle literature, agents enter the model economy at age 20 (t — i = 0), 
when they start their working life.!!? Before that, they are not separately 
captured, as their economic activity is considered to be part of their parents’ 
decisions (Samuelson (1958)). Individuals stay workers for forty-five years 
and retire at age 65, that is at model age t — i = 45. In retirement, agents 
are assumed to live for additional 25 years before they die at age 90.' This 
implies that, when entering the economy at age 20, an individual faces a 
certain horizon of N + 1 = 70 periods (see, for example, Gomes et al. 
(2013)). 


In order to study the impact of redistributive taxation on individuals with 
different proportions in aggregate earnings, the number of different agent 
types considered for the quantitative analysis is chosen to be M = 3. This 
is reasonable, as it divides the population into three different earnings 
groups. To be precise, there will be an agent group (agents of type 1 or 
“high”) that is subject to a relatively high income, a group (agents of type 
2 or “average”) with average earnings and an agent group (agents of type 3 
or “low”) that receives a relatively small fraction of aggregate earnings." 


112 Counting in the model starts at age zero indicating that agents are economically born, 
i.e., they become economically relevant, at this age. In line with the above assumptions, this 
implies that a certain model age refers to a real-life age that is 20 years ahead. 


1831In the OECD countries, an average worker retires around the age of 64 (see OECD 
(2017b)), while the current remaining life expectancy at age 65 is 21 years in high income 
countries. Beyond that, the projected remaining life expectancy at age 65 for the cohort that 
entered the labor market at age 20 in 2015 (the cohort born in 1995) is about 24 years, imply- 
ing a total life expectancy of about 89 years. The parameterization is chosen to match these 
observations. Nevertheless, it should be noted that the current life expectancy is only about 81 
years at birth for high income countries (Source: United Nations, Department of Economic 
and Social Affairs, Population Division (2017). World Population Prospects: The 2017 Revi- 
sion). Since, however, in the present model setting no individual dies ahead of time, there is 
no possibility to reproduce conditional life expectancies for various age groups. 


114 The income groups are of equal size, an assumption that is justified by choosing income 


4.3 Quantitative Analysis 197 


Table 4.1 — This table reports the baseline parameterization for the model featuring 
production and overlapping generations. 


Description Parameter Value 
Number of agent types M 3 
Agents’ economic lifespan N+1 70 
Retirement age O+1 45 
Degree of risk aversion y 3 
Capital’s share of output 0 30% 
Tax rate labor income TI 10% 
Tax rate capital gains Te 40% 
Productivity shock boom Atoom 8.51 
Productivity shock bust A 7.74 


Moreover, for the baseline parameterization the agents’ common relative 
risk aversion coefficient is set to y = 3. This parameter choice lies within 
the range of values usually considered in the asset pricing literature. In 
particular, within their seminal work Mehra and Prescott (1985) reason 
that y should be situated between zero and ten. Accordingly, one can 
find the range of values typically considered in modern life-cycle asset 
pricing or portfolio choice models (see Dammon (2001), Viceira (2001), 
Constantinides et al. (2002), Cocco et al. (2005), Campbell and Nosbusch 
(2007),Gomes et al. (2013), Fischer et al. (2013), Gärleanu and Panageas 
(2015)). In Section 4.3.4.3, alternative parameter values are considered. 


Next, turn to the production side of the model. The capital’s share of out- 
put (9) is set to 30%. This is in line with the empirical evidence of the 
average output share for the U.S. economy (from 1959 to 2016). For 


proportions accordingly. The income profile and the particular proportions are given below 
in Section 4.3.1.1. 


115 The time-series average for the capital’s share of output is 29.2% (Source: U.S. Bureau 
of Economic Analysis, National Income and Product Accounts, “Table 1.10. Gross Domestic 
Income by Type of Income”, annual data, 1959-2016). The underlying calculation is as follows: 
net operating surplus / (compensation of employees + net operating surplus) 


198 4 Redistributive Taxation in a Production Economy with Overlapping Generations 


simplicity, the number of different realizations of the productivity shock 
used in the numerical analysis is restricted to Z = 2, as in Fischer and 
Jensen (2014, 2015, 2017), which implies that markets are complete under 
the given parameterization. This assumption has no qualitative effects, 
since the analytical results show that the solution is not affected by the 
amount of possible realizations but by the unconditional moments im- 
plied by them. The specification of the productivity shock is chosen in 
order to help to replicate the long term historical mean (3.3%) and stan- 
dard deviation (4.9%) of U.S. gross domestic product (GDP) growth.'!° In 
this vein, the realizations of the capital augmenting shock are given by 
Aboom — 8.51 and Ast = 7.74, which are, respectively, referred to as the 


boom and bust scenarios, like in Fischer and Jensen (2015). 


With respect to the tax rates, in the baseline parameter set, the values are 
chosen in order to match the corresponding shares of tax revenues in GDP 
observed in the data, as given in Gomes et al. (2013). Since the personal in- 
come taxes reported in the underlying data exclude tax credits or transfers, 
the calculation is based on the “gross” tax revenues collected by the gov- 
ernment in the model, which also include revenues collected from long 
positions in the bond market.!"” Then, to be in line with the empirical 
numbers, the flat tax rate on labor income 7; is set to 10% and the flat tax 


rate on capital gains 7, is set to 40%.118 


Together with the specification of the life-cycle earnings profile (Section 
4.3.1.1) and the determination of the profile for the subjective time dis- 
count factor (Section 4.3.1.2), this set of parameter values is referred to 


116 Source: U.S. Bureau of Economic Analysis, National Income and Product Accounts, “Ta- 
ble 1.1.1. Percent Change From Preceding Period in Real Gross Domestic Product ”, annual 
data, 1930-2016. 


117 Source: U.S. Bureau of Economic Analysis, National Income and Product Accounts, “Ta- 
ble 3.4. Personal Current Tax Receipts”. 


118 Gomes et al. (2013) find the same values for capital and labor taxes for their model in 
order to match the corresponding share of tax revenues in GDP. As pointed out by the authors, 
he marginal tax rate on labor income in reality is higher than 10%. This discrepancy between 
model and statutory tax rate is due to the simplifying assumption of a linear tax schedule. 
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as the baseline parameterization. It is summarized in Table 4.1. In Sec- 
tion 4.3.4 various alternative parameter values are considered. 


4.3.1.1 Earnings Profiles 


In this section, the life-cycle earnings profiles for the three different agent 
types (M = 3) presumed above are specified. In this regard, the present 
analysis abstracts from modeling different earnings profiles across income 
groups, but concentrates on differences in their lifetime income level (i.e., 
the fraction in aggregate earnings).''? Applying this simplification, the 
model properties following from the baseline parameterization will allow 
to readily separate between inter-generational and intra-generational redis- 


tribution effects in the analysis.'2° 


The parameterization of the specific labor income profile, f/",; for 0 < 
t —i < O, is based on Hubbard et al. (1994), who estimate third-order 
polynomials in age. The implied deterministic profiles reflect the well- 
established hump shape of labor income over the life-cycle. The present 
analysis builds on these result because of the underlying definition of la- 
bor income that merely composes household earnings and unemployment 
insurance.'*! In other studies, the definition of labor income is usually 
much broader and may additionally include, e.g., public transfer payments 


(see, for instance, Cocco et al. (2005)). Since the main objective of the 


119 Earnings profiles are usually provided for the three different education groups: college 
graduates, individuals with high school education but without a college degree, and finally 
individuals without high school education. The reason for this is the empirical evidence 
that income-profiles are significantly different for these education groups (see Hubbard et al. 
(1994) and Cocco et al. (2005)). In the present setting, however, agent groups are assumed to 
be of equal size within the model, contrary to the distribution of the education groups within 
the U.S. population. 


120To be precise, when one of the income groups is subject to average lifetime income, i.e., it 
possesses a share in aggregate earnings of 1/ M, and life-cycle profiles of time preferences are 
identical across income groups, the agent type receiving average income will only be subject 
to inter-generational redistribution. This way, inter-generational redistribution effects can be 
observed separately, when studying this agent type. 


121These data have recently been used by Gârleanu and Panageas (2015). 
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Table 4.2 — This table reports the coefficients for the third-order cohort labor income 
polynomial in model-age, Fr; = ġ + o1(t — i) + do(t — i)? + o3(t — i)’, used 
in the quantitative analysis. The values depend on the estimates by Hubbard et al. 
(1994) for high school graduates and are adapted in order to normalize the sum over 
the earnings shares (incl. retirement income) of all agent types and cohorts to one, i.e., 


are Fii tr DE Fo=1. 


$ Qı 2 03 
1.1360 : 10-2 0.8776-10-2 —0.1151-10-* —0.0174 : 10° 


present study is to analyze the effect of transfers due to redistributive tax- 
ation, it seems reasonable to use labor input parameters that are defined 
generally before transfers, as provided by Hubbard et al. (1994). 


The age-profile for retirement income, ff”, for O < t—i < N, is flat. 
In particular, it is defined as exogenous and constant proportion X (re- 
placement ratio) of the labor income fraction received in the agents’ last 


working-period. In this vein, aggregate retirement income is simply given 


M m 


mai di» Of aggregate earnings 


as a constant fraction, AFo with F;_; =) 
H,. Following Gomes et al. (2013), the replacement ratio X is equally set 
to 40% for all agent types, which is consistent with the empirically doc- 


umented median replacement rate from the U.S. social security system. 


Based on the assumptions regarding the underlying labor income and re- 
tirement profiles, the specific definition of the deterministic earnings func- 
tion can now be derived. Since labor income profiles across agent types are 
heterogeneous only with respect to the implied income levels, but are oth- 


erwise identical in shape, it is convenient to, first, define a deterministic 


M m 


mai si; Ina second 


earnings function on cohort level, i.e., F}_; = >> 
step, the agent-specific earnings function f/", can then be deduced from 
this earnings function by scaling it with the group-specific share in ag- 
gregate earnings x”, where Spaces x” = 1. To this effect, it must be 
ensured that the amount of earnings paid to agents equals the amount 


of aggregate earnings available in every time step. Formally, this can be 
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Figure 4.1 — This figure displays the life-cycle earnings profiles f/”, for the three income 
groups (high, average and low income) considered for the baseline parameterization. 


defined by the following condition (see Garleanu and Panageas (2015)): 
Si o Feit A ya +; Fo = 1, where the first term corresponds to the 
proportion of aggregate earnings paid out as labor income and the second 
term is the fraction of H, distributed to retirees. In line with the defini- 
tion of market equilibrium in Section 4.1.5, it just states that the sum over 
the earnings shares (incl. retirement income) of all agent types and co- 
horts must sum to one. Using this condition, normalized coefficients for 
the third-order cohort labor income polynomial reported in Hubbard et al. 


(1994) are determined. The corresponding values are reported in Table 4.2. 


Next, it just remains to specify the group-specific shares in aggregate earn- 
ings x”. The levels of life-cycle earnings received by the different agent 
types are chosen to roughly reflect the proportions observed in the U.S. 
population, divided into three income groups of approximately equal size. 
In particular, the fraction of aggregate earnings x™ received by the high 
income group is set to 50% (51% in the data), the average income group 
earns 33.33% (26% in the data) and the low income group has 16.67% (22% 
in the data) of aggregate earnings.!?? In this vein, the individual life-cycle 


earnings profiles are finally given by the following deterministic function: 


122Source: “U.S. Census Bureau, Current Population Survey, 2016 Annual Social and Eco- 
nomic Supplement”. Divided into three income groups of approximately equal size, the high 
income group comprises individuals with characteristic “Bachelor’s Degree or more”, the 
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mn: if0<t-i<O, 
fim, =~ j (4.107) 
x”AFo ifO<t-i<N. 


The resulting life-cycle patterns for the three income groups are illustrated 
in Figure 4.1. Section 4.3.4.1 considers the impact of different levels of 
income disparity. 


4.3.1.2 Subjective Time Discount Factors 


The setting of the baseline parameterization is finally completed by estab- 
lishing the specification for the individuals time preferences. As pointed 
out above (see Section 2.1.3), there is unambiguous evidence that patience 
alters with age and across income levels. In case of the latter, particularly 
there also exists a high level of conformity across several studies regarding 
the relationship, indicating that patience is higher for high income house- 
holds than for low income households. With respect to the influence of 
age, however, the existing evidence is ambiguous. 


As discussed in Section 2.1.3, although some studies report a positive re- 
lationship, most studies find a negative influence of aging on individual 
patience. That is, patience is found to be typically higher for young adults 
than for elderly individuals. This relationship is explained by declining 
mental and physical abilities, decreasing fertility and increasing mortality 
or generally shortened remaining lifetime with age. Beyond that, however, 
there is also inconsistency with respect to the relation between discount- 
ing of middle-aged individuals and discounting of young adults. On the 
one hand, building on the mentioned factors, a number of studies predict 
that discounting is a monotonic function of age, implying patience to be 


average income group contains the categories “Some College No Degree” and “Associate 
Degree”, and finally the low income group consists of the categories “Less Than 9th Grade”, 
“High School: 9th to 12th Nongrad” and “High School: Graduate (Incl GED)”. 
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Table 4.3 - This table reports the coefficients for the second-order subjective time dis- 
count factor polynomial in model-age, 5:-; = ¢ + yi(t — i) + palt — i)?, and the 
mean discount factor over the life-cycle implied by this estimate. 


p pı P2 Mean 


0.96 0.4886 - 107? 0.9429 - 1074 0.9759 


highest for young adults and constantly declining over the life-cycle (see 
Trostel and Taylor (2001) and Booij and van Praag (2009)). On the other 
hand, numerous studies find a hump-shaped pattern of subjective time 
discount rates over the life-cycle. That is, patience increases until middle 
age and declines afterwards. In this vein, elderly individuals display the 
highest degree of impatience, whereas middle-aged individuals are consid- 
ered most patient (see Harrison et al. (2002), Sozou and Seymour (2003), 
Read and Read (2004), Chu et al. (2010) and Kageyama (2013)). The reason- 
ing behind this is that, first, young people lack the experience to correctly 
evaluate uncertainty and, hence, are better off consuming today than post- 
poning benefits. With growing age, individual behavior gets more secure 
and uncertainty loses its effect on discounting. Therefore, patience goes 
up early in life. Second, and in line with the other studies mentioned ear- 
lier, fertility falls and mortality rises with age at an increasing rate which 
has an increasingly negative effect on patience over the life-cycle. At a cer- 
tain age, the second effect starts to dominate the first one, so that in the 
aggregate the net effect is the indicated hump-shaped age-pattern of dis- 


counting. The baseline parameterization follows this reasoning. 


Furthermore, since the analysis presented in the previous chapter already 
focused on heterogeneity in patience across agent types, the following anal- 
ysis will concentrate on heterogeneity over the life-cycle. Hence, the age- 
profiles of time preferences will be assumed to be identical across agent 
types in the baseline parameterization. The impact of different settings 
for the subjective time discount factors is studied in Section 4.3.4.2. 
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Then, it remains to formally specify the age-profile of patience. Since the 
studies presented above all depend on a multitude of different assump- 
tions, the values reported in them are not directly suitable for the present 
setting (see Read and Read (2004)). The adaptable finding from these con- 
tributions is, therefore, limited to the documented relation between age 


and time preferences. 


In order to formalize this relation for the present analysis, a simple second- 
order polynomial is proposed. In this context, it is noteworthy that the 
model structure implied by an overlapping generations framework allows 
for values of the subjective time discount factors that are larger than one 
(see, for example, Constantinides et al. (2002)). Beyond that, since the 
individuals’ marginal rates of substitution over consumption are actually 
found to be independent of ö,_; (see Equation 4.61), flexibility in the choice 
of subjective time discount factors is even larger for the present setting. To 
be more precise, even for extreme (high) values of 6;_;, individuals might 
still discount the future, as typically presumed within the standard dis- 
counted utility model (see Loewenstein and Prelec (1991) and Frederick 
et al. (2002)). 


Finally, due to the influence of time preferences on aggregate economic 
growth (see Section 4.2.1.2), the reasonable objective pursued by quanti- 
fying 6,_; is to help to match the empirically observed GDP growth rate 
within the model, while replicating the empirically documented hump- 
shaped pattern of consumption over an individual’s life-cycle. In so do- 
ing, the values for the subjective time discount factors will be limited to 
lie within the generally documented range of values, as documented by, 
for example, Frederick et al. (2002). Furthermore, it seems reasonable 
to model a mean subjective time discount factor that is in line with the 
values typically considered within the asset pricing literature. Based on 
these considerations, and in order to ultimately estimate the second-order 
polynomial, the subjective time discount factor is set to 0.96 for newborn 
agents, reaches its maximum value at model age 20 with 1.02 and drops 
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Figure 4.2 — This figure displays the estimated life-cycle profile of the subjective time 
discount factor ô+; for the baseline parameterization. 


to 0.84 until model age 70.1? The resulting coefficients for the second- 
order subjective time discount factor polynomial are reported in Table 4.3. 
The mean discount factor implied by this estimate is about 0.98, which 
is well within the range of values usually considered in the asset pricing 
literature. The implied life-cycle pattern is displayed in Figure 4.2. The 
baseline parameterization is thus complete. 


4.3.2 Baseline Results 


In this section, the quantitative model results are presented that follow 
from the described baseline parameterization. In particular, first, aggre- 
gate economic statistics for the model economy are outlined and com- 
pared to empirical data. This comprises growth rates, returns and aggre- 
gate tax revenues. Second, model implied individual life-cycle profiles are 
displayed and discussed with respect to the stylized facts documented in 
other asset pricing and portfolio choice studies. This includes among other 
things consumption, wealth and income as well as savings and investment 
life-cycle profiles. Finally, measures for consumption and wealth disparity 
are presented. 


123 As explained above, this is in line with stylized facts documented within the relevant 
literature (see Harrison et al. (2002), Sozou and Seymour (2003), Read and Read (2004) and 
Chu et al. (2010)). 
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Table 4.4 - This table shows aggregate economic statistics for the model and U.S. data. 
Panel A reports the share of consumption and investment in aggregate output for the 
model under baseline parameterization and aggregate U.S. data taken from Gomes 
et al. (2013). The documented data are adapted to correspond to the setting without 
government consumption in the model. Panel B reports the mean and standard devi- 
ation of GDP for the model under baseline parameterization and the corresponding 
historical U.S. data (Source: U.S. Bureau of Economic Analysis, National Income and 
Product Accounts, “Table 1.1.1. Percent Change From Preceding Period in Real Gross 
Domestic Product ”, annual data, 1930-2016). 


Panel A: Share of Output (in %) 


Model Data 
Consumption 70.87 74.56 
Investment 29.13 25.44 


Panel B: Moments GDP Growth (in %) 


Mean 2.97 3.34 
Std. Dev. 4.88 4.91 


4.3.2.1 Aggregate Economic Statistics 


As outlined above, the parameterization is chosen in order to help to match 
the first two moments of GDP growth observed empirically. Table 4.4 re- 
ports the resulting shares of consumption and investment in aggregate out- 
put (Panel A) as well as the mean and standard deviation of GDP growth 
(Panel B) for the model economy and the corresponding historical U.S. 
data. The model matches the documented empirical counterparts fairly 
well. The investment (consumption) share of output is slightly higher 
(lower) than reported in the data, while the moments of GDP growth pre- 
dicted by the model are somewhat lower than the observed long term his- 
torical U.S. data, but well within the range of observed values. 


Next, Table 4.5 reports the asset pricing moments for the baseline model 
economy and compares them to the empirical U.S. data. The values reveal 
the apparent problem of the model to match the historically documented 


figures given the parameterization chosen in the baseline case. The annual 


4.3 Quantitative Analysis 207 


Table 4.5 - This table shows annual asset pricing moments implied by the model econ- 
omy under baseline parameterization and empirically observed U.S. data taken from 
Gomes et al. (2013). 


Net Returns / Premium Model Data 
Ry-1 3.20 1.58 
[Rx] =i 3.63 8.31 

Var [Rz] -1 3.02 19.81 
[Re] - Ry 0.43 6.74 


net risk-free return is double, whereas the annual net risky asset return is 
only half of its observed empirical counterpart. This results in an annual 
equity premium that is negligible compared to the reported historical U.S. 
data, a phenomenon well-known to the literature as the equity premium 
puzzle, which is ascribed to Mehra and Prescott (1985) (see Section 2.2.2.1). 
It is caused by the assumptions of standard CRRA preferences and the ag- 
gregate stochastic process underlying the economy. From Table 4.5 the 
particular reason becomes obvious. The standard deviation of equity re- 
turn is just a small fraction of its empirical counterpart. The reason for 
this is that in the present model it follows directly from the assumption re- 
garding the standard deviation of GDP growth (see Equation (4.13)). Since 
the growth rate of output, however, does not vary that strongly, the model 
can match either one of these figures. 


The tax rates for baseline parameterization were chosen in order to match 
the corresponding shares of tax revenues in GDP observed in the data. To 
this end, the flat tax rate on labor income 7; was set to 10% and the flat 
tax rate on capital gains Te was set to 40%. Table 4.6 presents the shares 
of tax revenues for the model under the baseline parameterization and 
the corresponding empirical values reported by Gomes et al. (2013). As 
intended, the model implied values are very close to the documented U.S. 
data. 
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Table 4.6 - This table shows the percentage share oftax revenues in GDP by source from 
the model under baseline parameterization and the corresponding empirical aggregate 
U.S. data taken from Gomes et al. (2013). The labor value for the model includes tax 
revenues from aggregate earnings, i.e., labor and retirement income. 


Source Model Data (1929-2010) 
Labor 7.00 6.80 
Capital 5.12 5.19 


4.3.2.2 Life-cycle Profiles 


Figure 4.3 (top panel) plots the mean life-cycle profiles of consumption, 
wealth and income after tax for the average agent (type 2) under base- 
line parameterization.!?* In order to derive the profiles, aggregate output 
(Y) is normalized to one at real-life age 20. Before and including age 65, 
income corresponds to labor income, whereas from that age onward, it 
refers to retirement income. The resulting life-cycle profiles are in line 
with the patterns reported in other general equilibrium (see Gomes and 
Michaelides (2008)) and portfolio choice (see Cocco et al. (2005), Gomes 
and Michaelides (2005) and Fischer et al. (2013)) models. As in these 
studies, the consumption profile shows the empirically well-established 
hump-shaped pattern (see, for example, Gourinchas and Parker (2002) and 
Fernandez-Villaverde and Krueger (2007)). 


The origin of this pattern can be found in Figure 4.3 (mid panel). It shows 
that individual consumption growth is also hump-shaped over the agent’s 
lifespan. In particular, mean consumption growth is positive until around 
age 75 and drops sharply from that age onward. This development car- 
ries over to the consumption profile illustrated in the top panel. As out- 
lined in Section 4.2.2.2, the consumption growth profile is mainly shaped 
by the underlying life-cycle profile of the subjective time discount factor 


124Since the different agent types are identical except for their income levels, the figures for 
the other two agent types draw a qualitatively similar picture. Therefore, the presentation of 
the life-cycle profiles in Figure 4.3 focuses on the average agent type. 
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Figure 4.3 — This figure shows mean life-cycle profiles for the average agent (type 2) 
under baseline parameterization. The top panel displays the model implied mean life- 
cycle profiles of consumption, wealth and income after tax. Before and including age 65, 
income corresponds to labor income after tax, whereas from that age onward, it refers 
to retirement income after tax. The mid panel plots mean individual consumption 
growth (in %) as well as the corresponding values for the boom and bust scenario over 
the lifespan. The bottom panel depicts the evolution of mean total wealth, human and 
transfer capital with age. For the profiles, aggregate output (Y) is normalized to one at 


age 20. 


210 4 Redistributive Taxation in a Production Economy with Overlapping Generations 


(see Equation (4.73)). In this vein, the hump-shaped consumption pattern 
originates mainly due to the underlying profile of time preferences in the 


present setting. 1” 


Since individuals are not borrowing constraint and labor income is trad- 
able through the risky security in the present setting, agents can borrow 
against their human capital. Therefore, as can be seen from Figure 4.3 
(top panel), individuals borrow and hold negative wealth in the first half of 
their working life, when human capital is still large (see bottom panel). At 
around age 35, the present value of future earnings starts to decrease and 
individuals begin to reduce outstanding debts. At around age 45 debts 
are fully repaid and agents start to save for retirement. From then on, 
wealth accumulation increases until retirement, from which point on it 
starts to fall again to finance retirement consumption. The wealth pat- 
terns reported by the previously mentioned studies are basically similar, 
although most of them assume borrowing constrained investors, which 
implies wealth levels that are positive throughout the whole life-cycle. A 
notable exception is Cocco et al. (2005) who also find negative wealth levels 
during working life when considering endogenous borrowing constraints. 


Figure 4.4 (left panel) plots the life-cycle profiles of the share of total, equity 
and bond investment in aggregate investment for the average agent (type 
2) under baseline parameterization. In line with the observations for the 
wealth profile, total investment is negative in the first half of the working 
life, it becomes positive at around age 45, increases thereafter in order to 
build up retirement wealth and falls immediately after retirement. Agent’s 
equity investment shows a similar life-cycle pattern, although the peaks are 
more heavily pronounced. As shown in Section 4.2.2.3, the analytical so- 
lution implies that higher current and expected discounted future perma- 
nent incomes negatively affect the equity investment decision. Since most 


125 The related literature finds variation in patience over the life-cycle (mostly due to increas- 
ing mortality risk) also to be a main driver of the hump shape of the consumption profile. 
Moreover, it reports liquidity constraints and changes in earnings with age as other relevant 
factors (see Cocco et al. (2005), Gomes and Michaelides (2008) and Fischer et al. (2013)). 
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Figure 4.4 — This figure shows investment as well as net transfer life-cycle profiles 
for the average agent (type 2) under baseline parameterization. The left panel plots 
the agent’s share (in %) of total, equity and bond investment in aggregate investment 
over his life-cycle. The right panel displays mean net transfers received in percent of 
aggregate production output over the lifespan, where total transfers are also split up 
into transfers financed by capital and earnings. 


of the earnings and transfers are still to be received, human and transfer 
capital are large early in life, as displayed by Figure 4.3 (bottom panel). 
Consequently, holdings in the risky security are lowest when agents are 
young, including substantial short positions. This observation is in line 
with Benzoni et al. (2007) who also find that agents should optimally take 
short positions in the stock market when young. According to the reason- 
ing given here, they also argue that most of the young investor’s wealth 
is still tied up in future labor income. Because of cointegration between 
labor income and dividends, young agents are overexposed to market risk. 
In order to compensate this, they take short positions in the stock market. 


The holdings in the risk-free bond show a contrary pattern. During the first 
half of working life positions are positive, they turn negative at around age 
45, decrease until retirement and rise immediately thereafter. As found 
in Section 4.2.2.4, the agent’s bond investment policy is driven by the net 
transfer payments financed by capital taxation. This relationship can be 
deduced from Figure 4.4 (right panel). In line with the findings from the 
analytical solution, net recipients of capital transfers enter into long posi- 
tions on the bond market, whereas net contributors take short positions in 
the risk-free security. This is the case, because the transfer mechanism, be- 
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sides redistributing incomes, also redistributes macroeconomic risk from 
net contributors to net recipients of capital transfers. As a result, net recip- 
ients already possess a relative high exposure to macroeconomic risk. In 
order to compensate this, they enter into long positions on the bond mar- 
ket and decrease their positions in the risky security. The opposite holds 
true for net contributors. 


As explained above, under the assumption of homogeneous life-cycle pro- 
files of earnings and patience, the agent with average income level will only 
be subject to inter-generational redistribution (see Footnote 120). There- 
fore, Figure 4.4 (right panel) illustrates the way the redistributive taxation 
system reallocates incomes across cohorts. Individuals receive positive 
(inter-generational) net transfers around the first and the last quarter of 
their lives. The reason for this is that early in life, financial and non- 
financial income is still low, whereas late in life retirement income is low 
again and a substantial fraction of retirement savings has already been con- 
sumed. These transfers are financed by the middle-aged that are subject to 
high labor income and have build up substantial financial asset holdings. 


In case of the two other income groups, the life-cycle profiles given in 
Figure 4.4 are quiet similar.'*° Nevertheless, the levels of investment are 
much larger for high income agents, whereas they are smaller for the low 
income agents, as one would expect. Beyond that, for the former, net trans- 
fer income is negative almost over the whole lifespan, turning them into 
net contributors of the taxation system. In contrast, low income agents are 
net recipients since they receive positive net transfers throughout their en- 


tire lifetime. 


126The life-cycle profiles for low (type 3) and high (type 1) income agents are shown in 
Figures A.1 and A.2 in the Appendix A, respectively. 
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4.3.2.3 Consumption and Wealth Disparity 


This section closes the presentation of the baseline results by looking at 
the distribution of consumption and wealth across individuals. Since the 
taxation system is built to reduce consumption disparity and since only 
consumption provides agents with utility, examining the consumption in- 
equality implied by the model is of special interest. Table 4.7, therefore, 
reports the percentage consumption shares corresponding to the different 
quintiles of the consumption distribution as well as the consumption Gini 
coefficient for the model under baseline parameterization and the relevant 
empirical U.S. data reported by Krueger et al. (2017). Overall, the model 
matches the empirically documented consumption distribution pretty well. 
Although the consumption Gini coefficient implied by the model (0.28) is 
somewhat lower than the value reported by Krueger et al. (2017) using 
U.S. data from the 2006 Consumer Expenditure Survey (0.36), it is still 
within the range of reasonable values reported by other studies. For in- 
stance, Krueger and Perri (2006) find a consumption Gini coefficient of 
around 0.25 between 1980 and 2003, also building on the data from the 


Consumer Expenditure Survey.” 


Given the assumption of homogeneous preferences across agent types, 
the consumption Gini coefficient conditional on age is constant (0.30) in 
the baseline parameterization. This is contrary to empirical findings that 
report growing consumption disparity with increasing age (Krueger and 
Perri (2006)). In the present model this can be achieved, by assuming het- 
erogeneity in the subjective time discount factors across agent types, as for 


example in Gomes et al. (2013).'8 


Next, turn to the distribution of wealth within the model. In line with 
the qualitative findings in the relevant literature, wealth inequality in the 


127 See also the discussion in Section 2.1.1. 


128Section 4.3.4.2 studies the impact of heterogeneous subjective time discount factors 
across agent types. 
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Table 4.7 - This table reports the percentage total consumption fractions per consump- 
tion quintile and the consumption Gini coefficient for the model under baseline pa- 
rameterization and U.S. data taken from Krueger et al. (2017) using data from the 2006 
Consumer Expenditure Survey. 


Q1 Q2 Q3 Q4 Q5 Gini 
Model 8.0 129 18.0 254 35.6 0.28 


Data 6.5 11.4 16.4 23.3 42.4 0.36 


modelis much larger than consumption inequality (see Section 2.1.1). Nev- 
ertheless, the present setting overstates the wealth disparity across agents 
heavily by implying a Gini coefficient larger than one, compared to a wealth 
Gini coefficient of around 0.80 observed empirically (see Krueger and Perri 
(2006) and Favilukis (2013)). The reason for this is that individuals are not 
borrowing constraint and permanent income is tradable through the two 
financial securities. Therefore, agents borrow against their present value 
of future incomes and hold high amounts of negative wealth when young. 
As a consequence, the percentage fraction of agents with zero or negative 
wealth holdings within the model (33, 3%) is about twice as high as its em- 
pirical counterpart (18.6%).!?? This causes the unreasonably high wealth 
Gini coefficient under the baseline parameterization. The impact of differ- 
ent parameter settings will be subject of the following sections. 


4.3.3 The Impact of Redistributive Taxation 


Having established the baseline results one can now turn to study the im- 
pact of different model parameterizations. Since the main objective of the 
present work is to examine the impact of redistributive taxation in general 
equilibrium, analyzing the implications of varying tax rates is, obviously, 
of special interest. Building on the general equilibrium overlapping gener- 


12°The percentage of negative wealth holdings is taken from Wolff (2010) based on the data 
from the 2007 Survey of Consumer Finances. 


4.3 Quantitative Analysis 215 


ations model of the present chapter, the current section gives attention to 
this central question. In particular, keeping the remaining specifications 
as presented in Section 4.3.1, the following sections investigate quantita- 
tively the influence of varying labor and capital tax rates on macroeconomic 
quantities (like the investment fraction and production growth), on indi- 
vidual life-cycle profiles (of consumption, wealth and investment), on con- 
sumption and wealth disparity as well as on social and individual welfare. 


4.3.3.1 Macroeconomic Effects 


As shown in Section 4.2.3, the equilibrium model solution depends basi- 
cally on the distribution of current and expected present value of future 
permanent income across the agents currently populating the economy. 
A shift of permanent income from one type of agents to another, or across 
cohorts, changes the equilibrium condition and, consequently, leads to a 
different solution for the endogenous parameter v. As a result, the re- 
distributive taxation of both capital as well as labor income affect individ- 
ual behavior. As outlined above, this is a consequence of the overlapping 
generations framework and the assumption of heterogeneous preferences. 
Moreover, since aggregate production output is endogenous to the model, 
individual decisions further determine aggregate economic development, 


making them also dependent on the tax rates. 


The present section investigates the latter relationship by studying the 
quantitative effects of varying tax rates on macroeconomic quantities. In 
particular, Figure 4.5 depicts the impact of redistributive labor (7) and cap- 
ital (Te) taxation on the endogenous model parameter (v, top left panel), 
the aggregate investment share (X, top right panel), expected economic 
growth (bottom left panel) and the annual standard deviation of economic 


growth (bottom right panel). 


The top left panel of Figure 4.5 illustrates the relationship between the tax 
rates and the parameter v. Recall that the analytical solution concluded 
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Figure 4.5 — This figure shows the impact of varying labor (7;) and capital (Tc) tax rates 
on the endogenous model parameter (v, top left panel), the aggregate investment share 


(X, top right panel), expected economic growth (bottom left panel) and the annual 
standard deviation of economic growth (bottom right panel). 


that labor taxation has no influence on the stochastic discount factor (see 
Section 4.2.1.3). Therefore, any equilibrium effect of the tax rate 7; is only 
due to the influence of different income distributions across agents. Fig- 
ure 4.5 (top left panel) depicts that, with growing tax rates on labor income, 
permanent income is reallocated in a way that the ratio of consumption 
shares for the reference agent (type m = 1) between age zero and one (v) 

is increasing. Being subject to a high level of labor income, this agent type 

is a net contributor to the transfer mechanism with respect to earnings 
during working years.'¥° Consequently, his consumption shares decrease 


with higher tax rates 7; when young. In particular, the consumption share 


13°The fact that high income agents are net contributors has been described before in Sec- 
tion 4.3.2.2. Moreover, Figure A.2 in the Appendix A illustrates that agent type 1 is a net 


contributor to the transfer mechanism with respect to earnings during the entire working 
life. 
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when newborn is reduced more strongly than in the subsequent age of life, 
so that the endogenous parameter v increases with labor taxation. 


The relationship between capital taxation and the relevant ratio of con- 
sumption shares is different. Since it reduces capital income, while in- 
creasing transfer payments, the tax rate 7, affects the equilibrium solution 
through a reallocation effect, too. Capital holdings are zero or negative 
in the beginning of the individuals’ life-cycle, independent of the agent 
type. Therefore, net transfers from capital are generally positive for young 
individuals within the present setting and consumption shares increase 
with the tax rate 7,. In contrast to labor taxation, however, there is also a 
second effect of capital taxation. More precisely, under the given param- 
eterization, taxing capital decreases individual consumption growth (see 
Equation (4.73)) and, hence, increases the individual’s marginal rate of 
substitution between current and future consumption. The price of future 
consumption raises relative to the price of current consumption and indi- 
viduals increase present consumption at the cost of future consumption. 
Overall, both effects lead to an endogenous parameter v that decreases 
with increasing Te. The effect weakens for increasing labor tax rates 7. 


The top right panel of Figure 4.5 illustrates the relationship between the 
tax rates and the aggregate investment share (X). The analytical solution 
(see Equation (4.57)) has shown that X depends on the labor tax solely indi- 
rectly through the reciprocal of the endogenous parameter. Further, and as 
just described, v is positively linked to the tax rate 7;. Therefore, it follows 
that the aggregate share of output that is reinvested into the production 
technology decreases with growing labor taxation. Again this effect is only 
due to the equilibrium influence of different income distributions across 


agents. 


The effect of capital taxation on the aggregate investment share takes place 
through two channels. First, X also depends on re indirectly through the 
reciprocal of the endogenous parameter. Since v decreases (for almost all 
labor tax rates) with increasing capital taxation, this has a positive effect on 
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the aggregate investment share. Second, as shown in Equation (4.57), X 
is also affected directly by r. through the reciprocal of the constant G4. For 
the given parameterization, this constant is positively correlated to the cap- 
ital tax rate implying a negative effect on the aggregate investment share. 
The second effect dominates the first one with the result that the aggre- 
gate investment share also decreases with growing capital taxation. Over- 
all, this relationship can yet again be reasoned by the influence of 7, on 
the stochastic discount factor. As explained above, the marginal rate of 
substitution between current and future consumption is positively linked 
to the capital tax rate and, hence, individuals increase present consump- 
tion at the cost of future consumption. Since this relation holds for all in- 
dividuals, it translates onto macroeconomic level. Consequently, current 
aggregate consumption raises while current aggregate investment drops. 


Overall, the present model predicts an investment share on economic level 
that is negatively related to taxation in general. This observation is in line 
with the empirical evidence in Blanchard and Perotti (2002) and also car- 
ries over to the influence of tax rates on (expected) macroeconomic growth 
rates, as depicted in the bottom left panel of Figure 4.5. The analytical solu- 
tion in Equation (4.55) describes a positive linear relationship between the 
aggregate investment share and aggregate production growth. As a result, 
since aggregate investment is negatively linked to taxation, GDP growth 
decreases with both capital and labor taxation.'?! Although the influence 
on the level of aggregate investment is small, the effect on growth rates 
is quantitatively substantial. Without any redistributive taxation, annual 
economic growth is around 3.7%. Implementing a tax rate on labor in- 
come of 7, = 40%, it decreases to 2.9%, while introducing a capital tax 
of Te = 40% leads to a reduced growth rate of 3.2%. Levying both taxes 
simultaneously, the effects aggravate and economic growth is in the most 
extreme case (7; = Te = 100%) eventually eliminated completely. Finally, 


131Equation (4.60) shows that aggregate growth rates are identical in the present model 
setting. Thus, the described tax influence also holds true for aggregate consumption and 
investment growth. 
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the bottom right panel of Figure 4.5 depicts the relation between the stan- 
dard deviation of economic growth and taxation. With growing tax rates, 
growth risk is reduced slightly, although it stays at a considerably high level 
throughout. 


The described observations are in line with the results reported in a vari- 
ety of theoretical and empirical studies. In particular, based on theoretical 
model approaches, Judd (1985), Chamley (1986), Jones et al. (1997) and 
Fischer and Jensen (2014) find that taxing capital income reduces aggre- 
gate production. The present study extends this result to the taxation of 
non-capital income. Furthermore, there is broad empirical evidence that 
confirms the described negative relation between taxation and economic 
growth in general, as for example Blanchard and Perotti (2002), Romer and 
Romer (2010), Barro and Redlick (2011), Cloyne (2013) and Mertens and 
Ravn (2013). 


4.3.3.2 Individual Life-cycle Effects 


As outlined above, a reallocation of permanent income between agents 
changes the equilibrium solution. Consequently, redistributive taxation 
of both capital as well as labor income affects individual behavior. The 
present section investigates this relationship by studying the quantitative 
effects of varying tax rates on the individual life-cycle profiles of consump- 
tion (Figure 4.6), wealth (Figure 4.7) as well as investment and net transfers 
(Figure 4.8). The left panels of Figures 4.6 - 4.8 depict the influence of dif- 
ferent labor tax rates 7; = {0, 0.1, 0.4}, while the right panels illustrate the 
impact of different capital tax rates Te = {0, 0.2, 0.4}. 


The analytical solution has shown (see Equation (4.80)) that the individual 
consumption profile is affected differently by the two taxation types. First, 
the taxation of labor income merely affects the individual consumption 
level, but not the shape of the life-cycle pattern. Second, and in contrast, 
the taxation of capital gains affects both the level as well as the life-cycle 


220 4 Redistributive Taxation in a Production Economy with Overlapping Generations 


Agent Type 1 (T.=0) Agent Type 1 (T=0) 


Consumptumption 
Consumptumption 


Age 


Agent Type 2 (T=0) 


Consumptumption 
Consumptumption 


20 30 40 50 60 70 80 90 20 30 40 50 60 70 80 90 


Agent Type 3 (T.=0) Agent Type 3 (T=0) 


Consumptumption 
Consumptumption 


20 30 40 50 60 70 80 90 20 30 40 50 60 70 80 90 


Figure 4.6 — This figure shows the impact of varying labor (77, left panels) and capital (Te, 
right panels) tax rates on the mean life-cycle consumption profiles for the three agent 
types. The top panel depicts the model implied mean life-cycle profile of consumption 
for the high income agent (type 1), the mid panel displays the profile for the average 
agent (type 2) and the bottom panel for the low income agent (type 3). For the profiles, 
aggregate output (Y) is normalized to one at age 20. 


pattern of consumption. These effects are illustrated in Figure 4.6. The left 
panels show the impact of different labor tax rates on the mean consump- 
tion profiles for the high income (type 1, top panel), the average (type 2, 
mid panel) and the low income (type 3, bottom panel) agent. In line with 
the analytical observations, the mean consumption levels change for vary- 
ing 7, but the life-cycle patterns remain unchanged. In particular, taxing 
labor income leads to a reduction in the consumption levels for agents with 
high income, as one would expect. However, it also reduces the mean con- 
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sumption level for the agent type receiving average income throughout 
the entire lifespan. There are two channels that lead to this effect. First, 
there is the redistribution effect that reallocates labor and retirement in- 
come across cohorts and agent types. This changes the amount and the 
timing of life-cycle earnings and, thus, agents’ total wealth and, with it, 
consumption levels.'?? Second, the previous section has shown that there 
is a significant effect of taxation on macroeconomic quantities. Although 
aggregate consumption share in output increases slightly with growing 
Tı, the decrease in production growth that accompanies the tax change is 
substantial. As a consequence, current and future aggregate consump- 
tion levels drop. Only for the low income agent the reduction in output 
is compensated by high net transfers leading to a higher mean life-cycle 


consumption level. 


The right panels of Figure 4.6 show the impact of different capital tax rates 
on the mean consumption profiles for the high income (type 1, top panel), 
the average (type 2, mid panel) and the low income (type 3, bottom panel) 
agent. As described above, both the mean consumption levels as well as 
the life-cycle patterns change for varying r.. The qualitative effects are 
identical for all agent types. In particular, taxing capital leads to a sub- 
stantial reduction in consumption from about age 30 until death, i.e., for 
most ofthe individuals’ lifespan. Nevertheless, there is a slight increase in 
mean consumption before that, when agents are young. On the one hand, 
as explained above, increasing Te changes the individuals’ marginal rate of 
substitution between current and future consumption. To be more precise, 
with higher capital tax rates individuals increase present consumption at 
the cost of future consumption, leading to the observed shift of consump- 
tion to early stages in life. On the other hand, production growth also 
declines with increasing r.. As a result, mean consumption levels drop 


considerably in later phases of life due to the reduction in aggregate output. 


132 As pointed out above, the average agent is only subject to inter-generational redistribu- 
tion. Therefore, for him, reallocation of labor and retirement income only leads to a change 
in the timing of life-cycle earnings. 
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Figure 4.7 — This figure shows the impact of varying labor (7;, left panels) and capital 
(Tc, right panels) tax rates on the mean life-cycle wealth profiles for the three agent 
types. The top panel depicts the model implied mean life-cycle profile of wealth for the 
high income agent (type 1), the mid panel displays the profile for the average agent (type 
2) and the bottom panel for the low income agent (type 3). For the profiles, aggregate 
output (Y) is normalized to one at age 20. 


Figure 4.7 plots the mean life-cycle profiles of individual wealth. The ob- 
served effects of redistributive taxation are qualitatively the same for high 
(type 1, top panels), average (type 2, mid panels) and low income agents 
(type 3, bottom panels). In case of labor taxation (left panels), borrowing is 
reduced in the early stage of the life-cycle, whereas capital taxation (right 
panels) first increases borrowing slightly before it decreases it. These ef- 
fects are caused by the changes in mean consumption levels with growing 
tax rates, as explained above. Common to both taxation types is the reduc- 
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tion of wealth accumulation in later phases of life. Again, this is caused 
by the reduction in GDP growth that implies lower production output and, 
consequently, lower aggregate disposable wealth - especially with increas- 


ing age. 


Finally, Figure 4.8 depicts the impact of varying tax rates on the life-cycle 
profiles of the share of equity and bond holdings relative to aggregate in- 
vestment (top panels) and the received net transfer payments (bottom pan- 
els) for the average agent (type 2). When there is only labor taxation (left 
panels), agents only take positions in the risky asset and bond holdings are 
zero. Furthermore, in line with the wealth profile, borrowing early in life 
is reduced at the cost of lowering equity accumulation in the second half 
of the life-cycle. For the average agent, net transfer income from taxing 
labor income is negative through most of the working life, but positive in 
retirement. Varying the labor tax rate only changes the magnitude of net 
transfers, but leaves the age pattern unaffected. 


In the presence of capital taxation (right panels), individuals start to trade 
the risk-free bond. As found in Section 4.2.2.3, the agent’s bond invest- 
ment policy is driven by the net transfers from capital, as can be gath- 
ered directly from Figure 4.8. In line with the analytical solution, net 
recipients of capital transfers enter into long positions on the bond mar- 
ket, whereas net contributors take short positions in the risk-free security. 
This is the case, because the transfer mechanism, besides redistributing in- 
comes, also redistributes macroeconomic risk from net contributors to net 
recipients of capital transfers. Moreover, this also affects equity holdings. 
In particular, when capital transfers are positive, the additional risk expo- 
sure is further compensated by lowering the holdings in the risky security. 
The other way around, when capital transfers are negative, the implied re- 
duction in exposure to market risk is compensated by increasing equity 
holdings. As a result, higher capital tax rates T, lead to asset positions that 


are more extreme in both directions. 
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Figure 4.8 — This figure shows the impact of varying labor (7;, left panels) and capital 
(Tc, right panels) tax rates on the life-cycle profiles of investment (top panels) and net 
transfers (bottom panels) for the average agent (type 2). For the investment profiles, 
the agent’s share (in %) of equity is represented by the black lines, while the gray lines 
are his share (in %) of bond investment in aggregate investment. 


In case of the two other income groups, the life-cycle profiles given in Fig- 
ure 4.8 are quiet similar.!?? Nevertheless, as already described above, the 
levels of investment for high income agents are much larger, whereas 
they are significantly smaller for the low income agents. Furthermore, 
for the former net transfer income from labor taxation is negative for the 
whole working life, whereas low income agents receive positive net trans- 
fers from labor and retirement earnings throughout their entire lifetime. 


4.3.3.3 Consumption and Wealth Disparity 


In line with empirical observations, the baseline results presented in Sec- 
tion 4.3.2.3 have shown that the given model setting features substantial 
disparity in the distribution of consumption and wealth across agents. This 


133The life-cycle profiles for high (type 1) and low (type 3) income agents are shown in 
Figures A.3 and A.4 in the Appendix A, respectively. 
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documented inequality has been the motivation of the present study and 
first raised the question of how a reallocation of incomes, in particular by 
implementing a redistributive taxation system, could influence this distri- 
bution of resources (see Section 2.1.1). The results derived so far have 
shown that the taxation mechanism, implemented to reduce the prevail- 
ing inequality, affects both macroeconomic evolution as well as individual 
life-cycle behavior substantially. The present section investigates whether 
the tax system achieves the fundamental objective of reducing disparities. 
Figure 4.9, therefore, illustrates the impact of redistributive labor (7) and 
capital (Te) taxation on consumption (top left), wealth (top right) and equity 
(bottom) Gini coefficients relative to the case without taxation. 


The top left panel shows how the tax rates affect the distribution of con- 
sumption across all agents alive at one point in time. The level of the labor 
taxation possesses substantial influence in reducing consumption dispar- 
ity. At a tax rate of n = 40% (Te = 0% ), the consumption Gini drops 
about 38%, while at a tax rate of 7; = 80% it is reduced by about 71% rel- 
ative to the case without taxation. In case of capital taxation, however, the 
influence turns out to be contrary to the intended effect. With growing 
tax rate Te, the consumption Gini increases slightly relative to the no-tax 
setting. This is surprising, since the taxation system - independent of la- 
bor or capital taxation - was designed to reduce income inequalities with 
the objective to lower consumption disparities within the current popula- 
tion. Beyond that, it is also contrary to the findings in the related literature 
without overlapping generations (see Fischer and Jensen (2015)). Differ- 
ent in scope, however, the present setting, featuring overlapping genera- 
tions, presents heterogeneity across agents due to individuals being situ- 
ated in different phases of their life-cycle, which implies heterogeneity in 
the agents’ consumption and investment behavior. Furthermore, the allo- 
cation of resources is decisive in determining the equilibrium. As pointed 
out above, in the present setting this implies that capital taxation reduces 
consumption growth and shifts consumption shares from older genera- 
tions to individuals in earlier stages of life. It turns out that this results in 
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Figure 4.9 — This figure shows the percentage change of the consumption Gini coef- 
ficient (top left panel), the wealth Gini coefficient (X, top right panel) as well as the 
equity Gini coefficient (bottom panel) for varying labor (r}) and capital (Te) tax rates. 


a cross-generational profile of consumption shares that gets steeper with 
increasing capital tax rates, implying higher inequality. Although there 
exists a weak positive impact of capital taxation on intra-generational con- 
sumption distribution, the overall effect is an allocation of consumption 


shares across individuals currently populating the economy that is more 
uneven. 


The top right panel of Figure 4.9 depicts the impact of varying tax rates on 
the distribution of wealth within the current population. As in the case 
of consumption, labor taxation has a substantial effect on wealth inequal- 
ity, while the influence of capital taxation is only marginal. Contrary to 
the observation above, however, is the fact that wealth disparity decreases 
with both tax rates. This is in line with the expected relationship, since cur- 


rent income (i.e., labor and retirement income after tax, capital gains after 
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tax, and transfers) forms a substantial part of current wealth. Increasing 
tax rates equalizes current income across agents and consequently leads 
to a distribution of wealth that is more even. Nevertheless, it is notewor- 
thy that the heterogeneity in consumption and investment behavior across 
generations implies that, even in the case of an absolutely equal income 
allocation, an equal distribution of consumption and wealth across all in- 
dividuals is not derived. Since there is no intra-generational preference 
but only income heterogeneity in the present parameterization, an equal 
consumption and wealth distribution within cohorts (across agent types), 
however, is attainable by choosing an labor tax rate of 7; = 100%. 


Finally, the bottom panel of Figure 4.9 shows how redistributive taxation 
affects the distribution of equity holdings by plotting the equity Gini coef- 
ficient relative to the case without taxation. In line with the results for con- 
sumption and wealth disparity, inequality in equity holdings is decreased 
by imposing a tax rate on labor income and is further reduced by increas- 
ing it. In particular, and according to the observations for the life-cycle 
profiles of equity investment in Figure 4.8 (top left panel), labor taxation 
decreases both the short positions in the risky security in the first third 
of the lifespan as well as the accumulation of equity wealth in the second 
third of the agent’s life. As a result, life-cycle patterns are less pronounced 
in either direction implying a substantial reduction in inter-generational 
equity disparity. Beyond that, the redistribution of labor and retirement 
earnings also implies a higher degree of equality in equity holdings across 
agent types. 


The impact of capital taxation on the distribution of equity holdings lies 
in sharp contrast to this, as the disparity in equity holdings increases pro- 
gressively in the capital tax rate. As depicted by the bottom panel of Figure 
4.9, assuming a tax rate of Te = 20% (7; = 0% ) implies an increase in 
the equity Gini coefficient by about 25% relative to the case without taxa- 
tion, while a tax rate of re = 40% leads to an increase by almost 65%. The 
reason for this is the described redistribution of macroeconomic risk from 
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net contributors to net recipients of capital transfers. As explained above, 
when net capital transfers are positive, the additional risk exposure is also 
compensated by lowering the holdings in the risky security. The other way 
around, when capital transfers are negative, the implied reduction in expo- 
sure to macroeconomic risk is compensated by increasing equity holdings. 
Consequently, higher capital tax rates lead to life-cycle patterns of equity 
holdings that are more extreme in both directions, as shown in Figure 4.8 
(top right panel). As a result, inter-generational equity disparity grows con- 
siderably. 


Finally, it can be summarized that the taxation on labor income has the 
intended effect of reducing inequalities in the distribution of consump- 
tion among agents. Furthermore, taxing and redistributing labor and re- 
tirement income also lowers wealth and equity disparity. Capital taxation, 
however, only has a small damping effect on wealth inequality, while it 
even increases consumption inequality slightly. In case of the distribu- 
tion of equity holdings, the results imply a progressive rise of the dispar- 
ity in equity holdings with growing capital tax rates; a relation that might 
explain low stock market participation rates of poorer individuals (Fischer 
and Jensen (2015)). In general, however, the implementation of redistribu- 
tive taxation - independent of whether it attains a more equal distribution 
of resources or not - has its costs. As shown in Section 4.3.3.1, production 
growth is negatively linked to both tax rates, implying a reduction in future 
production output with increasing taxation. In other words, redistributive 
taxation also affects the level of available future aggregate consumption, 
besides changing the allocation of them. This implies significant welfare 
effects on macroeconomic as well as individual levels, which are studied 


in the next section. 


4.3.3.4 Welfare Effects 


So far, the previous sections have investigated the quantitative effects of 


redistributive taxation on macroeconomic development, on individual be- 
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havior and on the distribution of resources across agents. Particularly, it 
was concluded that, besides affecting the resource allocation, taxing and re- 
allocating incomes also affects the intertemporal distribution of resources 
on aggregate level due to changes in GDP growth. Nevertheless, consider- 
ing the distribution of consumption goods and the disposable quantity on 
macroeconomic level does not bear meaning until one considers the fact 
that it ultimately provides individuals and, consequently, society with well- 
being. To quantify well-being, Section 4.2.4 has introduced the welfare 
measure in terms of the production equivalent. In particular, it has been 
defined to measure the change in current production for the no-taxation 
setting that is necessary in order to achieve equivalent expected utility lev- 
els from consumption in both settings. Based on these considerations, the 
present section investigates the impact of redistributive capital and labor 


taxation on, first, individual and, second, aggregate welfare. 


Individual Welfare 


Figure 4.10 shows the impact of varying labor (7, left panels) and capital 
(Te, right panels) tax rates on individual welfare measured by the percent- 
age change in the production equivalent. The top panels depict the implied 
welfare change for different generations of the high income agent (type 1), 
the mid panels display the welfare change for different generations of the 
average agent (type 2) and the bottom panels for different generations of 
the low income agent (type 3). The horizontal axis indexes the time of birth 
of an agent relative to the current period. Therefore, generation 0 corre- 
sponds to individuals being born in the current period. Furthermore, posi- 
tive values correspond to the model age (t —7) of individuals currently alive, 
while negative values indicate agents that will enter the economy in the fu- 
ture. This implies, for instance, that generation 20 corresponds to agents 
that entered the economy 20 time steps earlier and have a current real-life 
age of 40 years, whereas generation — 10 comprises newborns of a genera- 
tion that will be economically born in 10 periods. 
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Figure 4.10 — This figure shows the impact of varying labor (7;, left panels) and capital 
(Tc, right panels) tax rates on individual welfare measured by the percentage change 
in the production equivalent. The top panel depicts the implied welfare change for 
different generations of the high income agent (type 1), the mid panel displays the 
welfare change for diverse generations of the average agent (type 2) and the bottom 
panel for different generations of the low income agent (type 3). The generation on 
the horizontal axis indicates the time of birth of an agent relative to the current period. 
While positive values correspond to the model age (t — i) of agents currently living, 
negative values indicate agents that will enter the economy in the future. 


For both labor and capital taxation the general relationship is the same 
for all agent types. Imposing a tax on income tends to negatively affect 
especially the welfare of future and younger generations, while it leads to 
welfare gains, or at least smaller welfare losses, for older generations. As 
described in Section 4.2.4.1, the reason for this lies in the fact that individ- 


ual welfare is affected by the taxation system in two ways. On the one hand, 
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the reallocation ofincomes has a positive (negative) effect on the consump- 
tion of net recipients (contributors) and, consequently, on their welfare. 
On the other hand, redistributive taxation is negatively linked to produc- 
tion growth and, hence, reduces aggregate future consumption opportuni- 
ties for all agent types. The latter leads to negative welfare effects especially 
for young and future generations, since most or all of their income is still 


to be received while lowered by imposing taxation, as explained above. 


In the case of an labor tax, depicted in the left panels of Figure 4.10, redis- 
tributive taxation implies positive welfare effects for a number of different 
generations across income groups. This is due to the reallocation effect de- 
scribed above. As shown in Section 4.3.3.2, the redistribution mechanism 
favors retirees of all types, turning them into net recipients of earnings 
transfers. As a consequence, even for the high income agent (type 1) re- 
tired generations gain welfare. In case of the average agent (type 2) middle- 
aged generations are subject to positive welfare changes as well, whereas 
for the low income agent (type 3) all living generations and some unborn 
generations entering the economy in the near future have increased wel- 
fare. Nevertheless, all other generations are subject to negative welfare 
effects with losses increasing with declining age (or later time of birth). 
This is caused by the negative effect of redistributive taxation on aggregate 


future consumption opportunities. 


Moreover, the changes in the welfare level are substantial and differ strong- 
ly across agent types. For example, for agent type 1 generation 70, an labor 
tax rate of 7 = 40% (Te = 0%) produces an increase in the production 
equivalent of 22.3%, while it creates an increase of 88.1% in the production 
equivalent for the same generation of agent type 3. In other words, this 
implies that in the absence ofa redistributive taxation system an equivalent 
level of expected individual utility for agent type 1 (agent type 3) is achieved 
when the current level of production in this case, Y;, was 22.3% (88.1% ) 
higher than in the setting with an labor taxation of 7, = 40%. 
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The right panels of Figure 4.10 consider the influence of capital taxation on 
the individual welfare levels of living and future generations. In contrast 
to labor taxation, taxing capital gains and redistributing revenues implies 
negative welfare effects for all agent types and generations. First, the real- 
location effect favors those individuals that have small or negative equity 
holdings. As shown in Section 4.3.3.2, these are especially young workers 
in the first third oftheir lives. However, tax revenues from capital gains are 
smaller compared to revenues collected from labor and retirement earn- 
ings, implying a relatively weak impact of the reallocation effect. Second, 
the negative effect ofthe drop in future consumption opportunities affects 
younger agents stronger than middle-aged or elderly individuals which are 
mostly net contributors to capital transfers. Overall, this results in a quiet 
similar welfare loss for all living generations independent of the income 
group. For individuals of future generations, there is no additional posi- 
tive reallocation effect with later time of birth, as it is the case for living 
agents. Nevertheless, they are also affected negatively by the reduction in 
GDP growth. This effect gets stronger with later birth dates. Therefore, 
the welfare level drops sharply for unborn generations independent ofthe 


income type. 


Since the reallocation effect is quiet weak in case of redistributive capital 
taxation, the changes in the welfare level across agent types are only small. 
For instance, considering agent type 1 generation 70 again, a capital tax 
rate of Te = 40% (7; = 0%) generates a decrease in the production equiva- 
lent of 8.2%, while it implies a drop of 7.2% in the production equivalent 
for the same generation of agent type 3. Put differently, an equivalent level 
of expected individual utility for agent type 1 (agent type 3) is achieved in 
the absence of a redistributive taxation system when the current level of 
production in this case, Y;, was 8.2% (7.2% ) lower than the current level 
of production in the setting with a capital tax rate of re = 40%. 


In general, redistributive labor taxation improves the individual welfare 
level of agents with relatively low labor or retirement income at the cost of 
reducing the welfare level of agents with relatively high earnings. 
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Nevertheless, due to the negative effect on future production output, these 
welfare gains of present generations are also at the cost of future genera- 
tions that are subject to substantial welfare losses. Contrary, redistributive 
capital taxation produces negative welfare effects for all agent types and 
generations. In line with the findings in Fischer and Jensen (2014), this 
even implies losses in the production equivalent for net recipients of capi- 
tal transfers. 


Aggregate Welfare 


Figure 4.11 shows the impact of varying labor (r}) and capital (Te) tax rates 
on social welfare measured by the percentage change in the production 
equivalent. The top panel depicts the change in social welfare consider- 
ing all current and future generations. Since the previous results have 
shown that the impact of redistributive taxation on individual welfare lev- 
els of different generations is significantly diverse, the bottom panels split 
the social welfare measure into the change in the production equivalent 
considering only current (left panel) or future (right panel) generations. 


In particular, Figure 4.11 depicts that the impact of capital taxation on indi- 
vidual welfare directly translates into the effects it has on aggregate welfare. 
Since it lowers individual welfare levels for all agent types and generations, 
social welfare (comprising current and future generations) as well as aggre- 
gate welfare for all living generations and, moreover, aggregate welfare for 
all unborn generations decline consistently with growing capital tax rates. 
Furthermore, in line with the above results, future generations are affected 
more heavily than current generations, implying stronger welfare losses 
for the former. For instance, while a capital tax rate of Te = 40% (7 = 0%) 
generates a decrease in the production equivalent for living generations 
(bottom left panel) of 8.9%, it creates a decline of 14.1% in the production 
equivalent for unborn generations (bottom right panel). Combined, this 
leads to a drop of 9.3% in social welfare (top panel). 
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Figure 4.11 - This figure shows the impact of varying labor (7,) and capital (rc) tax rates 
on aggregate welfare measured by the percentage change in the production equivalent. 
The top panel depicts the change in social welfare considering all current and future 


generations, whereas the bottom panels display aggregate welfare change considering 
only current (left panel) or future (right panel) generations. 


In case of redistributive labor taxation, the aggregate welfare effects are 
more complex. On the one hand, there are huge welfare gains for a num- 
ber of agents of different generations, as explained above. On the other 
hand, taxing labor income and redistributing also has severe negative ef- 
fects on the welfare level of especially young individuals and future gen- 
erations. In combination, the top panel of Figure 4.11 shows that when 
tax rates are small, the positive reallocation effects dominate, implying a 

rise in social welfare with growing tax rates. The increase, however, turns 
out to be nonlinear and diminishes with growing labor tax rates. This indi- 
cates that the impact of the negative effects caused by declining production 
growth increases in the tax rate in comparison to the positive reallocation 


effect. As a matter of fact, the social welfare level eventually reaches its 
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maximum at a tax rate of 7) = 62% (Te = 0%) implying a change in the 
production equivalent of 23.2%. That is, the same level of expected social 
welfare than in the setting with an labor tax rate of 7, = 62% is attained in 
the setting without redistributive taxation, when the current level of pro- 
duction in this case was 23.2% higher. With labor tax rates increasing fur- 
ther, social welfare starts to recede again implying that the negative effects 
caused by declining production growth ultimately begin to dominate. 


Finally, on individual level it is almost exclusively living generations that 
are subject to positive welfare changes due to redistributive labor taxation. 
The bottom panels of Figure 4.11 translate this impact into aggregate wel- 
fare considering exclusively current (left panel) or future (right panel) gen- 
erations. It follows straightforwardly from the results on individual level 
that imposing an labor tax generally increases aggregate welfare of living 
generations, while it consistently decreases aggregate welfare of unborn 
generations. This confirms the above observation that welfare gains of 


current generations are at the expense of future generations. 


4.3.3.5 Summary 


The previous sections have studied quantitatively the impact of varying 
labor and capital tax rates on macroeconomic quantities, individual life- 
cycle profiles, consumption and wealth inequality as well as individual 
and aggregate welfare. In the present section, the major findings elabo- 
rated above are briefly summarized. First, building on the baseline param- 
eterization, Section 4.3.3.1 has investigated the influence of redistributive 
taxation on the aggregate development of the model economy. In this re- 
gard, it is found that the aggregate investment share is negatively related to 
taxation implying a GDP growth rate that decreases with both capital and 
labor taxes. Consequently, imposing redistributive taxation reduces future 
production output, thus lowering aggregate future consumption opportu- 


nities. 
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Second, Section 4.3.3.2 has examined the tax impact on individual quanti- 
ties analyzing life-cycle profiles. The results imply that solely for the low 
income agent labor taxation has a positive effect on the mean life-cycle 
consumption profile due to high transfer incomes. Because of the nega- 
tive effect on future production output, redistributive taxation affects life- 
cycle consumption negatively in any other case. Regarding individual in- 
vestment behavior it is found that imposing an labor tax dampens both 
borrowing as well as wealth accumulation. Moreover, in the absence of 
capital taxation, agents only take positions in therisky asset and bond hold- 
ings are zero. In order to compensate the reallocation of macroeconomic 
risk that comes along with redistributive capital taxation, however, individ- 
uals start to trade the risk-free bond. Particularly, net recipients of capital 
transfers enter into long positions on the bond market and reduce their 
holdings in the risky security, whereas net contributors take short posi- 
tions in the risk-free security and increase their equity holdings. Since 
this reduces the equity positions of individuals that already hold little eq- 
uity wealth, this effect might help to explain the empirically documented 
low stock market participation rates of relatively poor individuals (Fischer 
and Jensen (2015)). 


Third, the influence of varying labor and capital tax rates on consumption 
and wealth disparity has been studied in Section 4.3.3.3. In line with the re- 
sults on individual life-cycle profiles, redistributive labor taxation is found 
to reduce inequalities in the distribution of consumption, wealth and eq- 
uity holdings within the current population. In contrast to this, redistribu- 
tive capital taxation only produces a small reduction in wealth inequality. 
Beyond that, however, it even increases consumption disparity and, more- 
over, raises inequality in the distribution of equity holdings sharply. 


Fourth, Section 4.3.3.4 has investigated the welfare effects of redistribu- 
tive taxation. In general, within the current population, labor taxation im- 
proves the individual welfare level of agents with relatively low labor or 
retirement income at the cost of reducing the welfare level of agents with 


4.3 Quantitative Analysis 237 


relatively high earnings. On aggregate level, this implies a positive effect 
on social welfare that peaks at a tax rate of r, = 62%. These welfare gains, 
however, are at the cost of future generations, due to the negative effects 
of taxation on future production output. Contrary, redistributive capital 
taxation produces negative welfare effects for all agent types and genera- 
tions, thus reducing social welfare consistently. This implies that even net 
recipients of capital transfers are subject to welfare losses. 


4.3.4 Robustness Analysis 


The present section investigates the influence of various parameter varia- 
tions in order to study the robustness of the model results. While gener- 
ally building on the baseline parameter setting presented in Section 4.3.1, 
particular parameterizations are changed in the following. To be precise, 
Section 4.3.4.1 investigates the impact of changes in the assumption re- 
garding the underlying distribution of income levels between agent types. 
Then, in Section 4.3.4.2, the influence of heterogeneity in the subjective 
time discount factor across agent types is studied. Finally, Section 4.3.4.3 
shows the impact of varying levels of common risk aversion. 


4.3.4.1 Impact Earnings Disparity 


The following section studies the impact of changes in the earnings dis- 
parity across income groups. Since agent types are still assumed to be ho- 
mogeneous regarding their preferences, varying the shares of earnings re- 
ceived by the different agent types does not change the aggregate consump- 
tion-investment decision and, hence, does not lead to a different equilib- 
rium solution. That is, production growth remains unaffected. Appar- 
ently, however, varying the allocation of earnings among the three agent 
types considered affects the distribution of consumption among them and, 
thus, implies a change in the impact of redistributive income taxation on 
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individual and aggregate welfare. The present section investigates this re- 
lationship. In so doing, the earnings fraction of the average agent is kept 
unchanged (i.e., x? = 1/3), while it is varied for the two other agent types. 
In particular, the earnings fraction of the high income agent type x! is 
considered in the interval [1/3,2/3).'?* The lower bound corresponds to 
three absolutely identical income groups and ensures that the ordering 
with respect to earnings remains unchanged. The upper bound corre- 
sponds to the highest possible level of income inequality between agent 
type 1 and 3, as the latter receives almost no earnings income at all. 


Figure 4.12 depicts the influence of varying earnings shares on individ- 
ual welfare measured by the percentage change in the production equiv- 
alent under labor (7; = 10%, left panels) and capital taxation (Te = 40%, 
right panels). The top panels plot the implied welfare changes for differ- 
ent generations of the high income agent (type 1), while the bottom panels 
plots the welfare changes for different generations of the low income agent 
(type 3). Since the income share of agent type 2 is kept constant and the 
equilibrium solution is unaffected, the results for the average agent are 
unchanged and, therefore, not displayed in Figure 4.12. 


The earnings share determines whether and to what extent agents are 
net recipients or contributors to the transfer system. With increasing in- 
come inequality (keeping the original ordering with respect to earnings un- 
changed), high income agents pay, while low income agents receive higher 
net transfer payments. As shown in Figure 4.12, this implies that, given 
a certain tax setting, individual welfare of high income agents decreases 
stronger, whereas individual welfare of low income agents increases more 
heavily (or decreases less) with greater levels of earnings disparity. This re- 
lation, however, is not linear but increases (declines) for low (high) income 
agents with growing earnings inequality. As a result, for quiet extreme 
values of earnings inequality (x! = 65%), first, even small labor tax rates 


134This implies that the earnings fraction of the low income agent x? = 1 — x! — x? lies 
in the interval (0, 1/3]. 
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Figure 4.12 — This figure shows the impact of varying earnings shares x! on individual 
welfare measured by the percentage change in the production equivalent under labor 
(rı = 10%, left panels) and capital taxation (Te = 40%, right panels). The top panels 
plot the implied welfare changes for different generations of the high income agent 
(type 1), while the bottom panels plots the welfare changes for different generations of 
the low income agent (type 3). The generation on the horizontal axis indicates the time 
of birth of an agent relative to the current period. While positive values correspond to 
the model age (t — i) of agents currently living, negative values indicate agents that will 
enter the economy in the future. 


lead to substantial welfare gains for living and yet unborn generations of 


low income agents. Second, also redistributive capital taxation may have a 


positive effect on individual welfare for agents with relatively low earnings 


levels. 


These findings also translate into aggregate welfare levels. Figure 4.13, 


therefore, shows the influence of varying earnings shares (x!) in combi- 


nation with varying labor (7, left panel) and capital (7., right panel) tax 


rates on social welfare measured by the percentage change in the produc- 


tion equivalent. On the one hand, the left panel of Figure 4.13 depicts a 


positive link that exists between earnings disparity and the impact of redis- 


tributive labor taxation on social welfare. Nevertheless, it also follows that 


in case of moderate levels of earnings inequality, labor taxation may neg- 
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Figure 4.13 — This figure shows the impact of varying earnings shares (x!) as well 
as varying labor (7;, left panel) and capital (rc, right panel) tax rates on social welfare 
measured by the percentage change in the production equivalent. 


atively affect the production equivalent on aggregate level. On the other 
hand, and in line with the results on individual level, the right panel of 
Figure 4.13 illustrates that for quiet extreme values of earnings inequality 


redistributive capital taxation may have moderate positive effects on the 
level of social welfare. 


Overall, the results show that the original level of earnings inequality is 
decisive for whether the earnings and capital redistribution system is wel- 
fare improving on aggregate level. This holds true, since different levels 
of earnings disparity affect the size and impact of the reallocation effect, 
while production growth is unchanged. Beyond that, the findings that wel- 
fare gains on individual level for agents with relatively low income are at 
the cost of agents with relatively high earnings and that any welfare gain 
due to redistributive taxation is at the cost of some future generations is 
robust to changes in the earnings disparity. 


4.3.4.2 Heterogeneous Subjective Time Discount Factors 


So far, the quantitative analysis has considered the fact that patience may 
vary over the lifespan, but disregarded heterogeneity with respect to pref- 
erences across agent types. As outlined above (see Section 2.1.3), how- 
ever, empirical evidence shows that individuals’ attitude concerning the 
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intertemporal allocation of consumption possibilities may also alter across 
income levels. To be more precise, patience is found to be higher for high 
income households than for low income ones consistently across several 
studies (see Samwick (1998), Lawrance (1991) and Booij and van Praag 
(2009)). Along the lines of this observation, the present section investigates 
the influence of heterogeneity in the level of the life-cycle profile of the 
subjective time discount factor across income groups. To affect patience, 
different values for the constant ¢” of the second-order subjective time 
discount factor polynomial presented in Table 4.3 are considered. This im- 
plies changes and, thus, heterogeneity in the level of patience, but does 
not affect its life-cycle pattern. In line with the reported empirical observa- 
tions, the following analysis will concentrate on settings where either the 
high income agent (type 1) is relatively more patient or the low income 
agent (type 3) is relatively less patient than in the baseline parameteriza- 
tion, or both. For high income agents the analysis considers patience con- 
stants øt = {0.96, 0.97, 0.98, 0.99, 1.00}, whereas it assumes constants 
g? = {0.92, 0.93, 0.94, 0.95, 0.96} for low income agents.! The subjec- 
tive time discount factor profile of the average agent (type 2) is kept un- 
changed compared to the baseline parameter setting (5° = 0.96) through- 
out. 


Then, keeping the remaining parameter specifications as presented in Sec- 
tion 4.3.1, in the following the impact of varying levels of patience on se- 
lected macroeconomic quantities, individual life-cycle profiles as well as 
social and individual welfare is studied. 


Macroeconomic Effects 


Changes in the individual’s patience directly affect the agent’s consump- 
tion-savings decision. To be precise, the results from the analytical solu- 
tion (Equation 4.75) show that with growing (shrinking) subjective time 


135This implies mean subjective discount factors over the life-cycle of 
{0.976, 0.986, 0.996, 1.006, 1.016} and {0.936, 0.946, 0.956, 0.966, 0.976}, respectively. 
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discount factors the agent's MPCTW decreases (increases), which implies 
a lower (greater) proportion of total wealth being consumed. In return, the 
fraction postponed for future consumption, i.e., saving, rises (falls). In the 
given production economy, this change in individual behavior also affects 
the investment behavior on aggregate level and is, therefore, decisive in 


determining macroeconomic production output. 


Figure 4.14 depicts the impact of varying levels of patience of the high 
(3!) and low income agent (5°) on the aggregate investment share (X, 
left panel) and expected economic growth (right panel). Confirming the 
analytical results on individual level, the left panel shows that with increas- 
ing (decreasing) subjective time discount factors the share of aggregate out- 
put that is reinvested into the production technology grows (falls). The 
direction of this effect is independent of the agent type; its magnitude, 
however, differs depending on the agent type that is subject to changes in 
patience. This is a consequence of the different earnings and, accordingly, 
total wealth levels that exist across income groups. Although, the same 
change in the subjective time discount factor affects the MPCTW of all 
agent types equally, the ultimate effect on consumption and investment 
quantities differs depending on the individual’s total wealth level. As a re- 
sult, a change in patience of a relatively more wealthy agent (type 1) has a 
greater impact on the aggregate investment share than the same change 
in patience of a relatively poor agent (type 3). 


As illustrated in the right panel of Figure 4.14, these results directly trans- 
late into the impact of varying levels of patience on expected production 
growth. While the GDP growth rate increases (decreases) generally with 
larger (smaller) subjective time discount factors, the magnitude of this ef- 
fect is greater for changes in the patience of the relatively wealthy agent 
type than compared to the same change in patience of the relatively poor 
agent type. 


4.3 Quantitative Analysis 243 


M 


Aggregate investment share (%) 
Expected Growth (%) 


OOA 
XX 
RR 
RR 
RN 
Ks 
XX 
XXX 
K 
XX 


<x 
nes 


XX 
XX 
X% 
XA 
RK 
KXXX 
K 
XX 
XXX 
RL 
CR 
as 
K 
Kh 
wi 
R 
& 


% 
W 
% 
K 
% 
w 
K 


W 

oe 
0 
n 
K 


% 
N 
K 


XXX 
XXX 
XXX 
x 


0.96/0.92 


0.96/0.92 


Figure 4.14 — This figure shows the impact of varying levels of patience of the high 


(3!) and low income agent (3°) on the aggregate investment share (X, left panel) and 
expected economic growth (right panel). 


Life-Cycle Effects 


Figure 4.15 plots the impact of different levels of patience of the high 
and low income agent on the life-cycle profiles of investment (left panels) 
and net transfers (right panels) for the three agent types. Throughout the 
present section, the solid line depicts the profiles for the baseline parame- 
terization with homogeneous life-cycle profiles of the subjective time dis- 
count factor (¢' = ø? = g? = 0.96), the dashed line for the case in which 
the high income agent (type 1) is more patient (pt = 1.0; g? = g? = 0.96), 
and the dotted line for the case in which the low income agent (type 3) is 
less patient (p! = 


p? = 0.96; 5° = 0.92) than the other two agent types. 


On an individual level, a change in patience of a special agent type first 
of all affects the consumption-savings decision of this very type. In the 
presence of capital taxation, however, the implied change in savings also 
affects his tax payments from capital gains and the amount of net trans- 
fers received or paid. This in return changes the net transfer income of 
all other agent types and eventually their investment behavior. As a con- 
sequence, the average agent also becomes subject to intra-generational re- 


distribution in the case of heterogeneous levels of subjective time discount 
factors. 
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Figure 4.15 — This figure shows the impact of varying levels of patience of the high and 
low income agent on the life-cycle profiles of investment (left panels) and net transfers 
(right panels) for the three agent types. For the investment profiles, the agent’s share 
(in %) of equity is represented by the black lines, while the gray lines are his share (in %) 
of bond investment in aggregate investment. The solid line depicts the profiles for the 
baseline parameterization with homogeneous life-cycle profiles of the subjective time 
discount factor (pt = g? = g? = 0.96), the dashed line for the case in which the high 
income agent (type 1) is more patient (pt = 1.0; ? = g? = 0.96), and the dotted line 
for the case in which the low income agent (type 3) is less patient (#' = g? = 0.96; 
g? = 0.92) than the other two agent types. 


In the first case, the high income agent is considered to be more patient 
and, consequently, increases his savings compared to the baseline param- 
eter setting. As a direct consequence, his amount of taxable capital gains 
goes up. Since patience and, therefore, the consumption-savings behavior 
of the other agent types are unchanged, this implies that the amount of net 
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Figure 4.16 — This figure shows the impact of varying levels of patience of the high and 
low income agent on the mean life-cycle consumption profiles for the three agent types. 
The solid line depicts the profiles for the baseline parameterization with homogeneous 
life-cycle profiles of the subjective time discount factor (61 = g? = 9° = 0.96), 
the dashed line for the case in which the high income agent (type 1) is more patient 
(2! = 1.0; 2? = 9° = 0.96), and the dotted line for the case in which the low income 
agent (type 3) is less patient (p! = g? = 0.96; p? = 0.92) than the other two agent 
types. For the profiles aggregate output (Y) is normalized to one at age 20. 


transfers received by agent type 1 decreases, while the net transfer incomes 
of the other agent types increase (right panels). In line with the previous 
results, this change in net capital transfers affects the agents’ exposure to 
macroeconomic risk. As a result, type 1 agents compensate the implied 
reduction in the risk exposure by decreasing bond and increasing equity 
holdings, whereas the other agent types compensate the additional risk 
exposure by higher bond and lower equity holdings (left panels). 


For the second case, keeping all other parameters as in the baseline setting, 
the low income agent is assumed to be less patient and, thus, decreases sav- 
ings compared to the baseline parameter setting. This leads to a further 
reduction in the amount of capital wealth held by agent type 3 relative to 
the mean capital holdings and, hence, implies an increase in his net trans- 
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fer income at the cost of decreasing the amount of net transfers received 
by the other agent types (right panels). In order to compensate the change 
in the implied risk exposure, type 3 agents raise bond and reduce equity 
holdings, while the other agent types lower their bond and increase their 
equity holdings (left panels). 


Figure 4.16 shows the impact of varying levels of patience of the high and 
low income agent on the mean life-cycle consumption profiles for the three 
agent types. As explained above, considering different levels of patience 
for a special agent type first of all affects the consumption-savings decision 
and, thus, the life-cycle consumption pattern of the very same type. Nev- 
ertheless, the recent results have shown that the other agent types are also 
affected due to the implied changes in, first, production growth and, sec- 
ond, net transfers. In particular, the relation is as follows: with increasing 
(decreasing) patience, the high (low) income agent reduces (raises) his con- 
sumption ratio and increases (decreases) savings. This adjustment lowers 
(increments) his mean consumption level early in life, while it increases 
(decreases) consumption at later ages due to higher (lower) wealth levels. 
The implied increase (decrease) in the net transfer income received by the 
other agent types has a positive (negative) effect on their mean consump- 
tion levels, whereas the raise (drop) in aggregate investment and, conse- 
quently, production growth positively (negatively) affects the mean con- 


sumption levels of all agents. 


In general, Figure 4.16 illustrates that heterogeneity in the subjective time 
discount factor leads to individual life-cycle consumption patterns that 
differ across agent types. As a consequence, intra-cohort consumption 
disparity is no longer the same for all generations but varies with differ- 
ent age categories. Figure 4.17 depicts the impact of varying levels of pa- 
tience of the high and low income agent on the consumption Gini coef- 
ficient conditional on age. Because of the implied heterogeneity in the 
life-cycle savings behavior across agent types, in the presence of hetero- 
geneous patience intra-cohort consumption inequality increases with age. 
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Figure 4.17 - This figure shows the impact of varying levels of patience of the high and 
low income agent on the consumption Gini coefficient conditional on age. The solid 
line depicts the profile for the baseline parameterization with homogeneous life-cycle 
profiles of the subjective time discount factor (61 = g? = g? = 0.96), the dashed 
line for the case in whcih the high income agent (type 1) is more patient (pt = 1.0; 
g? = 5° = 0.96), and the dotted line for the case in which the low income agent (type 
3) is less patient (p! = g? = 0.96; g? = 0.92) than the other two agent types. 


This result is in line with the empirically documented evidence reported 
by Krueger and Perri (2006) and the theoretical findings in Gomes et al. 
(2013). 


Welfare Effects 


Closing the present section, the influence of heterogeneity in patience 
across agent types on individual and social welfare is studied. As above, 
welfare is measured by the percentage change in the production equiva- 
lent. That is, the change in current production for the no-tax setting that 
is necessary in order to achieve equivalent expected utility levels from con- 
sumption in both the no-tax and tax case. Besides varying the subjective 
time discount factors, the baseline parameterization further applies. This 
implies that the tax rates considered for the taxation setting are still given 
by 7 = 10% and 7, = 40%. 


Figure 4.18 depicts the meaning of varying levels of patience of the high 
and low income agent on the change in the production equivalent on indi- 
vidual level due to redistributive taxation. Consistently with the previous 
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analysis, in the first case the high income agent is considered to be more 
patient (dashed line), while in the second case the low income agent is 
assumed to be less patient (dotted line) than the other agent types. 


For the high income agent (type 1, top left panel), the negative effect of re- 
distributive taxation on individual welfare is intensified in both cases. To 
be precise, the percentage change in current production needed in the set- 
ting without taxation to generate the same level of utility the agent holds 
in the presence of redistributive taxation further drops. This is a conse- 
quence of the increased net transfer payments high income agents have 
to pay in the considered settings, which imply an aggravated reallocation 


effect from their point of view. 


As shown above, average agents become net recipients of intra-cohort trans- 
fer incomes, as the relatively more wealthy agent type becomes relatively 
more patient. Therefore, in the first case a positive effect on the change in 
the production equivalent for numerous generations of the average agent 
(type 2, top right panel), especially for the living cohorts, arises. Since av- 
erage agents become net contributors to intra-cohort transfers, as the rel- 
atively less wealthy agent type becomes relatively less patient, a negative 
effect on the change in the production equivalent for almost all generations 


results in the second case. 


The effect of the considered patience cases on the individual welfare level 
of low income agents (type 3, bottom panel) is directly opposed to the previ- 
ous findings for the high income agent type. To be precise, in both cases a 
positive effect on the change in the production equivalent for a wide range 
of generations arises. This is a result of the higher net transfer incomes 
received by low income agents in both cases, which makes the reallocation 


system more favorable for them. 


In general, the positive (negative) welfare effect on individual level tends to 
be greater (weaker) for older generations. As shown above in Figure 4.17, 
in the presence of heterogeneous patience, intra-cohort consumption in- 
equality increases with age. Due to the concavity in utility for consump- 
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Figure 4.18 — This figure shows the impact of varying levels of patience of the high 
and low income agent on individual welfare measured by the percentage change in 
the production equivalent. The top left panel depicts the implied welfare change for 
different generations of the high income agent (type 1), the top right panel for diverse 
generations ofthe average agent (type 2) and the bottom panel for different generations 
of the low income agent (type 3). The solid line depicts the profiles for the baseline 
parameterization with homogeneous life-cycle profiles of the subjective time discount 
factor (pt = g? = g? = 0.96), the dashed line for the case in which the high income 
agent (type 1) is more patient (p1 = 1.0; 6? = ¢° = 0.96), the dotted line for the case 
in which the low income agent (type 3) is less patient (61 = g? = 0.96; 9° = 0.92) 
than the other two agent types. The generation on the horizontal axis indicates the time 
of birth of an agent relative to the current period. While positive values correspond to 
the model age (t — i) of agents currently living, negative values indicate agents that will 
enter the economy in the future. 


tion, this increase in inequality implies that a reallocation of consumption 
goods has an increasing positive (or decreasing negative) effect on welfare, 
the lower the initial consumption level of the individual is before transfers. 
Consequently, with heterogeneous patience the positive (negative) welfare 
effect on individual level grows (shrinks) with age. 


Finally, Figure 4.19 illustrates the impact of varying levels of patience for 
the high and low income agent on social welfare measured by the percent- 
age change in the production equivalent. The just described results on 


individual level add to a positive impact of increasing heterogeneity in pa- 
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Figure 4.19 — This figure shows the impact of varying levels of patience for the high 


(3!) and low income agent (3°) on social welfare measured by the percentage change 
in the production equivalent. 


tience on an aggregate level. That is, with decreasing patience of the low 
income agent and increasing patience of the high income agent, the so- 
cial welfare level consistently increases. Again, this is a result of the raise 
in consumption disparity, especially at higher ages, in combination with 
the concavity of the utility function. Altogether, therefore, the reallocation 
effect of the redistributive taxation system becomes more favorable for wel- 
fare on aggregate level. 


Overall, these results are in line with the findings reported above. Welfare 
improvements for agent types with relatively low income levels occur at the 
cost of welfare cuts for agent types with relatively high income levels. In 
line with the findings in Chapter 3, this effect is actually further amplified 
when considering patience heterogeneity across income groups according 
to empirical observations. Moreover, it still holds that any welfare gain 
due to redistributive taxation happens at the cost of welfare losses of some 
future generations. Contrary to the case with homogeneous preferences, 
however, runs the fact that the average agent type becomes subject to intra- 
cohort transfers in the presence of heterogeneous patience. 
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4.3.4.3 Impact Level of Risk Aversion 


The robustness analysis finally closes by investigating the influence of dif- 
ferent levels of the common risk aversion coefficient y on the model re- 
sults. The agents’ attitude towards risk is a decisive factor that determines 
an individual's life-cycle consumption-savings behavior and, in the present 
model, also influences macroeconomic development. Figure 4.20, there- 
fore, depicts the impact of varying levels of the common relative risk aver- 
sion coefficient on the life-cycle profile of expected individual consumption 
growth (left panel) as well as on expected economic growth and aggregate 
investment (right panel). Besides considering different levels of risk aver- 
sion, the baseline parameterization applies. 


According to the analytical solution (Equation (4.73)), individual consump- 
tion growth is directly affected by the agent’s risk attitude. In particular, 
while the life-cycle pattern of the subjective time discount factor generally 
drives the hump-shaped profile of consumption growth, the risk aversion 
coefficient affects its curvature. The left panel of Figure 4.20 illustrates 
this influence. The solid line corresponds to the results under baseline pa- 
rameterization (y = 3), the dashed line for individuals with risk aversion 
y = 2 and the dotted line for y = 5. The graphs show that the curvature 
of the life-cycle profile decreases with the degree of risk aversion. Put dif- 
ferently, when y goes up, individual consumption growth raises early in 
life at the cost of lowering growth levels throughout the working years. 


Again, this change in individual behavior also affects the development of 
the aggregate economy. In order to finance higher consumption growth 
early in life, individuals have to further decrease savings when young. This 
weakens life-cycle wealth accumulation, which itself negatively affects sav- 
ing quantities. As shown by the dashed line in the right panel of Figure 
4.20, on aggregate level this implies that the share of output that is rein- 
vested into the production technology declines with increasing risk aver- 
sion. Caused by this reduction in the share of aggregate investment, a 
drop in macroeconomic growth follows, as indicated by the solid line. 
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Figure 4.20 - This figure shows the impact of varying levels of the common relative risk 
aversion coefficient (y) on expected individual consumption growth over the life-cycle 
(left panel) as well as on expected economic growth and the aggregate investment share 
(right panel). 


Finally, Figure 4.21 depicts the influence of varying common relative risk 
aversion coefficients on individual and social welfare measured by the per- 
centage change in the production equivalent. The left panel displays the 
welfare change for different generations of the average agent (type 2) as a 
function of the degree of risk aversion.%° The baseline parameter setting 
with y = 3 is given by the solid line, while the dashed and dotted lines as- 
sume y = 2 and y = 5, respectively. The graphs indicate a positive effect 
on the change in the production equivalent due to redistributive taxation 
with increasing risk aversion. This effect is driven by the implied increase 
in the curvature of the utility function over consumption. Put differently, 
a reallocation of consumption goods from agents with high to agents with 
low consumption levels has an increasing positive (or decreasing negative) 
effect on welfare the higher the curvature of utility. 


The right panel of Figure 4.21 shows that this result translates into aggre- 
gate levels again. That is, social welfare is positively linked to the agents’ 
risk attitude. In general, one can conclude that with increasing (decreas- 
ing) risk aversion, the redistributive taxation system becomes more (less) 
favorable in terms of welfare. Beyond that, the findings are in line with 
the previous results and, therefore, qualitatively robust to changes in the 
degree of risk aversion. 


136 Since the pictures for the other two agent types are qualitatively identical, they are not 
separately displayed. 
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Figure 4.21 - This figure shows the impact of varying levels of the common relative risk 
aversion coefficient (y) on individual and social welfare measured by the percentage 
change in the production equivalent. The left panel displays the welfare change for 
different generations of the average agent (type 2) for different values of the coefficient 
of relative risk aversion, where the generation on the horizontal axis indicates the time 
of birth of an agent relative to the current period. The right panel depicts the change 
in social welfare due to redistributive taxation as a function of the common degree of 
risk aversion. 


4.4 Conclusion 


In this chapter, the simultaneous impact of redistributive capital and labor 
taxation as well as household heterogeneity is analyzed using a dynamic 
general equilibrium asset pricing model. The framework features an econ- 
omy with endogenous linear production technology populated by a finite 
number of overlapping generations, where every cohort is composed of dif- 
ferent types of agents that are heterogeneous with respect to their stream 
of permanent life-cycle labor income and time preferences. Beyond that, 
time preferences are explicitly assumed to be age-dependent, i.e., to vary 
over the individuaľ’s life-cycle. 


In this context, the derivation of a simple stationary equilibrium solution is 
facilitated by the restriction on i.i.d. aggregate production risk, with the so- 
lution method in this chapter building upon a “guess and verify” approach. 
Thus, tractable analytical results for the equilibrium processes are derived. 
Specifically, in the present setting, individual consumption growth, the 
stochastic discount factor as well as the risk-free return are given by closed- 
form solutions. The solutions to aggregate production, consumption and 
investment as well as to the individual policy functions are dependent on 
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the distribution of consumption among agents in equilibrium, which is en- 
dogenous to the model. Given age-dependent but deterministic consump- 
tion shares, however, implies that agents strive for a linear sharing rule 
and align their marginal rates of substitution in equilibrium. Therefore, 
all analytical results are again found dependent on only one endogenous 
parameter, which can be determined by deriving and solving a determin- 
istic equilibrium condition. Furthermore, the fact that new generations of 
each agent type are always coming along ensures that, although individu- 
als are heterogeneous with respect to their time preferences, no group of 
agents dominates the economy in the long run. 


The results in this chapter show that the life-cycle profile of individual con- 
sumption is directly dependent on the evolution of time preferences with 
age. In this vein, assuming empirically plausible age-profiles of patience, 
the empirically well-established hump-shaped pattern of consumption is 
replicated, while agents are generally allowed to trade freely in the asset 
markets. Moreover, in line with the findings in Chapter 3, the design of the 
redistributive tax system implies that capital transfers are pro-cyclical and, 
hence, carry additional macroeconomic risk. Trying to compensate the 
unequal distribution of risk across agents, relatively poor (rich) individu- 
als, i.e., net recipients (contributors) of capital transfers, reduce (increase) 
their stock holdings while they increase (decrease) their bond holdings. 


This results in dynamic trading in both asset markets. 


In the context of the present thesis, the impact of redistributive taxation 
is of special interest. In this regard, it is shown that, under empirically 
plausible (baseline) parameterization, aggregate investment is negatively 
related to taxation implying a GDP growth rate that decreases with both 
capital and labor taxes. In this way, future production output, i.e., future 
consumption opportunities, decreases with growing tax rates. As a result, 
solely for low income agents labor taxation has a positive effect on the 
mean life-cycle consumption due to high transfer incomes. Since the re- 
distribution effect is much smaller in case of capital taxation, however, the 
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latter is associated with negative effects on consumption across all agent 
types. Moreover, while labor taxation reduces inequalities in the distri- 
bution of consumption, wealth and equity holdings, redistributive capital 
taxation only produces a small reduction in wealth inequality but actually 
increases consumption disparity and raises inequality in the distribution 
of equity holdings sharply. These effects carry over to individual and aggre- 
gate welfare. Consequently, labor taxation improves the welfare of agents 
with relatively low earnings at the cost of reducing the welfare level of 
agents with relatively high earnings. On aggregate level, this implies a 
hump-shaped profile of social welfare in the labor tax rates. Contrary, cap- 
ital taxation produces negative welfare effects across all agent types and 
generations. That way, even net recipients of capital transfers may be sub- 
ject to welfare losses. On aggregate level, social welfare is consistently 
reduced for growing capital tax rates. 


Deviating from the baseline parameterization yields further insights. First 
of all, the level of earnings inequality is found to be decisive for the direc- 
tion the impact of labor and capital taxation on aggregate welfare takes. 
This holds true, since different levels of labor disparity affect the size and 
impact of the reallocation effect, while production growth is unchanged. 
Nevertheless, it requires implausibly high (low) levels of income inequal- 
ity for redistributive capital (labor) taxation to gain moderate positive (nega- 
tive) effects on the level of social welfare. Next, when allowing for different 
time preferences across agent types, individual life-cycle consumption pat- 
terns become heterogeneous across agent types. In line with the existing 
literature, this implies that intra-generational consumption inequality in- 
creases with age. Finally, it is shown that redistributive taxation becomes 
more (less) favorable in terms of individual and aggregate welfare with 
increasing (decreasing) coefficients of relative risk aversion. 
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In any case, however, welfare gains on individual level for agents with rel- 
atively low income are at the cost of agents with relatively high earnings. 
Moreover, any welfare gain due to redistributive taxation is at the cost of 
future generations. 


Finally, although it captures all required dimensions identified in Chap- 
ter 2, the realism of the present model can still be enriched in various 
ways. As in the previous chapter, agents are not constrained with respect 
to their financial market activities within the present setting. Individu- 
als, thus, borrow against future human and transfer capital, which causes 
unrealistically high fractions of negative stock holdings and wealth levels 
especially early in the individuals’ lifetime. Therefore, one way of extend- 
ing the model would be to assume borrowing or short-sales constraints. 
Related to this is the fact that earnings and transfers are tradable through 
the asset markets. In the present setting this results from the restriction 
oni.i.d. aggregate production risk and the absence of unspanned labor 
income shocks. Allowing for idiosyncratic earnings risk, as in Gomes and 
Michaelides (2008) or Gomes et al. (2013), would help to overcome these 
limitations. Finally, the design of the redistributive taxation system is very 
stylized. Accordingly, exploring the impact of different taxation and re- 
distribution schemes, for example, the effects of progressive statutory tax 
rates, also offers interesting topics for future research. Nevertheless, com- 
plicating the model in either of these directions would foil the tractability 
of the present model solution. 


Conclusion and Outlook 


Motivated by the ongoing debate on the effects of policy instruments de- 
signed to address the inequality in the distribution of income, wealth and 
consumption, the objective of the present thesis is to quantitatively study 
the impact of redistributive taxation systems using economic equilibrium 
models. In this context, Chapter 2 identifies six dimensions that should 
be captured (ideally simultaneously) by respective modeling approaches. 
These are: redistributive taxation, endogenous individual behavior, agent het- 
erogeneity, life-cycle characteristics, endogenous production and asset pricing. 
The knowledge of the true relationships between all of these aspects and 
the understanding of the underlying causes is decisive for any policy maker. 
With respect to agent heterogeneity, especially differences in individual 
time preferences are found to be of major importance in order to replicate 
the observable inequality patterns and, therefore, the focus of the present 
work. In order to enhance comprehensibility, a two step approach based 
on the successive development of two economic models is followed: 


In Chapter 3, a simplified dynamic general equilibrium asset pricing model 
is presented that abstracts from the aspects of endogenous production and 
partly life-cycle characteristics. It builds on an exchange economy with classi- 
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cal demographic structure populated by two agents heterogeneous in their 
respective patience and initial financial endowments. Beyond that, the ap- 
proach concentrates on taxation of capital income and ignores labor in- 
come taxation. The results indicate that considering heterogeneous time 
preferences (as observed empirically) worsens consumption and wealth 
inequality, which is in line with the existing literature (see Krusell and 
Smith (1998) and Hendricks (2007)), and, thereby, further aggravates the 
low stock market participation rates for poor individuals. Although the 
impact of redistributive taxation on wealth inequality is ambiguous, it is 
capable to reduce consumption disparity and thereby redistributes welfare 
from high to low income households. Finally, comparing the results to 
the findings in Fischer and Jensen (2015), who consider different levels 
of risk aversion instead of time preferences, the general effects of both 
sources of preference heterogeneity with respect to redistributive taxation 
are found to be comparable. This justifies the concentration on heteroge- 
neous subjective time preferences in the context of a tax-based reallocation 


mechanism. 


Chapter 4 builds on the model of Chapter 3 but adds the two missing 
dimensions. In particular, the framework is based on an economy with 
endogenous linear production technology populated by a finite number 
of overlapping generations, where every cohort is composed of different 
types of agents that are heterogeneous with respect to their stream of per- 
manent life-cycle labor income and time preferences. Beyond that, and in 
line with the empirical evidence, time preferences are explicitly assumed 
to vary over the individual’s life-cycle. Lastly, the approach considers both 
capital and labor income taxation. The results, first of all, confirm the find- 
ings of the previous chapter in that heterogeneity in time preferences (as 
observed empirically) is associated with higher consumption and wealth 
inequality, which further lowers stock market participation rates of poorer 
individuals. Next, building on age-dependent time preferences, the life- 
cycle profile of individual consumption becomes directly dependent on 
their evolution. Under empirically plausible age-profiles of patience, the 
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empirically well-established hump-shaped pattern of consumption results. 
With respect to the impact of redistributive taxation on inequality and wel- 
fare, the findings are complex. In particular, labor taxation generally re- 
duces inequalities in the distribution of consumption, wealth and equity 
holdings, whereas redistributive capital taxation only produces a small re- 
duction in wealth inequality but actually increases disparity in consump- 
tion and equity holdings. Moreover, a hump-shaped profile of aggregate 
welfare in the labor tax rate implies an (welfare) optimal labor tax rate that 
is positive. In contrast, capital taxation is typically associated with negative 
welfare effects throughout. 


When considered with tax-based policy instruments to address inequality, 
these findings imply several key issues: First of all, heterogeneity is an 
essential dimension that should be taken into account when designing re- 
distributive taxation systems. With respect to differences in preferences, 
heterogeneity in time preferences is of major importance, since it accounts 
for additional consumption and wealth inequality and, thereby, aggravates 
the low stock market participation rates of poor individuals. Beyond that, 
it helps to replicate realistic consumption profiles and is decisive when de- 
signing welfare measures. In this vein, heterogeneous patience is an im- 
portant factor in understanding low participation rates and crucial when 
studying the equilibrium impact of policy instruments, as in Gomes et al. 
(2013). Furthermore, the results of Chapter 4 indicate that the idea of redis- 
tributing (capital) income streams in order to enhance equality or welfare 
might be a pitfall. In a variety of cases, redistributive taxation might actu- 
ally foster inequality in wealth, consumption and participation rates, while 
simultaneously hampering economic growth. By this means, and in line 
with the findings in Fischer and Jensen (2014), future consumption oppor- 
tunities drop and even net recipients of capital transfers might suffer from 
welfare losses. For raising inequality, however, redistribution becomes 
increasingly effective and welfare improving at some critical level. This 
threshold is extremely high in case of capital taxation, but considerably 
moderate for labor taxation. When effective, however, redistributive taxa- 
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tion is finally always associated with a trade-off between macroeconomic 
growth and equality (or welfare), an observation that is in line with the em- 
pirical evidence in Blanchard and Perotti (2002), Romer and Romer (2010), 
Barro and Redlick (2011) and Cloyne (2013). This particularly implies that 
higher equality and/or welfare levels occur especially at the expense of fu- 
ture generations. The knowledge about these relationships, feedback ef- 
fects and trade-offs is essential for any policy maker when designing redis- 
tributive taxation systems. 


Apparently, there are several assumptions and simplifications underlying 
the modeling approaches presented in the course of this thesis. Tackling 
some of these weakenings can help to validate and refine the results de- 
rived above, while producing additionally interesting policy implications. 
Allowing for borrowing or short-sales constraints as well as idiosyncratic 
earnings risk, as in Gomes and Michaelides (2008) or Gomes et al. (2013), 
would be one interesting way of extending the analysis and enriching the 
results. Moreover, one could endogenize earnings by allowing for an ex- 
plicit labor-leisure decision of households, or enhance realism by model- 
ing the production and the government sector in a more realistic manner. 
Finally, real-life taxation and transfer systems are more complex than con- 
sidered in the present frameworks. Exploring the impact of different and 
more sophisticated taxation and redistribution schemes, for example, the 
effects of progressive statutory tax rates, certainly is another interesting 
way of enhancing the analysis. 


To conclude, the present thesis constitutes a step forward towards a better 
understanding of the complex effects of redistributive taxation systems. 
Nevertheless, limitations and assumptions still leave space for future re- 
search. Hopefully, the ideas and findings developed in the course of this 
work will contribute to the future development of this meaningful field of 
research. 
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Figure A.1 - Baseline parameterization: Life-cycle profiles of total, equity 
and bond investment as well as net transfers for the low income agent 
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Figure A.1 — This figure shows investment as well as net transfer life-cycle profiles for 
the low income agent (type 3) under baseline parameterization. The left panel plots 
the agent’s share (in %) of total, equity and bond investment in aggregate investment 
over his life-cycle. The right panel displays mean net transfers received in percent of 
aggregate production output over the lifespan, where total transfers are also split up 
into transfers financed by capital and earnings. 


Figure A.2 - Baseline parameterization: Life-cycle profiles of total, equity 
and bond investment as well as net transfers for the high income agent 
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Figure A.2 — This figure shows investment as well as net transfer life-cycle profiles for 
the high income agent (type 1) under baseline parameterization. The left panel plots 
the agent’s share (in %) of total, equity and bond investment in aggregate investment 
over his life-cycle. The right panel displays mean net transfers received in percent of 
aggregate production output over the lifespan, where total transfers are also split up 
into transfers financed by capital and earnings. 
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Figure A.3 - Impact oftax rates: Life-cycle profiles of investment and net 


transfers for high income agent 


Investment Share (%) 


Net Transfers (%) 


Agent Type 1 (T=0%) 


Agent Type 1 (T=0%) 


Investment Share (%) 


— Equity — Bond 


30 


40 


50 60 70 80 90 


Net Transfers (%) 


0.1 


Age 


30 


40 


50 60 70 80 90 
Age 


Figure A.3 — This figure shows the impact of varying labor (7;, left panels) and capital 
(Tc, right panels) tax rates on the life-cycle profiles of investment (top panels) and net 
transfers (bottom panels) for the high income agent (type 1). For the investment pro- 
files the agent’s share (in %) of equity is represented by the black lines, while the gray 
lines are his share (in %) of bond investment in aggregate investment. 
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Figure A.4 - Impact oftax rates: Life-cycle profiles of investment and net 
transfers for low income agent 
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Figure A.4 - This figure shows the impact of varying labor (7,, left panels) and capital 
(Tc, right panels) tax rates on the life-cycle profiles of investment (top panels) and net 
transfers (bottom panels) for the low income agent (type 3). For the investment profiles 
the agent’s share (in %) of equity is represented by the black lines, while the gray lines 
are his share (in %) of bond investment in aggregate investment. 
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B.1 Redistributive Taxation in an Exchange 


Economy 


B.1.1 The Government's Optimization Problem 


The government minimizes the quadratic optimization problem (3.1) sub- 
ject to (3.2). The Lagrangian associated with the constrained problem is 
given by 


M 
a k — (Pre + Di - Ze) ; (B.1) 


where A is the Lagrangian multiplier. The first order condition with re- 
spect to km is 


~ 1 
— = Gi 5 (Prt + Dy Pre) + 2k (fr — ky") —-A=0. 


(B.2) 


Taking the sum over all agent types m at date t the Lagrangian multiplier 
turn out to be zero, i.e., A = 0. Using this result in conditions (B.2) again 
and solving for k?” yields the linear feedback rule 


E k Ta 
k= ky 4 z (Pee DR): (B.3) 


which corresponds to Equation (3.3) in the main text. 
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B.1.2 Derivation of First Order Conditions 


Given the assumptions regarding the economy in the main text (see Sec- 
tion 3.1.1), there exists a finite and discrete state space of possible out- 
comes Q underlying the economy, where element w € Q denotes one 
possible state that might be realized. The agent’s optimization problem 
is given by Equation (3.14) subject to constraints (3.15)-(3.16) and (3.10)- 
(3.11). The associated Lagrangian of agent type m reads 


m\1— 
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where {„ı}"}7_, are the Lagrangian multipliers associated with the con- 
straints and (-, -) is the scalar product over the relevant states, as in Fischer 
and Jensen (2014, 2015, 2017). Using the representation of the optimiza- 
tion problem stated in Equation (B.4), the first order conditions can be 
derived by optimizing state-by-state. 


Since the number of possible realizations of the random growth rate G, 
is limited to z = 1,2 and each realization occurs with equal probability 
1/2, differentiating the Lagrangian for agent type m with respect to con- 
sumption at time t and state w, c;",,, the following first order condition is 
derived: 
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This Equation holds equally across states and, hence, it holds true that 


gm" 
wr =() ery. (8.6) 


which is Equation (3.20) in the main text. 


Next, differentiating the Lagrangian (B.4) for agent type m with respect to 


his equity share in period t and state w, a", it follows that: 
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(B.7) 


where w’(z) denotes the economic state in the subsequent period t+ 1 that 
is realized, if the z-th possible growth rate is realized from time t to t + 1. 
Given the information set F,, the realization of state w at time t is known 
and the pricing relation (B.7) can be restated in terms of expectations con- 
ditional on the information available at time t: 
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with Pk,r = 0. This is Equation (3.21) in the main text. 


Finally, differentiating (B.4) for agent type m with respect to his bond in- 
vestment in period t and state w, fu, the following first order condition 
is found: 
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Along the lines of Equation (B.8), the pricing relation (B.9) can be restated 


in terms of expectations conditional on the information set F;: 


Zum] _ 
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Condition (B.10) corresponds to Equation (3.22) in the text. 


B.1.3 Derivation of the Pre-tax Stochastic Discount Factor 


Since the realization of the uncertain event at date t is known under the 
information set at time t, i.e., F+, the stock price Pp, can be moved out of 


the conditional expectations operator E; in the first order condition (B.8) 


in order to obtain 


Bere Bere 
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Rearranging Equation (B.11) for Pk, and substituting condition (B.10) 


yields 
l-r Zum 
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Then, using expression (3.8), theterm outside the expectations turns outto 
be equivalent to R;.:/Ry.:, from which it follows that the pricing relation 
for the risky stock is alternatively given by 


Zur Ry 
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This is equivalent to the first line of Equation (3.24) in the text. 


B.1.4 Derivation of the Consumption Share Function 


Recall that given one current economic state w € Q, the assumptions re- 
garding the growth rates G, imply the realization of only two possible di- 
T: 
Then, in order to determine the consumption share function, start by rewrit- 


rect successive future states {w/(z)}_, for every time stept = 0,1,... 


’ 


ing the pricing equations for the risk-free rate (B.9) and the stock price 
(B.13) at time t by substituting the definition of the SDF (3.23): 
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Equations (B.14)-(B.15) provide the pricing conditions in terms of both 
agents consumption. Equating these conditions, respectively, for m = 1 
and m = 2 and substituting c} = gł D; and c? = (1 — gt) D; from the def- 
inition of consumption shares, the following two equations are obtained: 
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Conditional on state w at date t, Equations (B.16)-(B.17) form a determin- 
istic system of equations in two unknowns, namely the possible consump- 


tion shares of agent type m = 1 at date t + 1 in states {uy (z)}7_,. 


Then, for the system of equations to be fulfilled it must either hold that 
the future payoffs from equity or consumption shares at time t + 1 condi- 
tional on state w at time t are identical, i.e., (Pk i4i (1) + Drt+iw'(1)) = 
(Pr t+10'(2) + Dk, t+1,w'(2)) OF e441 (1) = Iiri w (2) The former condi- 
tion implies that the period t + 1 equity payoff is not uncertain but known 
at date t. It can be eliminated, since this in return implies that there would 
be only one non-redundant asset, which contradicts the assumptions made 
above on financial markets. Therefore, 


rw) EN eS 0,1,.,7T — 1, (B.18) 


is the only feasible solution. Using this equality in Equation (B.16) and 
rearranging, it follows that the consumption share at time t + 1 is just a 
function of the consumption share in state w at time t: 
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Solving backwards until date t = 0, the consumption share of agent type 
m = 1 in period t can be expressed in terms of his consumption share at 
the initial date t = 0: 
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which implies that in the present setting consumption shares are generally 


t=0,1,...,T, (B.20) 


time-dependent, but state-independent.!?” Equation (3.27) in the main text 
follows. 


Then, in order to proof Equation (3.29) in the text, differentiate Equation 
(B.20) with respect to t: 


= (B.21) 
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The assumption of CRRA preferences implies that an optimal solution 
has the property that consumption will be strictly positive (see, for exam- 
ple, Munk (2013, p. 171)). Therefore, for the agents’ consumption shares 
it must hold that 0 < g} < 1, for all time steps t = 0,1,...,T and 


agent types m = 1,2. In combination with the parameter assumptions 


137Note that the solution method applied here depends on the assumption of complete mar- 
kets and the limitation to two individuals. Nevertheless, the general result of time-dependent, 
but state-independent, consumption shares is independent of these restrictions. A model 
setup with more agents and incomplete markets can be solved using an equivalent method 
as the one presented in Chapter 4. 
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0<6” < 1landy > 0, it follows that the second factor in brackets of 
Equation (B.21) is always positive. Hence, the sign ofthe derivative (B.21) 
can be determined by the sign of its first term, for which it holds that 
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Equation (3.29) in the main text follows immediately. 


B.1.5 Properties of the Risk-free Return 


In order to show that the one-period risk-free return is a strictly monotoni- 
cally decreasing function in time, its analytical solution in Equation (3.35) 
is first restated below: 


(SE [G]) >. (B-23) 


Then, differentiating Equation (B.23) with respect to time t and simplify- 
ing, the following derivative is obtained: 


(B.24) 


Since it holds that 0 < g < 1,0 < 6” < 1 and y > 0, the first factor in 
Equation (B.24) is always positive. Hence, the sign of the derivative (B.24) 
can be determined by the sign of the remaining factors. Assuming that 
y < œ, it holds for the second factor that 
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In combination with Equation (B.22) it follows that OR;../öt < 0, which 
implies that the one-period risk-free return after tax is a strictly monotoni- 
cally decreasing function in t. 


B.1.6 Derivation Total Wealth Budget Constraint 


The derivation of the total wealth budget constraint follows Miao (2014). 
First, multiply by 2” ut+n on both sides of the dynamic budget constraint 
(3.15) at date t + n of agent m and take conditional expectations at time t 
in order to obtain 
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Next, Equation (B.26) is added up over the remaining lifespan of the econ- 
omy, i.e., n = t, ..., T — t, and divided by u; on both sides to get 
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where 
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is Equation (3.46) in the text. Then, note that by using the law of iterated 
expectations (see, for example, Munk (2013, p. 30)) and substituting the 
basic pricing condition for the stock (3.21) the first term of Equation (B.27) 
can be rewritten to: 
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Applying a similar procedure to the second term of Equation (B.27) and 
using the basic pricing condition for the bond (3.22) one obtains: 
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Finally, substituting the expressions just derived in Equation (B.27) it sim- 
plifies to 
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where the last term in the second line can be dropped due to the agent’s ter- 
minal portfolio condition (3.16). Equation (B.31) corresponds to Equation 
(3.44) in the main text. 


B.1.7 Derivation Price-Dividend Ratio Transfer Capital 


The derivation of the solution to the price-dividend ratio for the nontraded 
transfer capital asset follows analogously to the derivation of the price- 
dividend ratio for the stock in Section 3.2.2.2. Again, start by dividing 
both sides of the pricing Equation (3.46) by D; in order to define the price- 
dividend ratio, PD, = Ps /D+, by: 


2ta 
PDs =E; [e (PD. + =) Gun : (B.32) 
ft Desi 


Then, using the equilibrium SDF process (3.33) as well as current individ- 
ual transfers (3.9) and simplifying, one obtains 


m =, 
PD, =6™ (=) ( i; (Pore + 
I 
= 


2 


T 


2 


(PD + 1)Eı [Ci] - SPD [GiA]), 833) 


where the result of state-independent stock price-dividend ratios has been 
used (see Section 3.2.2.2). Having established Equation (B.33), the transfer 
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capital price-dividend ratio can be derived by backward induction starting 
from the horizon. Since there are no future payoffs atthe terminal date T, 
it holds that P, r = PD, r = 0 and the price-dividend ratio at date T — 1 
is given by 


PD, r_ı =6™ (£) u . (E [G17] - PDy.r-1E[G~7]), (B.34) 


where the assumption ofi.i.d. consumption growth has been used again. 
Equation (B.34) shows that the transfer capital price-dividend ratio at date 
T — 1 is state-independent. Applying this result to Equation (B.33) and 
iterating backwards through time, PD, is found to be generally state- 
independent for all time steps t and given by the following recurrence 
equation: 


m FY 
PD 25" (=>) (PD ) [Gt |+ 


I 
5 (PD + DE [G] - SPD,.E[G”]) 
= [oh] 
=R;; (PD. EG 
~ a 
S (PDk +1) E 5PDu.). (B.35) 


where the last line is due to the definition of the risk-free rate given in 
Equation (3.34). Furthermore, from the recurrence Equation of the stock 
price-dividend ratio (3.41) it follows that 


[G=] 


PDr1+ı + 1 PDA GIy 


(B.36) 
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Substituting this result into Equation (B.35), the price-dividend ratio for 
the nontraded transfer capital at date t reads 


[e] 
2 [G=] 


~ T 
PDs Re, (rau ts (Rew PDs.) ,  (B.37) 


which is Equation (3.47) in the main text. As in the case of the stock, an 
explicit representation can be derived by starting at the horizon (using the 
fact that PD, r = 0) and solving the recursive definition (B.37) by back- 
ward induction. Solution (3.48) in the main text follows. 


B.1.8 Derivation Marginal Propensity to Consume out of 
Total Wealth 


To demonstrate the derivation of the MPCTW, first note that the n-period 


expression for the SDF follows from its one-period counterpart (3.23) by: 


2" ttn _ 241 2142 u; 2Ut+n 


Kt Ht  Ht+i Ht+n—1 
gm C41 gr 442 = ... 6m Chin 
e 11 Ci4n-1 
ze) Cin) B.38 


Then, divide both sides of the total wealth budget constraint (3.43) by cur- 
rent consumption c?” and substitute the expression just derived, Equation 
(B.38), in order to obtain 


Tet mM 
we a | 2" Uten Chin 
ate > ee er 


t cm 15% 
=) E; jer ( a) | , (B.39) 
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which is Equation (3.51) in the text. Next, note that the n-period expres- 
sion for individual consumption growth follows from its one-period coun- 
terpart (3.50) by: 


m m m m 
Cttn _ +1 42 ,,, tn 
Ct ce” Cha Chin—-1 
t t 
1 — (52)7 ) gi 4 (92)? 
me _(-(6))ae(6) s 
=(5 en cx | [C (B.40) 
y— (2) 7 14 (d2) 7 ı=1 
31 Jo ot 


(B.41) 


where the second equality is due to power law, the third equality follows 
since only future production growth {G;4:}7_, is unknown at time t, and 
the last equation is a consequence of the i.i.d. property of G. Finally, taking 
the reciprocal of expression (B.41), Equation (3.52) in the main text follows. 
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B.1.9 Optimal Expected Lifetime Utility 
In order to derive the solution for the indirect utility at date t of an agent of 


type m, start by rearranging Equation (3.14) and use the definition of the 
MPCTW as the reciprocal of Equation (3.51): 


vo" -5 (5")' Ey Be 


t=0 Y 
lee 

ps [o l (o) | ty 

= (bm)! cam (B.42) 


Finally, recall that the definition of individual consumption shares implies 
c = gf” D, and apply this to Equation (B.42) in order to derive: 


Wh) Da (B.43) 
Y 
which is agent m’s maximum expected lifetime utility given by Equation 


(3.61) in the main text. 


B.1.10 Clearing on the Stock Market 


Given clearing on the market for consumption goods, clearing on the stock 
market follows. To see this, substitute budget constraint (3.15) along with 
optimal bond investment (3.55) into the clearing condition for consump- 
tion (3.17). Dividing both sides by D, and simplifying the following con- 


dition is obtained: 
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g +9; =1= 
1 T 1 T 1 1 
as (1—7)+ =) (PD +1) -= 0}PDrs + 2 (5-0) PDa et 
fst 


1 
(3-1 (1-7) +5) (PDee +1) - ai PDie + 3 (5 - a?) PDy = 
Ft 
(1 F arı) (l—7) +7) (PDk +1) - 
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a! + a) PD a+ 
i +a7)) PDru. 


(B.44) 


Since PDk = PDs «+ = 0, clearing on the stock market at the horizon 
T — 1 follows: 


1= (er + ap) (1-r)+ T) 
&l=ap_,t+ar_,. (B.45) 


Then, applying this result to Equation (B.44) at T — 1, clearing at date T — 2 
follows: 


1 =((ap_g + ap_2) (1—7) +7) (PDur-ı +1) - PDz,r-1 


S 1 Sapp bates. (B.46) 


Continuing that way and working backwards through time, clearing on the 
stock market follows subsequently for any time step t. 
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B.2 Redistributive Taxation in a Production 


Economy with Overlapping Generations 


B.2.1 Clearing on the Market for Wealth and Consumption 
Goods 


Given the present model structure, the initially high complexity ofthe equi- 
librium solution can be reduced due to the fact that clearing on the asset 
markets, conditions (4.36)-(4.37), readily imply clearing on the markets for 
consumption goods and wealth, conditions (4.34)-(4.35). 


To see this, assume clearing on the asset markets, substitute the evolution 
of individual wealth, Equation (4.27), into clearing condition (4.35) and 
apply the terminal portfolio condition (4.33) to get: 


M t-l 
= > "=) = a ((1 = Te) D; F Telt—1) 
m=li=t—N m=li=t—N 
M t-1 M t 
+), Be M Rje- + (ba) 5 5 fii Hi 
m=li=t-N m=li=t—N 
M t 
+), diisi. (B.47) 
m=li=t-N 


Making use of the equilibrium condition for the distribution of income 
streams, S% Di, y Si; = land Sy d™, = 1, as well as 
clearing on the bond and equity market, conditions (4.36)-(4.37), Equation 
(B.47) simplifies to 


= g ((1— Te) Di + TT t+ (1-n)Hı + Si (B.48) 


m=li=t—N 
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Next, using the definition of aggregate earnings (4.10), capital income 
(4.11) and tax revenues (4.20), it follows that: 


M t 
„N op =(1— 1) OY: Arhi (1-0) (1 — 0) Yet 
m=li=t— N 


Te (0% - k-ı)+n(l-O)Y 
=Y;,, (B.49) 


which demonstrates that clearing with respect to wealth, condition (4.35), 
is a direct consequence of asset market clearing. 


Then, in order to show that clearing on the market for consumption goods 
results from clearing on all other markets, substitute agent’s budget con- 
straint (4.32) into equation (4.34) and apply the terminal portfolio condi- 
tion (4.33) to obtain: 


t 


M : M t : M t-i , M t-i l 
D e a ee 


m=li=t—N m=li=t—N m=li=t—N m=li=t—N 


=Y; — ky, (B.50) 


where the second line results from clearing on the asset markets as well as 
clearing with respect to wealth. Finally, by making use of the definitions 
of aggregate consumption (4.5) and investment (4.6), it follows that: 


M t ; 
S E mann 
m=li=t—N 
=(1-X)Y, 
=C}, (B.51) 


which proves that clearing on the market for consumption goods, condi- 
tion (4.34), is a direct result of clearing on the other markets. 
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To sum up, first, clearing with respect to wealth originates from equity and 
bond market clearing. Second, clearing on the market for consumption 
goods results from clearing on the asset markets along with clearing with 
respect to wealth. 


B.2.2 The Government's Optimization Problem 


The government minimizes the quadratic optimization problem (4.14) sub- 
ject to (4.15) and (4.16). The Lagrangian associated with the constrained 
problem is given by 


M t : | Be 
EE (Geo ta sa ey 


m=li=t—N 
a ed 
me a af m1 > 2 io an 


m=li=t—N m=li=t—N 


(B.52) 


where A, and A; are the Lagrangian multipliers. The first order conditions 
with respect to kv” and hi” are 


a =2 (ip — ds (Ds — Tina) + 20 (ET Kr) — A, £0, 
(B.53) 
= =2 (Gs md iH) + 2K; (a = H) -A +0, (B-54) 


respectively. Taking the sum over all agent types m and all generations 
i < t alive at date t the Lagrangian multipliers turn out to be zero, i.e., 
A.,Aı = 0. Using this result in conditions (B.53) and (B.54) again and 
solving for ki” and hi?” yields the linear feedback rules 
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i,m 1 
kë + ce di—i (Di = Iı) r (B.55) 


; 1 
— he” | iH, B.56 
14+ ki $ tom t ( ) 


which are Equations (4.18) and (4.19) in the main text. 


B.2.3 Derivation of First Order Conditions 


Along the lines of proof B.1.2, there exists a finite and discrete state space 
of possible outcomes 2 underlying the economy, where element w € Q 
denotes one possible state that might be realized. The agent’s optimization 
problem is given by Equation (4.31) subject to the constraints (4.32)-(4.33) 
and (4.27)-(4.28) and the associated Lagrangian at time t of an agent of type 
m born in period t — N <i < t can be written as 


Lint N-(t=i) n=l BAT 
4m (e )! u ( (en 
Li ze + t IQERR u 
l-7 n=1 1=0 2 
ue fae g an ((1 = Te) Di + Teli—1) — Ber Rje- 
N-(t-i) 
-mhith + 6p") — DD (ub hm 
n=1 
N ((1 = Te) Diyn + Tel) z Bins Řjttn-1)- 
N-(t-i) 
(aim (L= n) hen + Shen — On adern — Bi)» 
n=1 
(B.57) 
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i,m 
where a?) = 6)” (es Sanday = pkr S De 


are the Lagrangian multipliers associated with the constraints and o -) is 
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the scalar product over the relevant states as in Fischer and Jensen (2014, 
2015, 2017). Having established (B.57), the first order conditions can be 
derived by optimizing state-by-state. 


Recall that there is a finite number of realizations z = 1,..., Z of the ran- 
dom productivity shock A, and that each realization occurs with equal 
probability 1/Z. Then, differentiating the Lagrangian (B.57) at date t for 
an agent of type m born in period t— N < i < t with respect to con- 
sumption att + n and state w, Or. the following first order condition 


is derived: 


on” 1 ir i,m = i,m t 
aa, j (Mr. nt (2) (ne) 7 Akne = 0 
= eae = (Tse. ou) (2) er ZN (B.58) 


Since this equation holds equally across states, the relation can also be 


written as 


n—1 n 
E = (Taou) (z) (a) E (B.59) 


which is Equation (4.40) in the main text. Next, differentiating the La- 
grangian (B.57) at date t for an agent of type m born inperiodt- N <i<t 
it follows that: 


i,m 


with respect to his equity share in period t and state w, a; ',, , 


i Z 
OL" i,m i,m ! 
3 t = Hew liw + Du na (a = Te) Dyr1,w(z) + Teli w) =0 
Qt w z=} 
My w’(z) 
ls By = (= Te) Disrwr(z) + Teltw) ; (B.60) 


z=1 Leo 


where w’(z) denotes the economic state in the subsequent period t+ 1 that 
is realized, if the z-th possible growth rate is realized from time t to t + 1. 


B.2 Redistributive Taxation in a Production Economy with Overlapping Generations 291 


Given the information set F, the realization of state w at time t is known 
and the pricing relation (B.60) can be restated in terms of expectations 
conditional on the information available at time t: 


I, =E; 


1 = Te) Dir + Teli) (B.61) 


Dividing both sides of relation (B.61) by I; and using Equation (4.13) one 
derives at 


1 =E; 


1— Te) RE, t+1 + Te) (B.62) 


This is condition (4.41) in the main text. Finally, differentiating (B.57) for 
an agent of type m born in period t — N < i < t with respect to his bond 
share in period t and state w, 85" ‘) the following first order condition is 
found: 


On fn = Wy 
i,m = Ht w Hit w' (z) Re tw =0 


OBE 
X FE Š 
z=1 t,w 


Like for condition (B.61), Equation (B.63) is restated in terms of expecta- 
tions conditional on the information set F;, which yields pricing relation 
(4.42) in the text: 


Zue 
PN e (B.64) 
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B.2.4 Derivation of the Pre-tax Stochastic Discount Factor 


Given the information set at time t, i.e., F,, the aggregate investment at 


date t is known and thus not random. Consequently, it follows that J; can 


be moved out of the expectations operator E; in the first order condition 
(B.61) in order to obtain 


i,m 
I x Zuri 
maag i,m 
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i,m 
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(1 — Te) Dir + J 
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Rearranging Equation (B.65) for I; yields 


1- Te Zu, 
no, an, 
[= Zhe T Me 
Be 
1 — Te ~ au 
= ( Te) at at Di+1 ’ (B.66) 
“ae we 


where the second line follows from condition (B.64). Using expression 
(4.24) it can be shown that the term outside the expectations is equivalent 
to R ft/Rf,t from which it follows that 


I =E; 


Du R; 
Art |. (B.67) 


This is equivalent to the first line of Equation (4.46) in the text. 
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B.2.5 Derivation of Condition (4.59) 


Equation (4.58) will be increasing in the capital gains tax as long as its first 


derivative with respect to 7, is larger than zero, i.e., 


1\-3 = =,E/A!-7] - E[A7 
00, _ | (60) "Er er BE a oa De- >0. (B.68) 
OTe 7 i [(1 — Te)0E1 A17 + A] 7 


This is true if either only one factor or all three factors in (B.68) are larger 
than zero. Recall that the following assumptions regarding the model pa- 
rameters were assumed: ô ,,y > Oand0 < 0,%,7 < 1. From this it 
follows that the first factor in (B.68) is always positive, i.e., 


(4) E: 


>0. (B.69) 
x 


Next, the third term is also positive if it holds that 


(1- Te)0E1E [A17] + rÆ [A77] >0 
) [A] (1 = 701 
[a0]? = 


> 


(B.70) 


On the one hand, the left hand side is always positive, since the realiza- 
tion of A is assumed to be positive for every state z. On the other hand, 
the restrictions on the parameters imply that the right-hand side is never 
positive. Hence, it follows that the third factor in (B.68) is always positive. 
Then, finally, Equation (4.58) will be increasing in the capital gains tax as 


long as the second factor is positive, i.e., 


021E [A177] — E [A77] >0 
> = <0E1. (B.71) 


This is condition (4.59) given in the main text. 
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B.2.6 Derivation Total Wealth Budget Constraint 


The derivation of the total wealth budget constraint follows Miao (2014). 
First, multiply by Z” u:+, on both sides of the dynamic budget constraint 
(4.32) at date t + n of an agent of type m born in period i and take condi- 
tional expectations at time t in order to obtain 


ut [Zinc =E; [2" urn eo ((1 — Te) Ditn + Telt+n—1) + 
Boe Ry + (1:7) ee + Ces = alten 


| l (B.72) 


Next, Equation (B.72) is added up over the periods of the agent’s remaining 
lifespan, i.e., n = 0, ..., N — (t — i), and divided by ju, on both sides to get 
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(B.73) 


where 
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N-(t-i) Zr l 
irs D e [Emann] Bm 
n=1 He 
N-(t-i) 
i a | Z btn i 
Pst = 5 Er | - st] ’ (B.75) 
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are Equations (4.67) and (4.68) in the text, respectively. In line with Ap- 
pendix B.1.6, by making use of the Law of Iterated Expectations (see, for 
example, Munk (2013, p. 30)) and applying the basic pricing conditions 
(4.45) and (4.42), Equation (B.73) simplifies to 


we" sai" (1 — Te) De + rola) + BET Ry + (Ln) RE + p+ 


~ ZEN uN}; i,m i,m 
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where the last term in the second line can be dropped due to the agent’s 
terminal portfolio condition (4.33). This is equivalent to Equation (4.66) in 


the main text. 


B.2.7 Derivation Human Capital 


As indicated by condition (4.67), human capital at date t ofan agent of type 
m born in period i is the sum over his expected future after-tax earnings 
discounted by the equilibrium SDF. Substituting the stochastic discount 
factor, expression (4.54), the market value of human capital is given by 
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N-(t-i) 


=(1-7) 5 (lvY)"E, 


n=1 


Using the expression for individual earnings (4.1) along with the definition 
of aggregate earnings (4.10) yields 


N—(t-i) Y; =T 
pep =(1-n)(1-0) XO (dv T)”E ( | Yırn| Ft atn 
n=1 
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(B.78) 


Recall that Equation (4.60) finds production growth to be given by 
Yırı/Yı = Zi(vG1)~'Aty1. Then, Equation (B.78) can be rewritten to 


N-(t-i) = 1-7\ ” 
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(B.79) 


where the last line follows from the assumption ofi.i.d. production shocks. 
This is the result presented in Equation (4.69). 
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B.2.8 Derivation Transfer Capital 


Condition (4.68) implies that the transfer capital at date t of an agent of 
type m born in period i is the sum over his expected future transfer pay- 
ments discounted by the equilibrium stochastic discount factor. By using 
the SDF expression (4.54) and Equations (4.26) and (4.20) the present value 


of future transfers follows by 
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Then, note that from Equations (4.6) and (4.57) aggregate investment fol- 
lows by I, = XY; = (vG,)~'Y;. Using this and applying some algebraic 
manipulations, Equation (B.80) is equivalent to 
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hea (rd) D rer) Haan 
n=1 
N-(t-i) A Y; i 1—y 
T(VG1) + > (ov 7) on (==) 
n=1 t 
Yoa h 
=) Yida-i+n- (B.81) 
t+n—1 


298 B Proofs 


Next, substitute production growth from Equation (4.60) to obtain 


N~(t-i) avi" 
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y (it~) ua Yen N: (B.82) 


Finally, using the i.i.d. property of production shocks this is equivalent to 
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from which Equation (4.70) in the main text follows. 
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B.2.9 Derivation Marginal Propensity to Consume out of 
Total Wealth 


The derivation of the MPCTW follows from Equations (4.74) and (4.73). 
To demonstrate this, first note that the term (im /cy") can alternatively 
be written as 


i,m im i,m i,m 
Chin _ Crrı E42 Citn B.84 
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Next, substituting Equation (4.73), individual consumption growth from 
time t to t + n reads: 
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Using this expression along with the agent’s total wealth to consumption 
ratio, Equation (4.74), it follows that: 
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where the second equality is due to power law, the third equality follows 
since only future productivity shocks {A;+1}7_, are unknown at time t, 
and the last equation is a consequence of the i.i.d. property of these shocks. 
Finally, taking the reciprocal of expression (B.86), Equation (4.75) in the 


main text follows immediately. 


B.2.10 Clearing on the Bond Market 


The initially high complexity of the equilibrium solution is further reduced 
due to the fact that clearing on the bond market, condition (4.37), follows 


directly from clearing on the equity market, condition (4.36). 


To see this, assume clearing on the equity market, condition (4.36). Then, 
use the clearing condition for the bond market (4.37) along with the termi- 
nal portfolio condition (4.33) to obtain: 

M ti 

3.3 Br (B.87) 
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Substituting optimal bond investment (4.83) on the left hand side and ap- 


plying some algebraic manipulations yields: 
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Next, by making use of clearing on the stock market (4.34), basic arith- 
metics and the terminal portfolio condition (4.33) it follows that: 
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=0. (B.89) 


In other words, clearing on the bond market is a direct consequence of 


stock market clearing. 


B.2.11 Derivation of Individual Welfare Measure 
In order to derive the solution for the indirect utility at date t of an agent of 


type m born in period t — N < i < t, rearrange Equation (4.31) and apply 
the MPCTW Equation (4.74) and individual consumption (4.79): 
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The hypothetical expected indirect utility at date t of a newborn individual 
to be born in period i > t follows from Equation (B.90) by 
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(B.91) 


where the last line is derived by substituting production growth in the 
second line and applying the independence property of A again. Equa- 
tions (B.90) and (B.91) are the solutions (4.92) and (4.93) stated in the text, 


respectively. 


Let variables with tilde represent values that arise in the presence of taxa- 
tion, whereas variables without tilde shall correspond to values in the no- 
tax setting. Further, denote by (V;? ; + 1) the (gross) equivalent valuation 
factor of production output necessary to attain an individual’s welfare level 
in the case without taxation that equals the individual’s welfare level in the 
setting with taxation. Then, by using condition (4.94) and substituting in- 
direct utility (B.90) at date t it follows that 


BE ene errr en CL) ey eee 
1 r) (% (Vi; + 1) eae (Bi) Y’, 


me t = a zi 
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Equation (B.92) describes the percentage change in production without 
taxation that would be necessary for an agent of type m born in period 
t—N < i< tin order to obtain the same level of utility as in the presence 
of redistributive taxation. Using condition (4.95) and substituting indirect 
utility (B.91) at date t, similar steps lead to the measure for unborn indi- 
viduals. That is, 


4 
AOD er /pm\ 7 
m= (=) (=) vo 1, (B.93) 
DG, go bg" 


for an agent of type m to be born in period i > t. Equations (B.92)-(B.93) 


are solution (4.96) in the main text. 
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B.2.12 Derivation of Social Welfare Measure 


In order to derive the social welfare measure, start by substituting agents’ 
indirect utilities (4.92) and (4.93) in the aggregate welfare function (4.97) : 


Ma 
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DEN 
FEIN 
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m=1 li=t-N i=t+1 
where 
m \1-Y 
C) (gm) ift-N<i<t, 


Ei = ay SERO aoia 7 (B.95) 
(=) z [ai=] WOT (RT ifi>t. 


Denote by (V + 1) the (gross) equivalent valuation factor of production 
output necessary to attain an aggregate welfare level in the case without 
taxation that equals the aggregate welfare level in the setting with taxation. 
Again, variables with tilde represent values that arise in the presence of 
taxation, whereas variables without tilde display values in the no-tax case. 
Then, by using condition (4.99) and substituting social welfare (B.94) at 
date t it follows that 
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is the social welfare measure, Equation (4.100), that indicates the percent- 
age change in production without taxation that would be necessary in order 
to obtain the same aggregate level of welfare as in the presence of redis- 


tributive taxation. 


B.2.13 Impact of Government Debt 


As described in the main text, in every period t government issues an 
amount of government debt 3@Y; to finance government investment in 
the production, where 8@ is the exogenously given and constant debt to 
GDP ratio. Aggregate real investment I, = IP + If is therefore split up 
in a private IP = (X, — B°)Y; and a government If = 8°Y;, part. The 
share of government holdings in the risky investment from time t—1 to t is 
denoted by a® , = If, /I;_1. Inthe presence of the government debt pol- 
icy (changed) variables are labeled with a bar. Government bonds are per- 
fect substitutes to the privately issued one-period risk-free bonds. Further, 
government neither builds up wealth nor debt, so the government budget 


constraint is balanced in every period. It can be written as 
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BeY_ıRyı-ı + IF +5,= 
Be Yee De (Risi — Rje) + 


To (1 — af ,) (Di — l-1) + nH, (B.97) 


where the right-hand side represents government revenues, whereas the 
left-hand side states government expenditures. The former is composed 
of public debt (first term), revenues from government real investment (sec- 
ond term), revenues from taxation on bond (third term) and equity (fourth 
term) market activities as well as on labor income (fifth term). Govern- 
ment expenditures include the repayment of public debts (first term), gov- 
ernment real investment (second term) and aggregate transfer payments 
(third term). Since any government debt must be directly financed by and 
all revenues must be directly paid to the living individuals, it follows by 


simplifying constraint (B.97) that aggregate disposable transfers are given 


by 
Si =S; + aF 4 (1 — Te) Di + Telt_-1) — BOV%:-1 Rf t1, (B.98) 


which is Equation (4.103) in the main text, where 5; corresponds to the 
definition of aggregate disposable transfers as given in Equation (4.20). 
Compared to the setting without government debt, disposable transfers in 
the presence of the given debt policy S; are changed by the capital market 
activities taken by the government. To be precise, transfers are increased 
by the revenues collected from government equity investment activities 
(second term), but reduced by the repayments of government debts (third 
term). In line with the derivations made without government debt policy, 
the further steps are as follows: 
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1. The production side remains unaffected. That is, the definition of 
factor outputs given in Equations (4.10)-(4.11) as well as the equity 
return (4.13) remain unchanged. 


2. The government intervention affects the optimization problem, 
given in Equations (4.31)-(4.33), by altering the individual’s budget 
constraint (4.27), since individual transfers st change due to S;/(N- 
M). The time t budget constraint of an agent of type m born in 
period i < t under government debt policy becomes 


i,m -i,m 1 
un (ain + vet) (( = Te) Di + Telt-1) + 


(B.99) 


This is constraint (4.104) in the text. Since they are independent of 
transfers, the budget constraints of newborn agents (4.28) remain 
unchanged. 


3. Regarding the definition of the market equilibrium, solely the asset 
market clearing conditions differ as agents now do not hold all out- 
standing equity shares and government bonds imply a positive net 
supply for the risk-free security. That is, aggregate private equity and 
bond holdings are given by 


M t 

So SS ay” =1- of, (B.100) 
m=li=t— N 

M t 

>... ee Se (B.101) 
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respectively, which are Equations (4.101)-(4.102) in the text. 
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4. Building on the “guess and verify” approach presented in Section 


4.2, the same solution method can be applied as before. Then, going 
through the subsequent derivation steps shown in Sections 4.2.1.1 
and 4.2.1.2, identical first order conditions (4.40)-(4.42), the same 
definition of the stochastic discount factor (4.54) and the same equa- 
tion for production growth (4.55), as in the case without government 
intervention are found. It follows that the solution for the aggre- 
gate investment is still constant and given by Equation (4.57), i.e., 
X = (vG,)~'. This result in turn can be used to show that the 
solutions for aggregate production growth (4.60), the stochastic dis- 
count factor (4.61) and the after-tax risk-free return (4.63) remain 
unchanged as well. Finally, it follows that the government equity 
share is constant, since If ,/Iı_ı = F/X = a®. 


. Recall that the total wealth budget constraint is composed of the cur- 


rent wealth budget constraint, Equation (B.99), and the present value 
of expected future after-tax earnings as well as the present value of 
expected future transfers. It can be shown that the solutions to hu- 
man and transfer capital stay unchanged compared to the solutions 
found in the setting without government debt, Equations (4.69) and 
(4.70), respectively. The former proof is straightforward, the latter is 
presented in the following. 


By using the unchanged expressions for the SDF (4.54), individual 
transfers (4.26) and the aggregate investment share (4.57) together 
with the new equation for aggregate transfers (B.98) the pricing re- 
lation for transfer capital can be written as 
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(B.102) 


where the last term in the last equality is due to relation BCY, = 
(8° /X)I, = aST,. The first term is equivalent to the pricing equa- 
tion without government debt (4.68), so it remains to be shown that 
the last two terms cancel each other out. Start by the second term 
in Equation (B.102) and substitute the unchanged result for capital 
output (4.11) and production growth (4.60) in order to obtain 


N-(t—i) 
a? (1— Te)8 (ov nr Ut 


N-(t-i) on f= u 
a? (1 — Te) 5 a (=) ) [At 1) dein: = 


(B.103) 


where the thei.i.d. property of production shocks has also been used 
again. Then, turn to the third term in Equation (B.102). By substitut- 
ing the expression I; = (1/vG)Y; for aggregate investment, apply- 
ing some algebraic manipulations and the independence property of 
A, one obtains 
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Next, by using the equilibrium solution for the risk-free return be- 
fore tax (4.64) and subsequently the solution for the risk-free return 
after tax (4.63) this expression can be simplified to 


G (Rr = Te) y 


a P"dae-)4nYt = 


Ry n=1 
N-(t-i) 
-aF(1-r)0 XO prdu-nyınd, (B.105) 
n=l 


which, except for its sign, is identical to expression (B.103). Conse- 
quently, both terms cancel each other and the solution to transfer 
capital is solely given by the first term in Equation (B.102). Hence, 
itis the same as in the setting without government intervention, i.e., 
Pit = Pee, 

Finally, it follows that the total wealth budget constraint is solely 
changed regarding agent’s current transfer payment 5}. 
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6. Since the solution for the individual consumption policy, Equation 


(4.79), is independent of current transfers, it remains unchanged. 


7. Turning to the individual investment decisions, these are changed 
due to changes in the current transfer 3}. Taking the same derivation 
steps as presented in Section 4.2.2.3, the bond 37’, and equity a" 
investment policies with debt financed fiscal policy turn out to be 


ai,m i,m 1 
oy = Be + arb Yea, (B.106) 
—i,m i,m 1 
Oy Bel FE T rt! 1» (B.107) 
which are Equations (4.105) and (4.106) in the main text, respectively. 


8. Substituting the new decision rules into the asset market clearing 
conditions under the government debt policy, Equations (B.100) and 
(B.101), these turn outto be identical to the original conditions, Equa- 
tions (4.36) and (4.37). Hence, the equilibrium condition, Equation 


(4.91), is identical to the setting without government intervention. 


Altogether, it follows that under the debt financed investment program the 
optimization problem together with the definition of market equilibrium 
is identical to the original case without such fiscal policy. This equally im- 
plies that the equilibrium condition, Equation (4.91), remains unchanged. 
Consequently, the equilibrium solution remains unchanged and any debt 


financed government intervention has no effect. 
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